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ONE APPLICATION OF THE CONE SURFACES
ON THE ERDOS-MORDELL INEQUALITY

PhD Marija Obradovié¢, docent, University of Belgrade, Faculty of Civil
Engineering, Serbia, E-mail: marijao@grf.bg.ac.rs
PhD Branko MalesSevi¢, docent, University of Belgrade, Faculty of Electrical
Engineering, Serbia, E-mail: malesevic@etf.rs
MSc Maja Petrovi¢, assistant, University of Belgrade, Faculty of Transport and
Traffic Engineering, Serbia, E-mail: majapet@sf.bg.ac.rs
PhD Branislav Popkonstantinovi¢, associate professor, University of
Belgrade, Faculty of Mechanical Engineering, Serbia, E-mail:
bariton@afrodita.rcub.bg.ac.rs

Abstract

We discuss the spatial interpretation of the Erdés-Mordell inequality on the area
of triangle ABC, and also consider the plane extension of this inequality.

Key words: triangle, surface, cone, inequality, Erd6s-Mordell inequality

1. INTRODUCTION

Let triangle ABC be given in Euclidean plane. Denote by R4, Rz and R, the
distances from the point M to the vertices A, B and C respectively, and denote
by r,, 1, and r, the distances from the point M to the sides BC, CA and AB
respectively (Figure 1).
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B(0) C(q0)

Figure 1: Erdés-Mordell inequality

In this paper we consider the extension of Erdds-Mordell Inequality:

RA+RB+RCZZ(ra+Tb +T'C). (1)

Proofs of the Erdés-Mordell inequality are based on the following inequalities:

[ b
Ry Zsz +ETC (2)
(4 a
Rp Zgra+;rc (3)
b
Re 2215+ 71 (4)

Note that V. Pambuccian recently proved that the Erdés-Mordell inequality is
equivalent to non-positive curvature [9].

In this paper, a spatial interpretation of inequalities (2), (3) and (4) will be given.
All the symbolic calculus and all the figures in the research were done using
MAPLE software package.

Let the triangle ABC be given, with the vertices A=A(0,r), B=B(p,0), C=C(q,0),
p # q, v # 0. Without diminishing generality, let p < q. Denote by M=M(x, y) an
arbitrary point in the plane of the triangle ABC. The distance from the point M to
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the point A and the distance from the point M to the lines b and c are given by

functions:

Ry=x?2+(@y—r)?

_ |may—rx+qr|

J1r2+q?

Ty

+rx—pr
r o= vy pr|

¢ = a2

The inequality (2) is equal to the following inequality:

lg = P2 +p2yr2 + q3Jx2 + (y = 1)2 2 (r2 + pH)|—qy —rx +qr| +

(r? + ¢ lpy + rx —prl,

for which we will give a spatial interpretation in the section 2.

1.1. The division of the triangle plane area

Let us define the following terms:

AB(x,y) = —qy —rx +qr

AC(x,y) =py +rx —pr

For the inequality (8) the plane R? is divided into the following areas A; (i=1..
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AB(x,y) = 0
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Figure 2: The triangle plane division into areas A; (i=1...4) for the vertex A

2. THE SPATIAL INTERPRETATION

Let us define the following function in R3:

z=1q - plr2 +p2r2 + q?Jx2 + (y — 1)?

— (G2 +p)l—qy —rx + qrl + (2 + ¢Dlpy +rx —prl),  (15)

which determins surface z = z(x, y). The observed surface fulfills the following
implicit equation:

(@—p)?0*+pHE?+ ¢+ (y—1)?) =
(z+@?+pDl=qy —rx+qrl+ @* +¢*)Ipy +rx —prl)*>  (16)
The surface (16) is graphically displayed in Figure 2a. For the surface z =

z(x,y) itis valid:
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) ® z=2z(x,y)>0 (17)

For z=0 i.e. in the plane Oxy, we obtain the intersecting straight lines, as shown
in the Figure 2b, (whereby the straight lines of the initial triangle ABC are shown
as well).

C(q0)

AB(x,y)=0 ACEx,y)=0

a) z=z(x,y) b)z=0
Figure 3

2.1 The division of the conical surfaces according to the areas A; (i=1...4)

The general equation of a cone is:

Cone(x,Y,z) : x? + bY? + ¢z2 4 20ixY + 20Yz + 2Wxz=0, Y=y —r (18)

with the apex at (0, r, 0). This is a homogenous equation of degree 2.

The surface (16) shown in Figure contains parts of four conic surfaces given by
the equations (19) — (22). The graphical representation of these surfaces is
displayed in Table 1 for « BAC < zn/ 2, Table 2 for - BAC = /2 and Table 3
for £« BAC> /2.
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-1

o a 10 20

¥y x

Right view Front view

o 6. 4.2 9.2 4.68.28

10

-10

Axonometric view Top view

Figure 4: The surface z = z(x,y) displayed in three standard projections, with an
axonometric view, for . BAC < /2

= (p — 9)*(pg —1?)?
= rz(pﬂ— 0 + q)?

. c=-1
AN 4= rp+ O - (g - 1) (19)
P=0@-9pq—1?
w=r(p—q)@+q

a
b
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a = (pq+7) (pa(p — )% = (0 — @) + 2(q? + p? + 21)))
b =—4pq(® +r3)(g* + 1) +1%(p — 9)*(p + ¢)*

02 o=—-rlp+qhpq+r>)P*+q*+2r?) 20

v=@+qpq+1?)
\ w=r{p?+q%+2r?

(@ =(pq +72) (pap — D2 = 2((0 — )2 +2(q% + p? + 21)))
b=—4pq® +r)(q* + 1) +1*(p — 9% + 9)?
() ¢ ¢=-1 (1)
t=-rp+qpq+r>)®*+q*+2r?)
v=—@+qpq+1?)
\ w=-r{p?+q*+2r?)

=(p—a)*pq —r?)?

=71 —q)*( + q)*

, ¢=-1

G i = o+ 0 - (g 1) (22)
v=-(p-qpqg-1°)
w=-rlp-q)®+q)

Part of cone Cone

. BB EBEE B
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Area A,

Table 2: The display of all the conic surfaces’ parts in the areas A; (i=1...4)
for ~BAC<rm/2

Right view Front view

Axonometric view Top view

Figure 5: The surface z = z(x,y) displayed in three standard projections, with an
axonometric view, for ' BAC = /2
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Table 3: The display of all the conic surfaces’ parts in the areas A; (i=1...4)
for «.BAC=7/2

Right view Front view
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Figure 6: The surface z = z(x,y) displayed in three standard projections, with an
axonometric view, for .~ BAC > /2
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Table 4: The display of the conic surfaces’ parts in the areas /; (i=1...4) for £ BAC >m/2
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In [3] and [7], diverse proves of the inequality (2) are given for the points in the
interior of the triangle ABC. In the paper [6] it has been shown that the
inequality (2) is valid in the area of the angle between the lines l;:y = k,x +r
and ly:y =kzx+r.

Consider the point A(x,, y,) of the triangle ABC. Let us calculate z, = z(xy,y,),
then z, > 0. Set a ray from the point A through the point P=P(x,, y,, 2,). Then all
the points of the ray observed are above the plane Oxy. The above proves that
the inequality (2) extends from the triangle ABC to the whole area of the angle
in the vertex A, which contains the triangle ABC. This conclusion also holds for
all the rays AP in the area of the angle between the straight lines /; and /> which
are contained in the triangle ABC (according to [6]).

The paper [6] shows that the area E4 for the vertex A:
Ea= {Co)| Ra 2 S + 27}, (23)

represents the area of the angle between the lines /; and /,, which contains the
triangle ABC. For the vertices B and C, let us define

Eg= {(X, }’)| Rp = %ra + %Tc}' (24)

Ec= {(x, y)| R 2 %ra + %rb}. (25)

Respectively, according to [6]. The analogous surfaces, as for the surface
z = z(x,y) are to be formed for the vertices B and C, as well. Based on the
previous spatial analysis of the inequality (2), as for the (3) and (4), the
inequality

c a

Ra+Ry+Rc2 (S+ )+ (C+)n + (5+2)n, (26)

is valid in the intersection of the areas:
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E= EA('\ EB('\ Ec_ (27)

Hence we obtain a spatial interpretation of the proof in the following statement.

Theorem. The Erdds-Mordell inequality (1) is valid in the area E.

3. CONCLUSIONS

By setting a conical surface with the vertex at the point A of the triangle ABC,
and by repeating the procedure for the vertices B and C, we perform a spatial
interpretation of Erdés-Mordell inequality proof, which confirms the extension of
the inequality given in [6].

The previous procedure can provide spatial interpretation of proves of various
planimetric inequalities based on the distances Ry, Rg, R, 7,, 1, and 1, such as
Child inequality [4].
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