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Some Results for a Class of Subordinate Functions

M. Obradovié?, Z. Peng®

®Department of Mathematics, Faculty of Civil Engineering, University of Belgrade, Bulevar Kralja Aleksandra 73, 11000
bFaculty of Mathematics and Statistics, Hubei University, Wuhan 430062, P. R. China

Abstract. In this article, a class of subordinate functions is introduced. The bounds of the coefficients of
the functions in this class are investigated.

1. Introduction

Let A denote the family of all analytic functions in the unit disk ID := {z € C : [z| < 1} satisfying the
normalization f(0) = 0 = f’(0) — 1. Let S be the subset of A consisting of functions f that are univalent in
D. A function f € S is called starlike if f(ID) is starlike with respect to the origin. The class of all starlike
functions is denoted by S*. A function f € S* if and only if

z2f'(2)
f@@)

A function f € S is called convex if f(ID) is a convex set. The class of all convex functions is denoted by K.
A function f € K if and only if
Zf/l (Z)

f@)
A function f analytic in ID is said to be typically real if it has real values on the real axis and nonreal values
elsewhere. Let T denote the class of all typically real functions f such that f(0) = 0 and f’(0) = 1.

Let f(z) and g(z) be analytic in the unit disk ID. We say that f(z) is subordinate to g(z), written f(z) < g(z),

Re

>0 (I <1).

Re[l +

1>0 (z| <1).

if
f@@) =g(wz), <1
for some analytic function w(z) with |w(z)| < |z|. If g(z) is univalent, then f(z) < g(z) if and only if f(0) = g(0)
and f(ID) c g(ID).
Let
Z

2
U (2) = (f(z)) Fz)-1
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and let
UN) = {feﬂ: U <A, z€ ]D},

where 0 < A < 1. We put U(1) = U. It is well known that the functions in U are univalent[1]. Since
U(A) € U for 0 < A <1, the functions in U(A) are also univalent when 0 < A < 1. Up to now, the class U
have been studied in detail for many years[2-6].

Let U,, 0 <a <1, denote the class of functions f € A such that

j% <1-2az+az?, (1)
that is
j% =1 -2aw(z) + aw’(2) 2)

with w(z) analytic in ID and satisfying |w(z)| < |z].
In the case of a2 = 0, the only function in the class U is f(z) = z. If a = 1, the condition (1) becomes

= <(1-2p

f@@)

Or equivalently,
@, 1
z (1-2z2)?

It is known that if f € S, then

@, 1
z (1 -2z)?
Thus S* ¢ U([7], p-37). In [8] M.Obradovié¢ proved that U C U;. In the subsequent part of this article, we
assume that 0 <a < 1.

Examples.

1. Let h(z) = =%, 0 <a < 1. Then h(z) € U,. To prove this, we need to show that

1-az’
q1(z) :== 1 —az < 1 - 2az + az* == q(2).

Since the function g is univalent in ID (we can check it directly by definition) and g1(0) = g(0) = 1, it is
enough to prove that g;(ID) C g(ID)([9], p-190). The boundary of g(ID) is given by

q(eie) =1-2ae" + ae®® = u + iv,
where
u=1-2acosO +acos(20), v =—2asin 0 + asin(206).

If we denote by d(1, M) the distance between the points 1 and M, where M belongs to the boundary of g(ID),
then
d?(1,M) = (u —1)* + v* = 52> — 4a° cos 6 > a?,

that is, d(1, M) > a, which means that g(ID) contains the disk with center 1 and with radius 4, and this disk
is just g1(ID). It is clear that h(z) = 1%, with 0 <a <1, is univalent.

2. The function f,(z) € U, defined by (2) with w(z) = z is of the following form:

=z + 202> + (4a — 1)az’ + 4a*(2a — 1)z* + ... 3)

fi@) = 15

— 2az + az?



M. Obradovié, Z. Peng / Filomat 33:14 (2019), 4687-4695 4689

We can prove directly by definition that f, is univalent in ID.

3. Let’s put w(z) = z¥ in (2), where k > 2 is an integer number, then we have the function

fu(2) =

z
- = €
1 — 2azk + az?k “

and ) ”
, 1+ 2a(k — 1)z — 2k — 1)az
(1 —2az* + az?")

After some elementary calculation we conclude that f has zeros in D if k > [i (% + 3)], which implies that
the function f; is not univalent for such k.

In this article we obtain additional information on the class U,.

2. Main results

Lemma 2.1. Let w(z) be a nonconstant analytic function in ID with w(0) = 0. If |w| attains its maximum value on
the circle |z| = v < 1 at zy, then there exists m > 1 such that zow’ (zg) = mw(zo).

Lemma 1 is due to Jack[10].

Theorem 2.2. Let f € U(a), 0 <a <1, with ﬁ #1—a foreveryz € D, then f € U,.

Proof. Let f € U(a), 0 <a <1, and let f satisfy the relation (2). Then w(0) = 0 and since
=z _
f@)

we claim that w is analytic in ID. We want to prove that |o(z)] < 1,z € D. If not, then there exists a
Zo, Zo € D, suph that |w(zp)| = 1. If we put w(zg) = €'? for some real ¢, then by using Jack’s lemma we have
zow'(z0) = me'?, m > 1. So, by using these facts and (2) we have

a(w(z) — 1) (1-a)#0,

[ U (20|

()

f(@) f@)
|(1 - 200(2) + a0?(2)) — 2(-2a0' (2) + 2a0(2)e’ (2)) — 1|Z=ZO
[2a(m — 1)¢"* — a(2m — 1)

> a (|(2m - 1)ei2‘P| -2 |(m - l)ei"’|)

= a,

\%

which contradicts f € U(a). Thus, |w(z)] < 1,z € D and by using (2) we have the statement of the
theorem. O

If f(z) =z + Y e anz" € Uy, thatis

@, 1
z (1-2)?’
then . .
Z a,z"! < Z nz™ 1
n=2 n=2

For f € U,, 0 <a < 1, We can get a similar conclusion.
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Theorem 2.3. Let f e U,, 0<a<1,and f(z) =z + a,2% + ... Then we have the next relation

(o8]

ianzn—l < Z Sin(na)(ﬁ)n—lzn—ll (4)

sina
n=2 n=2

where oo = arccos(Va). In the case of a = 1, a = 0, sin(na)/ sin a should be understood as n.

Proof. since & = arccos(ya),0 <a <1, we have cosae = Vi, 0 < o < 7. We also have that 1 — 24z + az?> =0

forz = %Eeii“ and the next factorization:

1—2az +az?

1
h)
——
N
|
=
m\

L
5
——

N

|
<|| —_
AN

NN

)
-5

= (1 - \/Ezei“) (1 - \/Eze_i“).
Now, from (1) we obtain that

f@ . 1
z 1-2az + az?
1

(1 - \/Ezei“) (1 - \/Eze‘i“)

1 1 1
(2isin @) Vaz (1 — azer 11— \/ﬁze‘m)
— 1 + i Sin(na)(\/&)n—lzn—ll

n=2

sina
and therefore the relation (4) holds. O
If f(z) =2+ Y 0 anz" € Uy, then

f@@) 1
~ -2
So
f@ _ 1
z Lﬂ (1 - xz)? dp(x), ©)
or equivalently,
f@) = fl =) ©)

where 1 is a probability measure on dD = {z : |z| = 1}([7], p.51). It follows from (6) that |a,| < n.

In the case of 0 < a < 1, estimating the sharp bounds of the coefficients of f € U, seems to be difficult.
However, we can give a rough estimation on the bounds of the coefficients of f € U, by using a result of
Rogosinski.

Lemma 2.4. [11]If g(z) € T and f(z) = mz + a2z + azz> + -+ - < g(z), then |a,| < n.
Theorem 2.5. Let f(z) = z + axz> + azz> +--- € U(a), 0 < a < 1, then |a,| < 2a(n — 1).
Proof. Since f(z) € U(a), 0 < a < 1, it follows that

z—12
l(@ ) PP ol
20\ z 1 - 24z + az?

As g(z) is a univalent function with real coefficient and g’(0) = 1, g(z) € T. So, by Lemma 2.4, we get
la, <2a(n—1). O

=: g(2).
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In the following theorem we try to give the sharp estimation of |a,|, |a3| and |as| for f(z) = z+a,z>+azz%+--- €
U, with 0 < a < 1. For the proof of the theorem we need the following lemma, which is due to D. V.
Prokhorov and J. Szynal.

Lemma 2.6. [12] If w(z) = ¢1z + 222 + - - - is analytic in ID and satisfy the condition |w(z)| < 1 for |z| < 1,
W(w) = |es + peica + vell, p, v are real,

then the following sharp estimate |V (w)| < ®(u, v) holds, where

1, (1, v) € D1UD, U{(2, 1)}
Ivl, (1,v) € Uj_s Dx
2l + D(542-)", () eDsUD
Oy, v) =4 3 queieyy) o W 8 9 ?)

=

2_ 2_4\1/2
Wi )(5s) . (@v) eDUDn - {2 1)
2 =12
spl = 1)(@) , (V) €Dn

and
Di= {(v:lu<j -1<v<i)
Dy= {(uv):3<lul <2, H(ul+1° - (ul+1)<v<1y
Ds= {(uv):lul<3 vs-1)
Dy= {(uv):lul >3, v<=3(ul+1)}
D5 = {(‘u'lv) : |tu| < 2/ v 1}
De= {(uv):2<ul <4 v>Lu*+8)
Dy= {(uv):lul =4 v=3(ul-1)
Dg= {(uv):3<lul<2, —3(ul+1)< v |<| 7[41(“” +1)° = (jul + 1))
Dy= {(uv):lul=2, - ﬂm+?<v<;ﬁﬁb
D= Muwi2=lu S2|4 f *fl%?'lm 2 1|23u -
+
Dll = {(‘U, V) : |[—1| = 4/ ‘zllzyJ‘r(%:'lll_JrS <v< pé1172!|1y\+4}
D= {(uv):lul 24, Zom <v<§(ul -1}

Theorem 2.7. Let f(z) = z + a2z + a3z> + ... € U,, 0 < a < 1. Then we have
(i) lazl <2a;

(i) |ns] < 2a, 0<a§§
¥ a-1a, 3<a<1
(iii) lag| < 2aD1(a),
where
1, O<a<m

8a [__2
3 \ 3@’ M <asap
Dy(a) =

1(64a* — 640° + 4a” + 60) || 35D, @y <a<az

2a(2a - 1), az <

_ 27+V4185 _ 2+ «F

and a; g4 and ap = 0.83085... is the root of the equation

324> —16a° — 102 +1 = 0.
In cases (i), (ii) and (iii) (first and last line) the results are the best possible.

Proof. 1f we put w(z) = ¢1z + c2z% + ..., then from relation (4) we have

e

Zanz”‘l = Z Slrl(na)(\/_)” ! (c1z + oz + ...)W1 , (8)
n=2 n=

smna
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where a = arccos( ). By using the fact cosa = vz and the next formulas

in(2 in(3 in(4
Sn.l( ®) 2cosa, Sn.l( ) _ 4cos’a—1, SH.l( ) _ 4 cos a(2cos’a — 1),
sma sma sma
and by comparing the coefficients in (8), we can get
a, = 2acy,
a3 = 2ac, + (4a — 1)ac?, 9)

ay = 2a(c3 + (4a — 1)cicy + 2a(2a — 1)c3).

(i) From (9) we have |ay| = 2alc1| < 24, since |c1| < 1. The function f, given in (3) shows that the result is
the best possible.
(ii) Since for the function @ we have that |c;| < 1 — |c;|?, then from (9) we obtain
2alcy| + [4a — 1laley [
2a(1 — e12) + 14 — laler
2a + a(j4a — 1| = 2)|c1[?

|as]

IAN A

and the result depends of the sign of |[4a — 1| — 2. Namely, if |42 — 1| - 2 < 0, or equivalently, 0 < a < 3, then
o3| < 2a. 1f 2 <a <1, then|4a—1| -2 >0, and |as| < (4a — 1), since |c1| < 1.

For the function 2

1-2az2 + az*

fo(2) =
( see the example 3 with w(z) = z? ) we have
fz)=z+ 2a2° + ...,

which means that our result is the best possible for the first case. For the second case see the function f,
given by (3).

(iii) From (9) we have
las] = 2alcs + (4a — 1)cica + 2a(2a — 1)c3| := 2aV(w), (10)
where
W(w) = les + perca + chl, pu=4a-1,v=2a2a-1).

Now, let ©;(a) = O(u,v) withy =4a -1, v = 2a(2a - 1).
27+ V&185

Ifo<a< %, then (u,v) € D;. If% <a< %, then (u,v) € D;. If% <a<a ==z, then (u,v) € D,. By
Lemma 2.6,
1 (a) = D) = 1
for0<a<a = 27+1T *3185.

Ifag <a< %, then (u,v) € Dg. If % < a < ap, where a; is the biggest root of the equation
324° — 164> —10a+1 =0,

then (u,v) € Dg. So, by Lemma 2.6,

~ 2 |l +1 _8a 2
®1(a) = P(u,v) = g(lyl + 1)\fm T3 V32ar 1)

fora; <a <ap.



M. Obradovié, Z. Peng / Filomat 33:14 (2019), 4687-4695 4693

Ifa, <a< %ﬁ, then (u,v) € Dyg, and by Lemma 2.6,

(=)=

D4 (a) = D(u,v) 37 p2—4v 3(v-1)

1 1642 —8a -3
= —(64a* — 64a® + 4% + 60) | ————.
5 (640" = 6da™ +da” + 60)y |3 o )
2+V22
If =5= <a <1, then (u,v) € Ds. By Lemma 2.6,
Dq(a) = D(u,v) =v =2a(2a - 1).

For the function 5

1 - 2az3 + azb

f3(z) =
( see the example 3 with w(z) = z* ) we obtain
fi(z) =z + 20zt + ...,

which means that our result is the best possible for the first case. For the last case see the function f, given
by (3). O

Definition 2.8. Suppose f(z) is analytic in ID and @ # 0. The logarithmic coefficients y,, of f are defined by

(z) .
fT =2;ynz Lzl < 1.

Theorem 2.9. If f e U,, 0 <a <1,and y,(n =1,2,3,---) are its logarithmic coefficients, then

(s8] (s8] 1
;I)/nlz < Zﬁa” cos*(na)

“In(1- ) +In(1- 2 —1+2a - a)i)t)
—Rej(; o

log

dt,

where a = arccos Va € [0, 31 In particular, ifa = 1, then
Yk < Y koo [0,
yab = n2 t 6
n=1 n=1
Proof. Since f € U,, 0 < a < 1, it follows from (1) that
@ 1

z 1-2az + az?
1

(1 - \/Ezei“) (1 - \/c_zze‘i“)/
where a = arccos va. Thus

@)
zZ

In < —In(1 - Vaze™) —In(1 — Vaze™™)

= 2( Vacosaz + %( Va)? cos(2a)z* + %( Va)3 cos(3a)z® + - - )
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By Rogosinski’s Theorem([9], p.192) we have

i |7/n|2
n=1

1

" a" cos?(na)

gk

=

=

Iv 1
+ EZ —a" cos(2na)

n
n=1

(o8]
Z l i2a)n
2
xZa

1 In(1 - ln(l
= _§< f dt

) —Refﬂ 1n(1—t)+1n(1—(2a—1+2 a(l—a)i)t)dt
0

N~
Swlﬁ

iP-e ip2e ©

N~
NIm

2t
O

Theorem 2.10. If f € Uy, and y,(n = 1,2,3,---) are its logarithmic coefficients, then |y,| < 1. And the inequality
is sharp for all n.

Proof. Since f € U, it follows from (1) that
1. f@
2"

Noting that —In(1 — z) € K, by Rogosinski’s Theorem([9], p.195), we have |y,| < 1. For any given n, the
equality holds for the function

< —=In(1-2).

f( ) = —71)2’
which is in the class U;. O

Remark 2.11. By using the same methods as in Th.2.7, it is possible to prove that the logarithmic coefficients of
f € U, satisfy [y1] < a,lyq| < a,lysl < a. All these results are the best possible as the functions fi, € U, defined by

z z z
1 —2az+azz'f2(z) T 1-24a22 +az4'f3(z) T 1-2az8 +azb

fi(z) =
show.

Theorem 2.12. If f e U,, 0 <a <1, then Re@ > 0 in the disc
|z| < {

Proof. By using the definition (1) of the class U, it is enough to find z € ID such that

—_

~
ENY
IA

Q=
|
NI—
win O
N A
AN
IA
— I

Re(1 — 2az + az®) > 0. (11)
If we putz = re'?, 0 <r <1, then we have

Re(1 — 2az + az®) = 2ar* cos® 0 — 2arcos O + 1 — ar? := g(t),
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where

g(t) = 2ar*t* —2art + 1 —ar’, -1 <t<1

(we putcos 0 =t).
The function g has its minimum for ¢y = % Iftp € (0,1), thenr > % and

g(t)Zg(to)=—g+1—a;2>0

if r < 1/%—%. Wenotethat%—% <1 if% <a <1 For0 < r < ! we have that t;, > 1 and since
g(=1) > 0, g(1) > 0, we also have that the condition (11) is satisfied. [

2
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