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1. Introduction and main results

Let #¢ be the class of analytic functions in the unit disk D := {z € C : |z| < 1} and # be the class of functions f(z) =
Z + ayz*> + a3z® + - - - in H. Let 8 denote the class of functions f in . such that f is univalent in D. We consider

V4

f@

Z Vi
J—VGAWGQ)

M={feA:|M@)| =<1 zeD},

2
U= feA:f’(z)( ) -1 <1,zeD

SZ,ZE]D)},al’ld

where

M@_fgiy+magif_l

! f@ f@

Recently, the authors [1] have studied the class M, and obtained the strict inclusion
MCPCUCS.

Many properties of the classes U, # and M and their generalizations have been studied extensively in [2-5,1]. Also, it is
well-known that (see [6]) if we set 8, = {f € § : a, € Z}, then

P z z z z
1 0t 122 122 122422
Further, it has been verified that 8§, C U N » N M (see [1, Theorem1]).
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In this article, we consider the class & of functions f € 4 which satisfy the condition |[N;(z)| < 1forz € D, where

" 2
Ni(2) = —2° <i) +£(@) (i) -1 (1)
@ f@

We show that the class & possesses many interesting properties.

First, we observe that it is a simple exercise to see that §;, C N and so, we have the interesting strict inclusion
87 C UNP N MN N. It is worth remembering that the Koebe function belongs to the class & and therefore, is of
our interest in this paper.

Now, we state our main results and the proofs of these will be given in Section 3.

Theorem 1 (Inclusion Property). We have the strict inclusion N C M N U = M.

Example 1. Consider the function f defined by
2 g4l il
f@ 27 277
where 0 < A < 1. Then we see that z/f (z) # 0 in D. Further
2
/ Z 3 3 3
(@ (m) —1=—-Az>, Mi(z) =2Az°, and N;(z) = —4rz".
z

Thus, if 1/2 < A < 1, then we see that f € U whereas f ¢ M and f ¢ V. Thus, there exists a function f € U such that f is
neither in & nor in M.

Theorem 2 (Sufficiency Coefficient Condition). Let ¢(z) = 1+ Zgil b,z" be a non-vanishing analytic function in D and that it
satisfies the coefficient condition

Y (n—1|b,| < 1. (2)
n=2

Then the function f defined by f (z) = z/¢(z) isin N.

For example, according to (2), each function in $; belongs to V.

Let 8* denote the class of univalent functions in f € 4 such that the range f(D) is a starlike domain (with respect
to the origin). Analytically, f € &* if and only if Re(zf'(z) /f(z)) > 0inD. As & C M, it is natural to ask whether the
class . is included in 8*. Our computation leads to the following conjecture, although we are not able to prove it for the
moment.,

Conjecture 1. Neither the class M nor the class N is included in §*.

If f and g are analytic functions on D with f(z) = Zﬁio a,z" and g(z) = Zﬁio b,z", then the convolution (Hadamard
product) of f and g, denoted by f * g, is an analytic function on D given by

o0
f*8)2) = Zanbnz”, z € D.
n=0

Although U is neither included in & nor in M, in the following result, we show that the classes U and M can be used to
extract functions to belong to .

Theorem 3 (Multiplier Theorem). Let f € U and g € M have the form

2 4bzab o and =1tz At (3)
f@) £2(2)
and such that ]% * ﬁ = 0 on . Then the function H defined by
z
H(z) =
(z/f(2)) * (z/g(2))

is in the class N. More generally, if f € Uand g € P, then H € V. In particular, if f,g € M thenH € N.

Corollary 1 (Necessary Coefficient Condition). Let f € N and have the form (3). Then we have

D =1, < 1.
n=2
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Proof. As in the proofs of Theorems 2 and 3, we see that
o0
Ni(2) ==Y (n—1)°by2",
n=2
where N (z) is defined by (1), and therefore, we easily have the desired necessary condition. O

Theorem 4 (Characterization Theorem). Every f € N has the representation
z (0 1 (log(1/1))?
I )Z+/ (0g(1/0? | e
f@) 2 0 t2
for some w : D — D with w(0) = w’(0) = 0.

2. Preliminary lemmas

Let #, denote the class of functions p in # such that p®¥(0) = 0fork = 0, 1,2, ..., n, where p®(0) = p(0). With
w®(z) = w(z), we set

Bo={wed:|wz)|<1, w0 =0fork=0,1,...,n}.

Lemma 1. Let p € 2. If p satisfies the condition

p@) + (v =2y @) +yZ D" @] <1, zeD, (4)
forsome y > 1/4, then we have the following:

|z

(i) @) = 5557 z €D,
s / 1 1 1 2
(11) | —2Zp (Z) +p(2)| < (m + ‘1 — 77‘ (2«/7——1)2> |Z| , Z € D.
In particular,
p@) —2p' @) +2°p"@)| < 1= p@)| < |z* and |—2p'(2) +p(2)| < |z (5)

Proof. First, we rewrite (4) as

p@) + (v =2y @) + y2°p" (2) = w(2), (6)
where w € 81. Now, we let
oo o0
p(2) = Zpkz" and w(z) = Z wizk.
k=2 k=2
A comparison of the coefficients of z* on both sides in (6) gives that

Wk
pr=——— fork>2. (7)
(ky/y — 1)2
Using this, we see that

_ l = Wk k
PO = 2 G

Now, we recall that (see for example [7])

O 1 Tt%0g(1/t
Z szzz/ Mdt fora > —1
—~ (k+a 0 1—tz

from which we easily obtain that

e 1

Z z":zzflwdt fora > —2.
~ (k+ a)? 0 1—tz
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Using this observation, it follows that for y > 1/4
1 ad 1

p@) = —w@)* ) —— 2

Y ,Z:z: k—(1/y7))?

1 T ¢1=0/V9) log(1/t
— _W(Z)*sz Og( /)dt
14 0

k

1—1tz
1

1
= —/ t~ =WV 1og(1/t)w(tz) dt.
Y Jo

As w € 81, Schwarz’ lemma gives that |w(z)| < |z|? in D, and therefore, we conclude that

1 1
P@)| < l2f / (0P log(1/1) dt
0

1 2P
Q-0/yyN*  QYy —1)7?
and the conclusion (i) follows.

For the proof of (ii), by (7), we can easily deduce that

2 @) +pz) = Iy M k
P TP = L= a

1
—I z|?

_ 1y 1 W
B y(;k—(w—) +<ﬁ 1) (k—(w—))Z)

1 1 1 [!
_ __/ 1D y(tz) dt — (_ _ 1) _f 1=/ log(1/t)w(tz) dt.
Y N4 v Jo

W agE

Again as |w(z)| < |z|? in D, we obtain that
|z|? |z|?

S ol N W T IS ol B
v 2 (/g7 ‘ ﬁ‘ Y2 (1/47)?

and the conclusion (ii) follows. O

| —zp'(2) + p(2)| <

3. Proofs

Proof of Theorem 1. Let f € & and set

z 1\ z
"“)—(f())f”‘ —‘Z%)*m‘

Then p is analytic in D, p(0) = p’(0) = 0,
p@z) —zp'(z) +2°p"(2) = Ny(z) and —zp'(2) + p(z) = My (2),
where Ny is defined by (1) and

2
Z
M@ =2 (f()) +f()<f()> -

Now, as f € N, we obtain that
Ip(2) —zp'(2) + 2*p"(2)| <1, zeD.
If we apply Lemma 1 with y = 1, namely, the implication (5), it follows that
p@)| < 21> and | —2zp'(2) +p@)| < lzI>, z€D
and therefore, f € U and f € M. It has been shown in [1, Theorem 1] that M C U andso, M N U =M. O
Proof of Theorem 2. Let f be given by f(z) = z/¢(z), where ¢(z) ZOinDand ¢(z) = 1+ 2211 b,z". Since

G i) o
f@) f@o \f@
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we have

a2 (2N L2 N
vo=-2(i5) - (75) +7 1 Z(” R

Thus, using the coefficient condition (2), we deduce that
o0 o
IN@| =Y (n=1>2Ibal 21" <Y (1 — 1)°|ba| < 1
n=2 n=2

and therefore,f € &#. O

Proof of Theorem 3. Suppose that f € U and g € M. By hypotheses
representation of f, we obtain that

() *7 |2
Y
f@ f@

Therefore, asin [1], we let z = re forr e (0, 1) and 0 < 6 < 27 so that the last inequality gives

' iy # 0forz € D. Using the power series

n— 1b,z"| < 1.

1 2T
Z(n—l) |bn|?r 2"=—/ n— 1)byz"| do < 1.
2 0
Allowing r — 17, we obtain the inequality
o0
Y (=17, < 1. (8)

Similarly, as g € M, the power series representation of g gives

oo

Mg(z) =Y (n—1)%cqz"

n=2

and so, as above, one has

o0
> =DYal < 1. 9)
Now, since
z z =1+ bic1z + bycyz? + -
- = 101 202
f@) g(Z)

Egs. (8) and (9) give

00 00 172 / 1/2
> (=13 bal el < (Z(n - 1)2|bn|2) (Z(n - 1)4|cn|2> <1
n=2 n=2 n=2

Finally, by (2), we conclude thatH € &. O

Proof of Theorem 4. Let f € N witha, = f”(0)/2.If we let f(z) = z + ayz?> + asz> + - - -, then z/f (z) takes the form
z

f@

Now, we find that

=1—ayz— (as — aﬁ)z2 — (a4 — 2aa3 + ag)z3 + .-

Nf(z) = —(az — a%)z2 — 4(aq4 — 2a3a3 + ag)z3 +---=w(2)

where w € 8B;. Also, we see that

Ni(2) = p(2) — 2p'(2) + 2%p" (2) = w(2) (10)
with

p(z) =—z (i) + i.
f@ f@
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We may now set w(z) = Y -, wyzX. From the proof of Lemma 1, it follows from (10) that

00 1
Wk k -2
Z) = —Z = t “log(1/t)w(tz) dt.
p@@) ;(k_l)z fo g(1/0w(tz)
Then the last two relations give (for example using the comparison of the coefficients)
z > Wy k
— =1—-az+ —Z
f@ ? k; (k—1)?
% k+1
=1—ayz Z) * —_—
22 + w(2) ; %
' (log(1/1))?
=1—az+ wEz) *x2> ﬁdt (see[7])
o _

1 2
= 1—azz+/ Ww(tz)dt
0

and the desired representation follows. O
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