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ON THE INITIAL COEFFICIENTS FOR CERTAIN CLASS OF
FUNCTIONS ANALYTIC IN THE UNIT DISC

MILUTIN OBRADOVIC AND NIKOLA TUNESKI

Let function f be analytic in the unit disk [) and be normalized so that f(z) =z +ayz> +azz* +--- In
this paper we give sharp bounds of the modulus of its second, third and fourth coefficient, if f satisfies

z 1+a
M(m) / @}

forO0<a<land0 <y <1.

<y%r{ (zeD)

1. Introduction and preliminaries

Let A denote the family of all analytic functions in the unit disk D := {z € C: |z| < 1} and satisfying the
normalization f(0) =0= f’(0) — 1.
A function f € A is said to be strongly starlike of order B, 0 < 8 <1 if and only if

2f'(2) 1
‘arg Q) <B3m (zeD).

We denote this class by SE. If B =1, then S} = §* is the well-known class of starlike functions.
In [1] the author introduced the class U («, 1) (0 < @ and A < 1) consisting of functions f € A for
which we have

() " ro-1]<i cen
— 2)—1| < zeD).
f(@)

In the same paper it is shown that U/ («, A) C S* if

l -«
O<Ai<

TV —a)?+a?
The most valuable up to date results about this class can be found in [4, Chapter 12].
In the paper [2] the author considered univalence of the class of functions f € A satisfying the condition

0 e (755) " r@)| <vir cep

for 0 <o < 1and 0 < y <1, and proved the following theorem.
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Theorem A. Let fe A, 0<a < 7% and let

e[ () 7] <n@in ceD)

2 2 2
= Zarean(|[ 2 1) a2 21
V(@) narcan( p— o p—

ﬂ:garctandi—l.

T To

2. Main result

where

Then f € SE, where

In this paper we will give the sharp estimates for initial coefficients of functions f € .4 which satisfied
the condition (1). Namely, we have

Theorem 1. Let f(z) = z + arz® + a3z> + - - - belong to the class A and satisfy the condition (1) for
O0<a<1land0 <y < 1. Then we have the following sharp estimations:

@ ool = 72
2y (1—a)?
) las] < 2—a’ O<y= 3—a '’
az| = 9
23 —a)y? ’ (1—0{)2<y<1;
(1—a)22—a) 3—a — 7~
32__ya7 0< V f)/m
<
(©) laa] = 2y 2 (a2 —6a+17)y> - .
A A 3 yl) = )/ S 1’
3« 3 (1—a)’(2—a)
where

[0 =-a)PC2—a)
"IN ba 17
Proof. We can write the condition (1) in the form

—(14w)
@) (F2) o= (F28) ca+2w@+2070 + ),

where o is analytic in D with w(0) =0 and |w(z)| < 1, z € D. If we denote by L and R the left- and
right-hand side of equality (2), then we have

= |:1—(1+oz)(agz+---)+(_(1;a))(a2z+-~)2

+( (I+a ))( 2+ )3+---}-(1+2a2z+3a3z2+4a4z3+---)



ON THE INITIAL COEFFICIENTS FOR CERTAIN CLASS OF FUNCTIONS ANALYTIC IN THE UNIT DISC 1781
and if we put w(z) =cjz+crz> +---:

R=14y[2ciz+ 22>+ )+2ciz+ez>+-) 4]
+(g)[z(C1Z+C222+'-‘)+2(Clz+c212—|—...)2+...]2

+(g)[2(01z+cZz2+'--)+2(c1z+czz2—|—~-)2+---]3+~-
If we compare the coefficients on z, 72, 73 in L and R, then, after some calculations, we obtain

23 —a)y?
3 w=7Le ay=52 By 2

= 3
1=« 2—a (1—a)2(2—a)cl’ as = 3= (e F peicr +vey),
where
- _ _20-y _ 1, 2@ —6a+17)y?
@ HERO) =g M VYY) =3 I T e

Since |c1]| < 1, then by using (3) we easily obtain the result (a) from this theorem. Also, by using |c;| <1
and |ca| < 1 —|c;|% from (3) we have

2y 26—y
< — -~ @
las| = 5= lea| + a _a)2(2_a)|61|
2y ) 23 —a)y? 2
<2V (1- i S22 A
<574¢ |01|)+(1_a)2(2_a)|6|
2y 2y | B—a)y 2
= —1
ot 2—0{[(1—(1)2 el

and the result depends of the sign of the factor in the last bracket.
The main tool of our proof for the coefficient a4 will be the results of [3, Lemma 2]. Namely, in that
paper the authors considered the sharp estimate of the functional

V() = |c3+ peicr + vej|
within the class of all holomorphic functions of the form
w(@) =c1z+ez?+---
and satisfying the condition |w(z)| < 1, z € D. In the same paper in Lemma 2, for w of the previous

type and for any real numbers p and v they give the sharp estimates V(w) < ®(u, v), where ®(u, v) is
given in general form in Lemma 2, and here we will use

I, (u,v) e DIUDU{(2, D},

D(u,v)=
Wl (u,v) € Ul_s D



1782 MILUTIN OBRADOVIC AND NIKOLA TUNESKI

where
Dy={(u.v):lul <35 —1<v=1},
Dy={(n.v):3=<Iul <2, +(ul+1D>—(ul+D =<v =<1},
Dy = {(u,v): |u| <3, v=<—1},
Dy={(u,v): 1l >3, v<=3(ul+ D},
Ds={(u,v) :|ul <2, v=1},
De={(n.v):2<|ul <4 v= 5w +8)}
Dy ={(u.v): |l =4, v=3(Iul— D}

In that sense, we need the values @ and y such that 0 < pu < l, w<2,u<4,v<1. So, by using (4),
we easily get the equivalence

1 J-)2—a) . .
O<pu=536y= 4G—a) =VY1/2;
J-)2—a) .

20-0)2—a) ._ .
p=deoy=—(g — =W

(1-a)PQ-a)
<1 < | "=
b= éy_\/a2—6a+l7 Y

It is easily to obtain that all values y1,2, ¥2, ¥4, ¥» are decreasing functions of @, 0 < o < 1 and that
0<y1/2<%, 0<y2<%, 0<y4<‘5—‘, 0<yv<,/%:0.342997...
Also, it is clear that
O<yip<y2<va
and it is easy to obtain that
vip<w for ae (0 al,

where o, = 0.951226. ... is the root of the equation 503 — 5602 + 1770 — 122 = 0 (of course Y =<VY12
for @ € [y, 1)).
Further, the next relation is valid:

O<n <y <y

Case 1 (0 <y <y,). First,itmeans that v < 1. If 0 <y < yy/p,then 0 < < % and 0 < v <1, which
by [3, Lemma 2] gives ® (1, v) = L. If y10 <y <yp, @ € (0, 0), then 3 <p <2,0 <v < I and if we
prove that

H+1D = (u+1 <v,

then also by [3, Lemma 2] we have ®(u, v) = 1. In that sense, let us denote

Li=3u+1)’—(u+1) and R;=v.
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. . . . . 1 .
Since L is an increasing function of u for u > 5 and since y < y,, then

23—)n (I-a)(5—a) 25 10
"= 0-a)G-a) ‘2\/<z—a)<a2 a7 N34T Ux

(because the function under the square root is decreasing) and so

4710 310
L <—<—+1> —<—+1>=0.249838...,
'S 27\ /3 V34
while ) 5
—6a+17
Ri—y= L 2@ =6at1Dy” 1 _ s
3 3 d-a)P2—-a) 3

This implies the desired inequality.

Case2 (y, <y <1). Inthis case we have that v > 1. If y, <y <y, € (0,1),then0 < u <2,v > 1,
which by [3, Lemma 2] implies ®(u,v) =v. If y» <y <4, a € (0, 1), then 2 < u < 4. Also, after
some calculations, the inequality v > %(,u2 + 8) is equivalent to

43 — 230+ 50% —a®
ye>1.
(1-a)P2-a)? B

Since y» < y, then the previous inequality is satisfied if

43 — 230 + 5% —a?
v2 = L.
(1-a)’2—a)? B
But, the last inequality is equivalent to the inequality a? — 2 — 3 < 0, which is really true for o € (0, 1).

By [3, Lemma 2] we also have ® (i, v) = v. Finally, if y > y4, then 4 > 4 and if v > %(,u — 1) we have
(by using the same lemma) ® (i, v) = v. Really, the inequality v > %(M — 1) is equivalent with

2? —6a+17)y? —4(1 —a)’G—a)y +3(1 —a)*2—a) > 0.
Since the discriminant of previous trinomial is
D=81—-a) @ —2a>+170 —52) <0

for « € (0, 1), then the previous inequality is valid. By using (3) we have that |a4] < y/(3 — ) (Case 1),
or lag] <y/(3 —a)v (Case 2), and from there the statement of the theorem.
All results of Theorem 1 are the best possible as demonstrated by the functions f;, i =1, 2, 3, defined

with o
z “ (142
(%) ﬁ(Z)_<1—zi)’

where 0 <o < 1,0 < y < 1. We have that

ci=1 and c;=0when j#i. Il

2

g

Remark 2. By using Theorem A we can conclude that it is sufficient to be y < y, (o) and 0 < @ <
for starlikeness of functions f € A which satisfied the condition (1).
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Also, these conditions imply that the modulus of the coefficients a», a3, a4 is bounded with some
constants. Namely, from the estimates given in Theorem 1 we have, for example,

2 2y, (a) 23 —a)yX(a)
) < < gy < 2T
l —« l—«o (1—a)*Q2—a)
etc.
We note that y,(¢) <1 —a for0 <o < % Namely, if we put

¢ (@) = yula) — (1 —a),

then ¢’ () = 1 — 4/2/(ra) — 1. It is easily to see that ¢ attains its minimum ¢ (1/7) = —% and since
¢(0+) =0, qb(%—) = % — 1 < 0, we have the desired inequality.
When o — 0, then y,(0+) = 1, and from Theorem 1, we have the next estimates for 0 < y < 1:

., O0<y<i
arl <2y <2, ol <7 V—;
Y

3y <y <l
and 5
?”, 0 <y </2/17,
las| < 2
2yA+17y7%) 27T <y < 1.

9<4

This is the case when we have strongly starlike functions of order y.
For y =1 in Theorem 1, i.e., if

Re[(i)mf/(z)] >0, zeD,

f(@)
we have
las] < —2—,  as| < &
=1 3= (1—0)2(2—a)
and 5
2 [1 2 (@®—6a+17)
'“4'53_—0[[#5—(1_&)3(2_&)}'
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