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HOTITYHU METOJ HAJMAIBUX KBAZIPATA Y ®YHKIIUJHN
PEITABAIBA 'EOJETCKHUX ITPOBJIEMA

PE3UME

JlokTopcka Te3a je mocBeheHa npruMeHn TeXHUKE MOTIYHOT METO/Ia HajMambuX KBaJpaTa
(Total Least Squares, TLS) y ouenu mapameTapa MaTeMaTHUYKHX MOJENA Pa3IHYUTHX
reoferckux mnpobnema. [loTmyHm MeTon HajMamHMX KBaJpara je pEJaTUBHO HOBa
TEeXHUKa OIlCHhUBama nmapamerapa mozaena. [IpBa ucTpakuBama Ha 1MOJbY MaTeMaTHKE
JaTAPajy OJ paHUX OCaMJIECETHUX T'OJMHA MPOILIOT BeKa a MpBE NMPUMEHE jaBJbajy ce y
Pa3NUYATUM HETCOACTCKUM TUCIUIUTHHAMA.

HctpaxuBawa MOryhHOCTM IpHMEHE Yy OLEHM [apaMerapa TeOofeTCKUX Mojesa
KacHHjeT cy JaTyMma U jaBieajy ce mpe oko jaeceT roauHa (Kupferer, 2005, Schaffrin,
2006). HctpaxuBama ce pa3Bujajy y mnpaBuny npuiarohaBama TLS reomerckum
npobJeMrMa y CMHCITY HaJlaKema peliermha Koje ypauyHaBa pa3IMuuTy TaqHOCT Kao U
Mel)ycoOHY KOpeIMCaHOCT Tojaraka (pesynrata Mepema). Jla Ou ce TO TOCTHUTIIO,
YMECTO peliema T00HjeHnX MPUMEHOM JCKOMIIO3HIMje MPOIIUPEHE MaTpuIle Mojelna
Ha CHHTYJapHEe BPEIHOCTH Pa3BHjeHA Cy pelliermha Ha OCHOBY MUHMMU3amuje Lagrange-
ose pynkuuje nusba (Euler- Lagrange-oB mocTymnak).

VY OKBHpY JOKTOpPCKE Te3€ MPUKa3aHU Cy KIACHYHHU (TPaJUIIMOHAIHO NPUMEHHBAHN)
MOJICTTH y pelliaBamy T'e0JeTCKUX 3ajaraka, noceoHo Gauss-Helmert-oB Mojen kojume
ce takohe Mory pemaBatu npoOiemu Tpetupanu npumeHoM TLS. Takole, ucrpakenu
Cy ¥ mpuKaszaau paznmautu oommmm TLS monmena kako KiIacuYHHM (XOMOCKEIACTHYKH)
Tako M TEXUHCKH OJHOCHO MOJICNIM KOjU ypadyHaBajy pa3inuWTe BapHjaHCE Kao H
MelycoOHy Kopenanujy 4jiaHoBa IpolMpeHe Matpuie mojena. [lopen Tora, gare cy
¢dopmyre 3a OLEHy TadyHOCTH OJHOCHO padyHame KO(AaKTOPCKUX MaTpHia OleHa
mapamerapa Mojelia Kao M Kopekiuja (IorpaBaka, pe3ujayalia) pe3ysitata Mepema U
YJIaHOBA MATPUIIE MOJEIIA.

Ha T1pu kapakrepucTuuHa reojercka mnpoOieMa WIMCTpoBaHa je mpumeHa TLS y
pelaBamy reoJIeTCKHX 3a/1aTaKa.

Kibyuyne peunm: Martematnuko mozaenupame, Gauss-Markov-seeB mogen, Gauss-
Helmert-oB mozen, [Tormynu meron HajMamux kBaapara (Total Least Squares, TLS).
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TOTAL LEAST SQARES METHOD FOR SOLVING GEODETIC
TASKS

ABSTRACT

A doctoral thesis deals with the application of Total Least Squares (TLS) techniques for
parameters estimation of mathematical models for various geodetic problems. Total
Least Squares is a relatively new technique of parameters model estimation. The first
research in the field of mathematics dating from the early eighties and the first
applications appeared in various nongeodetic disciplines.

Studies on possibility of applications in the parameters estimation of geodetic models
are of later date, there are about ten years ago (Kupferer, 2005 Schaffrin, 2006).
Research is developing towards adjustment TLS geodetic problems in the sense finding
a solution that include different accuracy and mutual correlation of data (measurement
results). In order to achieve this, rather than solutions obtained by decomposition of the
extended matrix model on the singular values (SVD), solutions based on the
minimization of Lagrange's objective function (Euler-Lagrange's method) are
developed.

In the scope of the doctoral thesis, classical (traditional applied) geodetic models are
presented, especially Gauss-Helmert's model by which the problems treated by TLS
tchniques can also be solved. Also, various forms TLS models are explored and
presented, from classic (homoskedastic) TLS models to weighted TLS models or
models that include different variances as well as mutual correlation between members
of the extended matrix model. In addition, the formulas for the accuracy assessment and
cofactor matrices computation for parameters model estimate, correctinons of the
measurement results and correctinons of the matrix model members are developed.

The applicatins of TLS for sovnig geodetic tasks are illustrated on the three
characteristic cases.

Key words: Mathematic modelling, Gauss-Markov model, Gauss-Helmert model, Total
Least Squares (TLS).
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JIucra o3Haka u ckpahenuua

|||| 5 — oTepaTop eyKIHJICKE HOpME BEKTOPa,

||||F — omneparop Frobenius-oBe HopMe MaTpule,

A — MaTpuIa Mojena (MaTpula Au3ajHa),

B — MaTpHIla ycaoBa 3a MEPEHE BEJIMUMHE,

I, — jeIMHUYHA MaTpuIia peaa 1,

k — BeKTOp Lagrange-oBUX MyJNTUIUIUKATOpPA,

1 — BEKTOp pe3ynTara Mepema,

K, — KOBapujaloHa MaTpUIla pe3yiraTa Mepema,
€ — BEKTOp Tpellaka pe3yirata Mepema,

Q, — KopaKTOpCKa MaTpHIla pe3ylTaTa Mepema,

Gé — pedepenTtHa BapujaHca (BapHjaHca jeJUHUIEC TEKHUHE),
X — BEKTOp IapaMeTapa Mojiena,

v — BEKTOp TIOTIpaBaka,

N(A) — HyJIa MPOCTOp Matpuie A,

Q — Lagrange-oBa ¢yHkIiuja nuba,

R — ”KpOBHa~ MaTpHla,

R — MaTpHla NOYy3/1aHOCTH,

R(A) — IIPOCTOp KOJIOHA MaTpuie A ,

R" — N-IUMEH3UOHAHU IPOCTOP peaHux Opojena,
rank(A) — paHr mMatpune A,

tr(R) — Tpar Matpuie R,
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LS

WLS

EIV

ETLS

EW-TLS

GHM

GMM

GTLS

STLS

SVD

TLS

WTLS

— MaTpuIle JeKOMIO3HIMje HAa CHHTYJIApHE BPETHOCTH,

— 1-Ti JICBH CUHTYJIAPHU BEKTOP,
— onepatop TpaHchopMaIije MaTPUIIE Y BEKTOP,
— 1-Ti IECHU CUHTYJIApHH BEKTOP,

— BCKTOP HCKOH3UCTCHTHOCTH YCJIOBHOI' MOZCJIA,

— MaTpHLa yClIOBa OIpaHUYEH:A,
— HEKOH3UCTEHTHOCT YCJIOBa OrPaHUYECHA,
— 1-Ta CHHTYJIapHa BPEJAHOCT MaTpuie A ,

— Least Squares,

— Weighted Least Squares,

— Errors-In-Variables,

— Equilibrated TLS,

— Element-wise-Weighted TLS,
— Gauss-Helmert Model,

— Gauss-Markov Model,

— Generalized Total Least-Squares,
— Structured Total Least-Squares,
— Singular Value Decomposition,
— Total Least Squares,

— Weighted Total Least Squares.
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1. YBOJ

MareMaTHYKd MOJEJ TPEICTaBJba OIUC CHUCTEMa OJHOCHO TI0jaBe pEaHOr CBETa
KopumrhemeM MaTeMaTWYKHX KOHIeraTa W je3uka. [Ipomec pa3Boja MareMaTWIKOT
MoOJIeNIa Ha3MBa C€ MAaTEMaTHYKO MOJEIHpame. MareMaTHYKd MOJAETH KOPHCTE ce y
npupoaHUM Haykama ((pusmka, Omosiormja, reoHayke, METEpPEOJIOTrHja), HHKECHEPCKUM
Haykama (KOMI[jypecke HayKe, BEIITayka HWHTWIUICHIMja) Ka0 M Y COLMjaIHUM
HayKaMa (€KOHOMHM]a, TICHXOJIOTHja, COLMOJIOTHja, MOJUTHYKE Hayke). MareMaTWdku
MOJIeNTi OOMYHO Ce cacToje OJ] pejamnuja U MpoMeHJbMBUX (Bapujabnu). Penarmje ce
OTHCY]jy OTiepaTopuMa Kao IITO Cy anredapcku onepaTtopy, PyHKIuje, AudepeHIuj T
onepatopu u. T. 1. [IpoMeHIbuBe mpeacTaBibajy NapaMeTpe cucreMa Koje je moTpeOHO

OIICHUTH (KBAaHTU(PHUKOBATH).

Hpouec OLICHC IapaMeTapa Mcejia MOXE CC YIJIAaBHOM IPECACTABUTH KPO3 YCTUPHU

onTUMH3anMoHa pobieMa (Zhengyou, 1997):

— KpuTepujym: m30op HajOospe (QYyHKIHMje Koja ce onTummsyje (MUHHUMH3YjE WIN
MaKCUMH3Yje),

— ouemuBame: N300p HajOOJBET METO/Ia OITUMU3AIMje U3adpaHe QyHKIHM]e,

— JM3ajH: ONTHMajJHAa HWMIUIEMeTaldja n3a0paHOT MeToja 3a Jo0Hjame Haj0oJbe
OLIEHE IapaMeTapa Mojena,

— MoJeJupame: JeTepMUHucame (yTBphuBame) MaTeMaTHUKOT MOJIeNa KOjU Haj0osbe

OIUCYj€ CHUCTEM Yy OKBUPY KOj€T Cy U3BpIlIEHa Mepera YKJbyuyjyhu MoJen rpemaka.

TpaguuuoHanHu TeoJeTCKM 3aJjaTak CacTojU ce OJf Mepema M Hu3paje IMpejacraBa
3eMJBMHE TOBPILH, YTIaBHOM Kpo3 MareMaTtnike Mojene. Ha ocHOBY moBossHOT Opoja
Mepema Mory ce (popMUpaTH CUCTEMH jeJTHAYMHA U OLIEHUTH apaMeTpy MaTeMaTHYKor
Mozena. O63upoM ja je 6poj U3BplICHUX Mepema o0udHO Behu o Opoja HeomxoJHUX
nmapamerapa Mojeia, Kao pe3ynTar Jo0ujajy ce mpeojpeheHH CHCTEMH jelHaurHa
OJHOCHO CHCTEMH jeHauMHa ca MNpPEeKOOpPOjHUM MepemuMa. 3a arnpoKCUMHpame
pemema oBUX TpeoapeheHnX cucTteMa KOPUCTH ce MEeTo] HajMamux KkBaapata (Least
squares, LS) xoju cy passunmu C. F. Gauss, A. M. Legendre u A. Markov y
neBeTHaecToM BeKy. Hemauku reonera F. R. Helmert qao je Takohe 3nadajan monpuHOC

Teopuju HajMamux kBagpaTta (Helmert, 1907). Gauss-Helmert-oB mMonen je BepoBaTHO



JOII YBEK HAjupWIarof/bUBHja TEXHMKA 3a OLEHHUBAakE IapamMerapa y OKBUPY

HCJIMHCAPHUX MATECMAaTUYKUX MOJCJIA.

[Mpobnem omeHe mapamerapa Mojeia HacTaje 300T MOTpede Ja ce OIeHE WCTHHUTE
BPEIHOCTH KJBYYHHUX IapaMerapa MaTeMaTHYKHX MOJIENa KOjU c€ HE MOTY M3MEPUTH
aupekTHo. Ilpema TomMe Mepu ce CKyn BeIMYMHA KOje Cy MepJbUBE U KOje Cy Yy
IUPEKTHOj MAaTEMaTHYKO] BE3H ca MapaMeTpuMa Mojesa. YKOIUKO Cy OBE MaTeMaTHIKe
B€3€ HEJIMHEeapHe, MOy ce KOPUCTHTH IOrOJHE MaTeMaTHuke TexHHuke (H. mp. Taylor-

OBa JIMHeapu3alyja) 3a BbUXOBO MIPUKA3UBabE Y JIMHEAPHO] (POPMH.

Mehytum, yBEeK OTBOPEHO TMHUTAamE TPEACTaB/ba aJEKBATHOCT MPUMEHCHUX
MaTeMaTHUKHUX penanmja u3Mmel)y mapamerapa mojena m MepeHHx BennmuuHa. OBe
penaiuje 4ecTo HUCY To3HATE caMe Mo ceOu Hero Texe aa GopMupajy ciuky penomeHa
peasHOT CBeTa y jeIHOM IPETJIETHOM M O0paJuBOM MaTeMaTWykoM mozeny. [Ipema
TOME YBEK OCTaje OTBOPEHO NUTAmE Jla JIM Cy CBH YTHUIAjU MOTogHO oOyxBaheHu u
Mozaenupanu. Ilpema ¢dunocoduju Merona HajMamux KBajapaTa penanuje uzmelhy

BEKTOpa MapaMeTapa Mojena X U pesyirata Mepema 1 Moxe ce npukasati 'y Gopmu
1=~ Ax. (1.1)

3HaK MpUOIMKHOCTU NPOM3HWIA3U M3 YMELEHUIIE Jla Ce MEpEHE BEJIMYMHE HUKAJa He
MOTY OJpEeIWTH alCOJIyTHO TayHO 300r uyera HexomoreHu cucrem (1.1) Hema
KOH3UCTEHTHO pelIelke. Y IMJby HalaXkema pellema, MPUCTyNa ce MOAU(DUKALU]H

BEKTOpa pe3yiTaTta Mepera MOUITO ¢ CMaTpa Ja je OH onTepeheH rpemkaMa Mepema

1+ v=Ax, (1.2)

rie je Bektop 1 monesbeH Ha Be MelycoOHO oproronanne kommnonente Ve N (AT) 7
Axe S(A) toe cy S() m N () omepaTopm mpocTopa KONOHa M Hyda HPOCTOpPA
MaTpHlle, pecleKTuBHO. Matpuiia A, ca apyre CTpaHe, y MaTeMaTH4KOj Be3u usmely
BEKTOpa Mapamerapa MoJelia M pe3ysiTara Mepema |, cMarpa ce KOHCTAaHTHOM M HUje

MOJITIOKHA MOU(UKAIjama.

VYkonmuko je MaTpuma Mozena A HEKOHCTaHTHA W mpeaBula ce meHa MoTudHKaImja, y
MaTeMaTUUYKOj JIUTEpaTypH, YMECTO KIACHUYHOT IIPEUIOKEH je TMOTIYHH MeTOoJ
Hajmamux kBangpara (Total Least Squares, TLS), (Bjorck, 1996). JennoctaBan npumep

KOjU OCJIMKaBa pa3NuKy n3Mel)y KIIacHYHOT MeTola HajMamux kBaapata (Least Squares,



LS) u normyHor MeToa Hajmamux kBaapata (Total Least Squares, TLS) npukasan je y

Van Huffel u Vandervalle, (1991). Heka je nat MaTemaTruku Mojaemn
ymax, (1.3)

U HEKa je M3BPILICHO 71 Mepema BEeIMYUHA X, U y,, i =1,---,n. YKOIHUKO ce 3aHemMape

Ipelike y MepemuMa X U NIPUMEHHM METOJ HajMamuX KBajJpaTa OHJA cieau (QyHKIHja

1Jba

n

ivi = Z(xi a-y, )2 — min
i=1

=l , (1.4)
u oueHa 3a napamerap a (Cnuxka 1.1)
’<1 XY
a=Sm
DI (1.5)
Ay 5 ~ 2 :
I /Z(x!.a—yf) — min
4 i=1
e
-1
1= .
1 v g
?, F
o 1
.3

Cauka 1.1. Pememe 1o METoAy HajMambKX KBaJpaTa 3aHEMApHBABEM

rpeuiaka Mepema BEINYUHE X

VYkomuko ce MoJenoM 0o0yXBaTe TpeIIKe Mepema BEeIMYMHE X a 3aHeMape Tpelke

Mepema BeTHunHe y , y3uMajyhn y 063up x=a"'y, dyHKIumja musba mocraje

n n
v, =2 \a y—x min
i=1

=1 , (1.6)

ma ce 3a oleHy mapamerpa a nodbuja (Cruxka 1.1)
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Ciuka 1.2.

Pemreme 1o moTmmyHOM METOy HajMamUX KBajpaTa

3aHCMApHUBAKLEM I'pClIaKa MCPCHha BEJIMUYUHE Y

VYKOIMKO ce Mo/IeTIoM 00yXBaTe TpeuIke Mepema y 00e MPOMEHIbHBE, ONTHMAaIHA OLleHA

3a mapamMeTap a Jo0uja ce n300poM TpaBe JIMHHUjE TAKO J]a OPTOTOHAIIHA pacTojamba O]l

CBaKe TauKe (xi,yi) 70 TipaBe OyAy mTo je Moryhe Mama, OJHOCHO (YHKIMja IUJba

raacu (Cnuka 1.3)

7
7

o’ E” (v, —x,c”z)z(1+d2)’l—) min
o
N i=1

\
o\

A

o\

Cauka 1.3.

00e MPOMEHJbHBE, X H Y

OproronaiHa perpecuja 00yxBaTameM Ipeliaka Mepema y



>, —xaf(1+a*)" — min
i=1 . (1.8)
Pemema 3a m3paBHaBajyhy mpaBy JHMHH]y TIO TIOTIYHOM METONY HajMamWX KBajpaTa

nata cy y Golub u van Loan, (1989), Bjorck, (1996) u Felus u Schaffrin, (2003).

Mogenu ca HEKOHCTAaHTHOM MATpPHUIIOM JAH3ajHa (MAaTHPUIIOM MOJelNa) MO3HATH CYy y
JUTEpaTypd Kao MOJEIHM ca TrpelikamMa y MpoMeHbuBUM BennuuHama (Error in
Variables Models, EIV) u. np. (Gleser, 1981). OBu Mojenu u3y4yaBaHH Cy jOIl Y
Adcock, (1877) 1 IOHOBO MCTpa)KMBaHW MHOTO ITyTa OJ TaAa Ha MOJbY MaTeMaTHUKe

cratuctuke (Markovsky u van Huffel, 2007).

lomguue 1980 Golub G. H. u Loan, C. F. yBenu cy TepMHH MOTITYHH METOJ HajMamHUX
kBagpara (Total Least Squares, TLS) 3a oueny mapamerapa y EIV moxmenuma, rae ce
MPETHOCTaBJba Jia TPEIIKe pe3ysiraTa Mepema | 1 wiaHoBa MaTpulile Mojena A HMajy
HE3aBUCHE W MIICHTHYHE pacmojene. Mojienn Koju yBOJe OBY NMPETIOCTAaBKY HA3WBajy
ce wimacnuHun EIV Mozmenm a noCTymak oOLEHE IapaMerapa Mojena KIACUYHHU
(merexxuncku) TLS (Snow, 2012). HacympoT muma, MOJENU KOjU TPETIIOCTABIbAjy
pa3IMuuTE M E€BEHTYaJHO KOPEJIMCAHE DPACIOAENE Ipelllaka pe3yiTrara Mepewma 1 u
4yaHoBa MaTpuie Mojnena A, aedpuHumy ce kao TexxuHcku EIV mMomemn omHOCHO
MOCTyMaK olleHe mapaMerapa mojena kao texxuncku TLS (Weigted Total Least Squares,

WTLS).

Knacwunn (merexxunckn) TLS mpobiiem, koju moapa3syMeBa jeHaKke TeKHHE pe3ysiraTa
Mepema | u wiaHoBa matpuiie Mojaena A, OOMYHO MMa jeAMHCTBEHO PEIICHE KOje ce
Moxke HahM JIEKOMIIO3MIIMjOM IpOMMpeHe MaTpuue Moxena [A 1] Ha cumrymapue
BpexuocTH (Singular Value Decomposition, SVD) (a. ip. Golub u van Loan, 1980, Van
Huffel u Vandewalle, 1991). Knacuunu (nerexxuncku) TLS kao um Heke moryhHocTH
NpUMEHE Yy pelaBamby I'eoJeTCKUX 3aaaraka npukaszane cy y (Kupferer, 2005) rae je

peleme JepUHUCAaHO Kao allpoKcUMalja MaTpHLIOM HIDKET paHra.

OnmTHja peniema Koja ypadyHaBajy HHBOE Tpelllaka Kao M KOPEIHWCAHOCT pe3yJsraTa
Mepemwa JUCKYTOBaHa Cy O]l CTpaHe BMIIE ayTopa. Tako yommTeHu (reHepaJu30BaHu)
TLS (Generalized TLS, GTLS, (Van Huffel u Vandewalle, 1991) nogpa3ymesa na cy

pe3nayain ejieMCHaTa MpomrupeHEe MaTprule MOoACia [A l] 10 BpCTaMa HE3aBUCHU aJI



KOpEJICaHU YHyTap BPCTa ca WACHTHMYHOM KOBapHjallMOHOM MaTpuioM. Heku ayropu
(a. mp. Schaffrin u Wieser, 2008) nHa3uBajy ra exsunubpucanu TLS (Equilibrated TLS,
ETLS).

Jom reHepaIHMjH TPUCTYN TMPETIOCTaB/ba Ja Cy EIEMEHTH NPOIINpPEHE MaTpPHUIIe
monena [A 1] mesaBucHM amu ca pasmmuuTiM Bapujancama (Markovsky u mp., 2006)
3a CBaKM eJIeMeHT Ha3uBa ce TLS ca paznuuuTuM TekMHama 1o CBAaKOM WIaHy OJHOCHO

enementy (Element-wise-weighted TLS, EW-TLS).

VY nmocnenmux HEKOIMKO roJuHa MyOIMKOBaH je BEMKU Opoj UCTpaxkuBama y 001acTu
TLS omena y nuipy pemiaBamba re0JeTCKAX 3a/aTaka MPH YeMy C€ MOTY pas3iIHMKOBaTH
JIBA OCHOBHa mpucymna y pemaBawy TLS mpobnema. Jeman mpucTynm ce 3acHUBa Ha
JIEKOMIIO3MIMjH TpoOIIUpeHe Matpuie Moiena |[A 1] Ha curymapre BpeaHOCTH
(Singular Value Decomposition, SVD, Teunissen, 1988, Felus, 2004, Kupferer, 2005,
Akyilmaz, 2007, Schaffrin u Felus, 2008, Lampe, 2010). Ipyru npuctyn noapasymMmea
Tpetutakbe TLS Kao yCIOBJBEHOT ONTHMHU3ALMOHOT TpoOjIeMa MHUHUMH3AIN]Ee
kopumthemem Euler-Lagrange-oBe ¢ykumje mmuiba y3 pa3inyuTe HHUBOE OTpaHHUYCH-a
OMIITOCTH KOBAPHjallMOHE MATPHIE €JIeMEHaTa IpOIIMpeHe MaTpuue moxena [A 1]
(Felus and Burtch, 2009, Schaffrin u Felus, 2008, Schaffin u Wieser, 2008, Schaffrin u
Wieser, 2009, Amiri-Simkooei u Jazaeri, 2012, Shen u np., 2011).

Hajonmutuje pememe koje 103B0JbaBa Kopenanujy u3mMel)y enemMenara MaTpuiie Mojela
M BEKTOpa pe3yliTaTa MEpema OJHOCHO ITyHY CHMETPHYHY IO3UTHBHO AeHUHHUTHY
KOBapHjalIMOHy MaTpHILy TpoIIMpeHe MaTpuue moxena [A 1] mpukasao je y cBojoj
nokTopckoj nuceprauuju Fang, (2011). Tlo dopmu maeHTnyan anropuraM MpeajiokuO
je, y He3aBHCHOM HCTpaxkuBamy, Mahboub, (2012) ca pasnukom mrto Mahboub-oB
ajnropuram He npeasuha kopenanujy usmely enemeHara matpuie Mojena A U BEKTopa

pesyirara mepema 1.

Pemrema koja 103B0JbaBajy CHHTYJIAPHY KOBapHjallHOHY MaTpPHUILy MPOIIMPEHE MAaTPUIIE
momena [A 1] mata cy y uctpaxuBamuma Snow, (2012) kao u Schaffrin, Snow u

Neitzel (2014).

MehyTum, y HekuM pagoBuma (H. mip. Neitzel u Petrovic, 2008, Neitzel, 2010, Schaffrin

u Snow, 2010) mokazano je na ce kinacuunu TLS kao u texxuncku TLS npoGieM mory



pelmuTy npuMeHoM HennHeapHor Gauss-Helmert-oBor Mozena mno HTepaTUBHOM
aNropuTMYy KOju je mpeioxkuo Pope, (1972) no kome ce mory u3dehu “zamke” 0HOCHO
KOHBEpIeHIja Ka MOorpelHoM peuewmy. OBo je pas3Jior Ja ce 0 CTpaHe HEeKUX ayTopa
TLS npuctyn He cMaTpa HOBMM METOJIOM M3paBHama Beh crneuujanum ciydajem,
OJTHOCHO, HOBMM HauMHOM (opmynammje LS mozmena ca HEKOHCTAaHTHOM MAaTPHIIOM

JT3ajHa.

OBa nokTopcka aucepranuja 0aBu ce epexkruma npuMmene TLS Monena y pemiaBamy
pasIMYUTUX TEOJETCKUX 3ajaTaka, IpH YeMy je MoceOHa Maxmwa IocBeheHa OLeHU

TAYHOCTH pE3yJiTaTa U3paBHAA.

Jlucepranyja je OpraHn30BaHa y MIECT MOTJIaB/ba. Y YBOAHOM TOTJIaBJbY MPEICTaBJbEHA
je nedunannMja TpobiaemMa Kao ¥ XPOHOJIOTHja JTOCATALTIHIX Pe3yiTaTta HCTPaKUBamba Y

OBOj 00NacTH.

JIpyro TOTJIaBjbe CaapKH ONMHC KOHBEHIMOHAIHUX MOJENIa y pellaBamy Te€OJeTCKHX
npobjemMa, OZHOCHO MojJeNa KOjH TOApa3yMeBajy KOHCTAHTHY (HETIPOMEHJBHBY)

MaTpHIly MOJENA.

VY tpehem mornasiby npukazana je nedpuHuIMja KiacudHor (Hetexxunckor) TLS mopena
U TIpe/ICTaB/bEeHA pellieha MPUMEHOM JEKOMIIO3UIH]je MPOIINPEHe MaTPULIE MOJIeNa Ha
cunrynapae BpeaHoct (SVD) kao u Euler-Lagrange-oBum mnoctynkoM. [Ipukazan je
takohe TLS mozen ca puxcHuM Komonama kao 1 TLS Moeln ca yciaoBuMa orpaHuyemha.
W3Benene cy ¢opmyse 3a OLEHy TauHOCTH MapaMeTapa Mojesla Kao M HM3paBHATUX

BPEIHOCTH pe3yjTaTa Mepema.

UerBpro mornaribe mocBeheno je texxunckum TLS momenuma (WTLS). Jlara je
nepunuja WTLS u npencraBbeHa pemiema TPUMEHOM JEKOMITO3UIIN]jE TPOITUPEHE
MaTpule MoOjella Ha cHuHryinapHe BpeaHoctd (SVD) kao u pa3nuyuTH UTEpPaTHUBHU
noctynuu usBenenu Euler-Lagrange-oBum mnoctynkoM. M3sepene cy ¢opmyne 3a
padyHame KO(haKTOPCKHUX MaTpHUlla OLEHEHUX [TapaMeTapa MO/esa, BEKTopa MornpaBaka

pe3yiiTaTa MEpCHha Ka0 U MaTpUIIC IOIIPpaBaKa 4JIaHOBAa MAaTpUILIC MOACIIA.

VY meToM mHoriaBiby JaTé Cy HyMepuuku npumepu npumene TLS mozena, ki1acuuHuX u
TEXHHCKUX Y PelIaBamy Pa3IMIUTHX T€OJETCKHUX MpodieMa yKibyqyjyhu opToroHasHy
perpecujy, ¢$uUTOBame JIMHUja ¥ TIOBPIIM W €MIHUPH]CKY (AaTyMCKy) TpaHchopMaiujy

koopauHata. Ha sxasoct, mopanu Koju Cy Iy KWJIH 32 pauyHame HyMEpUUKHUX MpUMepa



Oownu cy npeoOMMHU Aa OW ce MpuKasaiu y paay, y mrammnanoj ¢opmu. OBU mopanu
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MPETIOpYKE 3a J1aJba HCTPAKUBAMA.



2. KOHBEHIIUOHAJIHU MOJIEJIN Y 'EOAE3UJU

VY oBoM mnornaBiby Ouhe ykpaTKO NpeICTaB/bEHM TPAJAULHOHAIHO NPUMEHUBAHU
(yoOuuajeHu) MOCTYNUU MaTEeMaTHYKOT MOJEIMpama y T'€0e3UjUu y LHMJbY HHXOBOT
ynopehema ca TLS npuctynom. [lox yoOndajeHuM (KOHBEHIIMOHATHUM) TOCTYMIIAMA

MaTeMaTHUYKOT MOJIENIUpama y re0Ie3H1jH M0Ipa3yMeBajy ce:

— Gauss-Markov-jbeB MoJiel, ca uin 6e3 yciioBa OrpaHHYEHA;
— Gauss-Helmert-oB Mmozen, ca unu 6e3 ycioBa OrpaHUYCHA;
—  YcnoBHU MOjeN U

— Konoxkanmuja.

Gauss-Markov-jbeB MOJien je pelaTUBHO jeIHOCTaBaH MOJEN KOju MojApa3yMeBa Ja ce
CBaKka MepeHa BeJIMYMHA MOXKE EKCIUIMIMTHO M3pa3uTH Kao JMHeapHa (QyHKIMja
napamerapa Monena. Kama to Huje cmydaj, mMoxe ce kopuctutu Gauss-Helmert-oB

MOACI KOjI/I C€ MOXC CMaTpaTu HAJACKYIIOM Gauss-Markov-JjeeBor Mojena.

VY cnoBHE MOZIET MTPEACTaBIba MaTeMaTHUKU ekBUBaeHT Gauss-Markov-eBoM Moieny.
On omoryhyje penaTuBHO KOMMAakTHY (OpMynanujy pasMaTpaHor mpobiema jep 3a
pasnuky on Gauss-Markov-JbeBor MoJieIa He yKJbydyje mapameTpe mozena Beh camo
HEKOH3UCTEHTHOCTH KOj€ MPOM3MIIa3e U3 MaTEeMaTHYKUX YCIOBA KOje MEpeHEe BEJINUYMHE
Mopajy MehycoOHo wucnyHutu. Temkoha je, mMelyTum, mTOo ce Mopa MOTIYHO
00e30eauTH Ja MaTeMaTW4KH YCIOBHM, 3a CBaku 1poOineM, Oydy KOPEKTHO
dopmynucanu 1 MehycooHo He3aBucHu. OBO MMa 3a MOCIEAUILY Ja je YCIOBHU MOJIEI
HETIOJICCHUjU 3a ayroMmaTum3aimjy y mopehemy ca Gauss-Markov-JbeBUM MOJCIIOM H,

300r TOra, MMa Majy IpUMEHY y MPaKCH.

Mogen kosokamuje oMoryhyje He caMo H3paBHamWbe YKJbYUEHUX pe3ylTara Mepema Beh
U TMPOTHO3Mpame (MPEeIuKLHNjy) XUIOTETUUKUX MEpema Kao U (UITpAIHjy ONa)kayKor
Mmatepujana. [Ipema Tome, oBaj Mozen Hyau Buiie MmoryhHoctu Hero Gauss-Helmert-oB
MOJIeJ QJIU jeé Mame 3aCTYIJbEH y NMPAKTUYHUM IpUMEHaMa 003UpOM JAa MpeauKIHja U

bunTprupame KoJ perraBama BehiiHe Te0IeTCKUX MpodiieMa HUCY HEOIXOTHH.

2.1. Gauss-Markov-/beB Moaea

Kmaca Gauss-Markov-sseBux momena (GMM) moxke ce cmatpatu nojckymnom Gauss-

Helmert-oBux Mopena. To je JnHeapHM MaTeMaTHM4YKHd MOJEN KOjU C€ CacToju Of



(GYHKIMOHAIHUX M CTOXaCTHYKHUX pejanuja. Y MaTpudHoj Hotauuju Gauss-Markov-

JbeB Mozien uma cneaehy dhopmy (Caspary W F, 1988)
E(l)=Ax wm
l1=Ax+g, 2.1
D(1)=D(e) = E(ssT ) =K, =0,Q,,

rae cy

— E(), D(") onepatopu MaTeMaTHYKOT OYEKMBamba U JUCTIEP3H]je, PECTIEKTHBHO,
— le R", BexTop pe3ynrara Mepema (onaxama),
—  xe€ R", BeKTOp MapameTapa MoJIena,

— Ae R, neTepMHHHCTHYKA MaTpHIa MOJENia ca IMOTIYHHM PAaHIOM KOJIOHA
(rank (A)=u) Kkoja pempeseHTtyje penauuje uzMel)y MepeHMX BEJMUMHA U

napaMmerapa Mojena,
— &€ R", BEKTOp UCTHHUTHX (TAaUHHX) TPElIaKa pe3yiraTa Mepema,

- K, eR™, marpuua BapujaHcM M KoBapHjaHCH (KOBapHjallMOHAa MAaTpHIIA)

pe3yaTara Mepema,
- Q, € R, xohakTopcka MATPHIIA Pe3y/ITaTa MEPEHHa,
2 . . .
— O, yCBOjeHa BpeTHOCT pedepeHTHe BapujaHce (Hajuemhe 1).

Jla Ou ce oBaj TEOPHjCKU MO MIPUMEHHUO 32 OLEHY NapaMeTapa Mojesa U3 PeaTHuX
mojiaTaka moTpedHo Ta je mpedopMyInucaT y
1+v=Ax
, (2.2)
D()=K, =0, Q.
Bekrop v=—¢ omucyje Moaudukamnuje (mompaske, pesuyaiie) pe3yiTata Mepema Koje

MMajy 3a IMJb 1a CUCTEM jeqHadnHa (2.2) yaruHe KOH3UCTECHTHUM.

VYKomMKO HE MOCTOjM JTMHEapHa Be3a M3Mel)y mapamerapa Mojena X M MaTeMaTH4KoT
OUYEeKMBamkha BEKTOpa pe3yiraTa Mepewma | OHJa ce OHa Omucyje Kpo3 CHUCTEM

HeJMHEeapHHUX Nu(epeHINja0iTHIX jeTHaunHa
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E()=f(x) WA
(2.3)
1+v=Fx"+Ax).

I[eTepMI/IHI/ICTI/I‘-IKa MaTpuia MoJeiia A MOXe ce Tama ,H06I/ITI/I Hap]_II/IjaJ'IHI/IM

mudepennupameM pyHkimje f y omHocy Ha X,

o

A=—-od .
aXT X0

(2.4)

Mogen nuHeapu30BaH y MO3UINjH U3padyHATHX (MPUOIMKHUX) BPEIHOCTH MTapameTapa

Mozacia XO MOXE C€ OHIa MPEACTAaBUTHU U3PA3OM

1, +v=AAx, 2.5)

. 0 .
rne je l,=1-f(x')=1-1, pemyxoBanu BekTOp pe3ynraTa Mepema KOju ce y
re0JICTCKUM IpUMeHamMa 0OWYHO Ha3WBa “‘MepeHO - u3padyHato (IpuOIMXKHO)®, (H. mp.,

Xu, 2007) a AX =x—x" BeKTOp IpUpaIITaja mapamMeTapa MOJENa.

Pemewe mo MmeTomy HajMamMX KBajapara (BEKTOp OLIGHA IpHpallTaja napameTapa
MoJiesla) Hpou3uiaasd U3 MuHMMM3auuje Lagrange-oBe ¢yHkuMje nmspa (H. 1p.

Muxawunosuh u Anexcuh, 2008)
Q=v'Q'v=(AAx-1,)'Q;' (AAx—1,) — min . (2.6)
Heonxoan yciioB 3a Halmaxemhe MUHUMUMA QYHKIIMje [iba Q OHJA je

1 dQ

29 Ax =ATQ,'AAX-A"Q,'l, =0, 2.7)
. : oQ 4
JIOK € TIOBOJBAH YCIIOB Ja J€ EW =Q, mnosutuBHO nepunuTHA Marpuna. 13 (2.7)

CJIE/IM OIICHA 33 BEKTOP MPHpPAIITaja HEMO3HATUX MapaMeTapa
Ax=(ATQ'A)'ATQ; ', (2.8)

ca KOd)aKTOpCKOM MaTpullOM OLICHA HCTIO3HATHUX ITapaMcTapa

Q. =(A"Q;'AJ". 2.9)
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A

OreHe BeKTOpa MepeHHX BeianuuHa l, ¥ mompaBaka pesynrarta Mepema V OHzma ce

MOTY HNpE€ACTAaBUTU U3pasuMa

A

Iy =Rguli,
(2.10)
v= _RéMlR >
Cca PECTIEKTHBHAM KO(DaKTOPCKMM MaTpHIlaMa
Qi = RGMQIRE;M = AQ;}AT )
; 2.11)
Q= RéMQlRéM =Q,-Q;.
e cy Rgy, Rey € R™ 1Ba MeljycoGHO oproroHanta npojexkropa
R, =A(ATQ;'A)'ATQ;' = AQ,ATQ;",
GM ( 1 ) 1 X 1 (212)

R, =1, -R,, =1 —AQ.ATQ,".

n

I, je jenunnuna marpuna pena n . Marpuiia R, mosnara je kao “xpoBna marpuna”
(hat matrix, Schaffrin, 1997) 063upom 51a oHa MPOjeKTyje BEKTOp pe3yiTaTa Mepema 1 y
BEKTOp OLICHA MEPEHUX BeamdmHa, 1=f (X0)+iR , TIIE je tr(RGM) =u. Marpura Ry,
Ha3uBa ce MaTpuua noy3maHoctu (reliability matrix, Shan, 1989) unmm wmarpuna
cysumHocTH (redundancy matrix, Schaffrin, 1997) rae je tr(RéM)z n—u. 3a MaTpuiry
R, xopucTu ce jour TepMuH MaTpuia Crosballimbe Moy3aaHocTy (external reliability) a
3a MaTpUILy RéM, MaTpula yHyTpaume noysgaHoctd (internal reliability), (Caspary W
F, 1988).

OnenHa BpeHOCTH QyHKIM]jE niba (2.6) oHJA je

T

Q=9"Q'v=(AAX-1,)"Q; (AAX —1,) = I1RS,, Q;'RE 1, . (2.13)

M MOXE C€ HU3PA3UTH oe3 OLICKHLCHOT BEKTOpa ImapaMeTapa Moaecia IlOKje HEIIOMEpEHA U
. . . A2
Ha]60.]'ba OII€HA BapH]aHCE JCANHULE TC)KUHE GO y

A

6:=Q(n—u)". (2.14)
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Ocobune HCIIOMCPCHOCTU OLICHA BCKTOpA IMapamMeTapa, BEKTOPpa MCPCHUX BCIWYUHA U
BCKTOpa MOIIpaBaKa Ka0 U CpE€Amba KBaApaTHaA I'pClIKa BCKTOPA OLUCHCHUX IMapaMeTapa

MOTY C€ NPCACTAaBUTHU U3pa3suMa

E(A%)=(ATQ;'A)'A"Q,'AAx = Ax,

()= E(AA%)= AE(AR) = AAx = E(1, ),

sl

(2.15)
E‘A’): ( RéMlR) RéMAAX 0=- ()’

(
(g - %)= v B(& - x)&-x)")= rQ,.

2.2. Gauss-Markov-/beB Mo/1€J1 ca yCJI0BHMA OTPaHUYEHHa

VYkonuko cy mapametrpu Gauss-Markov-jbeBor mMozena MoJJIOXKHH OrpaHuuemuMa (y
UJBbY peryliapu3aliije CHHTYJIapHOT Tpo0iieMa WiIH Y IUJbY CAaHKIMOHUCAma TIO3HATHX

penanuja u3Mely mapaMmerapa Mojenia), OBa OrpaHHYEHa MOTY C€ H3Pa3sHTU Kpo3 ¢

TudepeHIjadMITHNX jeTHaYrHa 00IMKa
f.(x)-C=0, (2.16)

rae Ce R? Moke OUTH BEKTOp CIydajHUX BEJIMYMHA WIK MO3HATUX KOHCTaHTHU. [locne
JUHEapH3aldje y TO3WIWjU M3padyHATHX (MpHOIMKHUX) BPETHOCTH IapaMerapa
moziena x’ mpeoxpelienn cucTeM jeanaunHa (2.2) JOMyHEH YCIOBHMAa OIpaHHYEHa

nocTraje

I; +v.=AAXx,
, (2.17)
Zo+V, =L AXc

ca CTOXaCTUYKUM OCOOMHaMa pe3nayaia

Hig ool 2]
VzC 0 VzC 0 Q

rie ¢y AX., Ve U V, BEKTOpM NpHpaIITaja apaMeTapa Mojiea, onpaBaka pesysrara

MEpE€Ha U yCJIOBa, pECIICKTUBHO a

7 e

il R, rank(Z.)=qu  z.=—(f.(x,)-C)e R’. (2.19)
X
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Pemewe no mMerony HajMamUX KBajapara NpoM3WiIa3sd U3 MUHMMM3auuje Lagrange-ose

¢dbysakmje muba (Cothren, 2005)
Q.=v'Q;'v+v, Qcv, - k! (Z Ax,. 2z, - V.. )=
= (AAx, —1,) Q' (AAX. 1, )+ v, Qclv, — (2.20)

~ 2k ! (Z Ax. ~ 2 — v, ) min,

rae je ko€ R? Bexrop Lagrange-oBUX MyJITHUILIMKATOpa, OJAKIE CJEIE HEOIXOIHH

YCIOBU MUHUMYMa (GyHKIHjE 1sba L2

1 00 =ATQ;'AAX. —A"Q;'l, ~Zk. =0 (2.21)
20AX. |

1 0Q

— =—ZAK+2.+V, =0 2.22
) akc ) c/RAc c zc ( )
19QF _ o5, +ke=0 = v, =-Qck. (2.23)
20v, ¢ ¢

Xo

JI0BOJbHU yCIIOBM MUHMMYyMa Cy UCIyHeHHU nowmTo cy Hessian maTpuue aApyrux u3Bona

(GyHKIMje [MJba TIO0 BEKTOpPHMAa pe3uIyalia l oQ = Q_l u la—Q =Q.!
. P pestity 20vv’ 20V, v, ¢
MO3UTHBHO JC¢(UHUTHE MaTpPHUIIE.
N3 (2.21) — (2.23) cneny cucTeM HOPMaJTHHUX jeTHAYMHA
ANQUA —Ze | A% = ATQ, (2.24)
-Z C - Qc lA(C —Zc , '

U peniewe npeoapeheHor cuctema jeanaunna (2.17). Axo je BEKTOp BPEIHOCTH YCIIOBa
orpannuema C xoncranras, ogHocHo Qe — 0, cucrem Hopmannux jeqHaunna (2.24)
mocTaje

ATQI'A -Z{[A%.] [ATQI, (2.25)
~Z. 0 | ke | | -z | .
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VKOJIMKO MaTpulia Mojiella A HeMa MOTIyH paHr KojoHa oaHocHo rank(A)<u (y
re0JICTCKUM IpUMEeHamMa OOMYHO 300r HENOTHyHe JepHHUIMjE JaTyma), YCJIOBH
OrpaHUYeHa MOPajy OWUTH IMOCTABJHEHH TAKO /1A j& rank(A)+ rank(ZC ) 2 U, OTHOCHO J1a

MaTpHIle CUCTeMa HOPMAJTHUX jeaHauynHa (2.24)—(2.25) Oynmy perynapHe.

Axo je mak rank (A)=u, OIHOCHO aKo je MaTpHIua ATQ;lA perynapHa, WHBEp3Hja
MaTpuile CUCTeMa HOpMaidHuMX jeaHadnHa (2.24)—(2.25) wory ce u3BecTH

CEKBEHIIM]aJTHO T1a ce 3a BekTop Lagrange-oBUX MyNTHILTUKATOpa q00Hja

k.=-(2.Q.2" +Q.)'(Z A% -2.) ca

. (2.26)
Q, =20z +Q.)",
onHocHo 32 Q. —0,
lA(C = _(ZCQiZg )_l (Z A% —2.) ca
2.27)

Q; =zQzl)",

rie ¢y AX u Q. oleHa BeKTOpa IpHpallTaja [apamarapa MoOJela U Herosa

KOpecnoHAeHTHa Kodakropcka mMarpuna nooujene y Gauss-Markov-ibeBom mMozemny 6e3

yCJI0Ba OTpaHUYeHa, HA OCHOBY u3pasa (2.8) u (2.9).

3a OLICHY BCKTOpA HCIIO3HATUX ITapaMeTapa Gauss-Markov-jpeBor Mojiena ca yCJ10BHUMa

OTpaHHYEHa MOXKE Ce TaJla TUCATH
& AL TG Al N
AX. =AX+ Q. Z k. = AX +0X.. ca

(2.28)
Q,zc =Q; - QQZEQQC 2.Q;=Q; - Qﬁﬁc :

OrueHe peJyKOBHOI BEKTOpa MEPEHHMX BEIMYMHA W IONpaBaka pe3yirara Meperma U
yCJIOBa OrpaHHYCHA OHJA CY

i, =1, — A%,

Ve=V+AdK,. u (2.29)

V,. =L AX. -2,

z

ca Ko(haKTOPCKUM MaTpullama
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Qic = Qi —AQ&CAT,

QQC = Q@ +AQ5§(CAT n (2.30)
_ _ S\

Qozc :( cl"'chZcQﬁZE cl) >

pecniextuBHO. Ykomuko Qe —0 omna je V, =0 u Q, =0. 3a oueny BpeaHocTH

¢yskumje nuba (2.20) Mmoxe ce JOOUTH

Qe =Q+(ZAR-2.)'Q; (ZcAX-2), (2.31)
a 3a orleHy pedepeHTHe BapHjaHce

A2 A —1

6. =Q . (n—u+q)'. (2.32)

Ha ocnoBy (2.30) 3a maTpuue chnojpalllib€ M YHYTPALIkE IMOY3JAHOCTH (MaTpHILy

cysuiiHocTH) Gauss-Markov-seeBor Mozena ca orpanniemuMa Jo0uja ce

Rive = Qic Ql_l =Rgy _AQ&}C A’ 1_1 >
(2.33)
RéMC = QeCQl_1 = RéM +AQ8§(C A 1_1’
. -1 1 -1
re je tr(Rgye)=u—q+ tr(QQZC Q¢ ) u tr(RGMC)z n—-u+q- tr(QQZCQC ) 3a onene

PEeIyKOBHOT BEKTOpa MEPEHUX BEIMYMHA U MONIpaBaKa pe3yaTaTta Mepemha MOXKe ce Tajla

Takohe mucaTu

I, =Roycl +AQZQ; 2. 1
(2.34)
Ve = Ryl +AQZeQ, 2.

2.3. Gauss-Helmert-oB moaen

Gauss-Markov-7beB  Mozien mojpazyMeBa Ja c€ CBaka MEpeHa BEIMYMHA MOXKeE
SKCIUTMIIUTHO W3PAa3UTH Kao JHHeapHa (yHKIMja mapaMerapa Mojaesa. YKOJIHKO TO HHje

ciy4aj mpuMemyje ce yommTenu moaen (Helmert, 1907)

f(E(1).x)=0 WA
(2.35)
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OJHOCHO, Be3a M3Melly MaTeMaTHUKOI O4YeKHMBamba BEKTOpa pe3ylraTa Mepema U
napamerapa Mojiesia OCTBapyje ce Kpo3 cHcTeM JAudepeHInjadumHux jenHaunta. OBaj
Mozen HazuBa ce Gauss-Helmert-oB momen (GHM), mok ce jomr KoOpucTe Ha3WBU
YCIIOBHO M3paBHame ca HemozHatuM mnapamerpuma (Ileposuh, 2005, Muxaunosuh n
Anexcuh, 2008, Grafarend m Awange, 2012) nim kBazumocpentno u3paBHame (Wolf,

1968).

JakobujeBe MaTpuile (MaTpulle MOJeNa) y OJHOCY Ha IMapaMeTpe Mojeja U MepeHe

BCJIMYUHE MOT'Y CC ,I[06I/ITI/I n3pasuma

of of
— B=— 2.36
ox" 1 al’ ( )

Iy, %o ly.x

A

rie je 1,=1 -0  BekTOp MHULMJaTHAX BPEIHOCTH MEpeHHX BenuduuHa rae 0
MpeJCTaB/ba CIy4YajHH HyJa BEKTOp (BEKTOp ICEyHO-Omakama) ca onarosapajyhum
OpojeM wiaHoBa, mpema Hotanuju y Harville, (1977). OBume ce mocTmke aa ce BEKTOP
1, Mose TpeTupaTH Kao IETEPMUHUCTUYKH, TAKO Ja Cy JakoOujeBe MaTpuile Mojena A
u B mecnydajue. Marpuua A € R™ uma notnysu pasr konmona (rank (A)=u ), 10k
matpunia Be R uma nornynu panr Bpera (rank (B)=r), rae je r 6poj ycioBHHX
jeHaYMHa.

Mogen ce oHa MOXe HamucaTH Kao JnHeapHu (inHeapuzoBann) GHM

AAX+Bv+w=0,

(2.37)
E(v)=0, D()=K, =c.Q,,

rae je W=f(l,X0) ca xodaxropkoM matpunoM Q. =BQB’. Pememe mo meromy

HajMamkUX KBajpaTa Npou3uiasu u3 MuHuMu3anuje Lagrange-oBe ¢yHKuuje muba (H.

np. Muxaunosuh u Anekcuh, 2008)
Q=v'Q;'v-2k"(AAX +Bv+w) > min , (2.38)
oJlaKJIe Cliejie HEOMXOAHU YCIIOBH MUHIUMYMa (DyHKIIHje Hjba

1 0Q 14 T & T,
—— =Q"-B'k=0 = v=QB’k, 2.39
204v| o )

Ay
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199 AR Bi_w=0, (2.40)
20Kk|,
%_aaf ATk =0. (2.41)
X
Xo.lg
. 1
JIOBOJbAH yYCIIOB MHUHMMyMa j€ HCIYH€H IIOLITO je vyt =Q, IO3UTUBHO
Vv

Je(pUHUTHA MaTpULIA.

Ha ocHoBy (2.39)—(2.40) Moxe ce 100uTH

k=—(BQB") (AAR+w)=—-Q(AAR+w), (2.42)
ToK u3 (2.41)—(2.42) cneau olieHa BEKTOpa MpUpaITaja HEMO3HATHX apaMeTapa

Ak =—(A"Q!A)'ATQw, (2.43)

Ca KOPECIIOHACHTUM KO(l)ﬂKTOpCKI/IM MaTpuiamMa

Q. =(a"QyA)",
(2.44)
Q; =Q, -Q,AQAQ;.
OueHe BeKTOpa MEPEHUX BEJIMYMHA U MIONPABaKa pe3yTaTa Mepemha OHAa Cy
¥=Q,B"k,
A (2.45)
I=1+v,
ca
Q= QIBTQRBQI = RéHQl >
(2.46)

Q=Q-Q;= (In _QlBTQﬁB)Ql =R, Q.

Ha ochoBy (2.46) 3a maTpuie CHOJballllbe M YHYTPALIkE IMOY3JAHOCTH (MAaTpHUILY

1
cysumoctn) Ry, Rgyy € R, Gauss-Helmert-oBor mozena cienu

R, =1,-QB'Q;B,

R, :QIBTQRB,

(2.47)
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rae je tr(Ryy)=u u tr(RéH)zn—u.
Onene BpeqHocTH QyHKIMje nniba (2.38) U BapujaHce jeJMHULIE TEKUHE OHJIA CY

Q=9v"Q;'"v=w'Q.'w+w'Q'AAX u
. (2.48)
6, =Q (r—u)".

V cnyuajy HenuHeapaoctu pynknuje f (l+ v, x +AX)= 0 orene mapameTapa Mojena X

A

U BEKTOpa MECPCHUX BCIUYHHA 1 KOPHUCTE CE€ Kao IOYECTHE BPCAHOCTH 3a HAJIAXCHHE

pemea Gauss-Newton-oBUM UTEPATUBHUM IOCTYIIKOM I1a c€ y3UMa

xf,l) =x-0,
(2.49)
1)) =1-0
0 s
OJIHOCHO Y i -TOj UTEpaIlUjH,
xy) =% -0, 1) =1 -0, (2.50)
A(i)= of , B(i):a_t;
ox" 10, %) | 10, %)

w = £ x()+BO(1-10),

OrneHe mapameTapa Mojena £ u BPEIHOCTU MEPEHUX BEJIUYHHA 19 nobujajy ce, y i-

T0j urepanuju, kao (Koch, 2014)

2.51)
19 =1+9"
Kpurepujym 3a 3aBpIeTak HTEPATUBHOT MOCTYIKA MOXKE OUTH
£ —x{)| <, (2.52)
e je € ycBojeHa (JI0BOJBHO MaJia) BPEJAHOCT UITK aKO CY YCIIOBH
£i,x7)=0, (2.53)

HUCIIYHCHU Ca JOBOJbHOM Ta‘-IHOH_Ihy.
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Henuneapuu Gauss-Helmert-oB Moien MoXe y U3BECHOM CMHUCIY OUTH HE3roJaH 3a
u3payyHaBamke W, Yy CiIydajy HENpaBWIHOI axypupawma wusmel)y wurepauyja,
KOHBEpPIrUpaTH Ka MNOrpelHoM pelewy. [Iprka3zaHu uTepaTuBHU MOCTYIAK y CKJIany je
ca mpemopykama koje je meduuucao Pope, (1972) y uuiby m3beraBama H3BECHHX
“3aMKH‘‘ KOJI cpoBOh)erha HTEPaTUBHOT TOCTYIIKA y pellaBamky HEIMHEAPHOT Mpobiema,
OJHOCHO KOHBEpreHIMje Ka IOrpeurHoM pemewmy. (OCHOBHE IPENopyKe KoA
CIpoBOl)eba MTEPATHBHOT HM3paBHAKA y pellaBamy HENIWHEapHOT mpobiema Koje je

nedunucao Pope, (1972) cy:

1. Koedunujentu (uraHoBH) MaTpulla MOJieNa, y i -TOj UTepaLuju, AY y BY Mopajy
ce pauyHaTu 3a Haja)kKypHHje U3paBHATE BPEIHOCTH 3a CBE MapaMeTpe MoJesa U CBe
MepeHe BEeJIMYHHE;

2. Bekrop w me Mopa 06aBe3HO uMaTu Gopmy f (l,xg)) OCHM Yy TIPBOj UTEpanuju

MaKo TO, Y HEKUM CIIy4ajeBUMa, MOXe OMTH JOBOJbHO J00pa anpokcumalyja;

3. VY onmreMm cityyajy ApyTrH WiaH H3pasa wi =f (lg),xg))+B(i)(l—lg)) HYMEPUYKH Ce
HE TyOu u
4. Bexkropu Xg) I/I lg)amypnpajy ce paznuuuto. Bekrop Xg) QXypHpa ce TaKko LITO Ce

ouena AR nonaje ma BpesHOCT xg_l) U3 NPETXO/IHE UTepalyje U OHAA (TEOPETCKH)

OJly3UMa CIIy4ajHH HyJa BEKTOp, JIOK CE€ BEKTOP 15;‘) aXypHpa Tako LITO Ce Ha
BEKTOp pesynTara Mepema | monaje HajakypHHja BPEIHOCT OLIEHA IMOTpaBaKa T
(ma ce oHAa Oqy3uMa CIy4ajHU HyJla BEKTOP, KaKO OW WIaHOBH BEKTOpa 15;') MOTJIN

OUTH TPETUPAHU KAaO KOHCTAHTE).

2.4. Gauss-Helmert-oB Moe ca ycjioBUMA OrpaHUYeha

YcaoBu orpannuema cuctema jenHaumHa (2.35), cnmyHo Gauss-Markov-jeBOoM

MOJIelTy, MOTY Ce€ HM3pa3uTH Kpo3 ¢ nudepeHnujadunnux jenHaumna (2.16). Ilocne
JUHeapu3alndje y MO3MLHUjH W3padyHaTHX (IpUOMIKHMX) BpPEAHOCTH MapaMerapa

mozena X' u MepeHux Benuuuna 1° mpeonpehenn cucteM jennauunna (2.37) gomymeH

YCIIOBHMA OTpaHHYCH-a MOCTaje
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AAX. +Bv.+w =0,
(2.54)
Z . AX. —(zc + VZC): 0,

ca CTOXaCTUYKUM OCOOMHaMa pe3nayaia

SOEHEE M
v..| |0 V.. 0 Q.

rae ¢y AX., Ve M V, BEKTOpH NpUpamiTaja mapaMeTapa MOJIENa, TIonpaBaka pe3y Irara
Mepema 1 YCIIOBa, PeCIieKTUBHO. JakoOujeBe matpuiie A U B nare cy uzpasuma (2.36)

a matpuiia Z. U BEKTOp Z, 32 yCIIOBE OrpaHuYerha, u3pasuma (2.19).

Wmajyhm y Bumy (2.23), Lagrange-oBa QyHKIHMje IMJba MOKE C€ HAIHCATH y OOIUKY

(Heiker, 2013),

Q. =viQ;'ve -2k "(AAX. +Bv. +W)-
(2.56)
— 2k (Z Ax. —2.)-kLQ:k. — min,

e cy ke R" u ko€ R’ Bexropu Lagrange-oBUX MyNTHIUIMKATOpA 3a jeJIHAUMHE

Gauss-Helmert-oBor Mozena u je,Z[Ha‘II/IHe yCijioBa OrpaHH4YClba PCECIICKTUBHO.

Heomxomnu yciioBu 3a Hanaxeme MUHIMYMa Lagrange-oBe QpyHKIHje IIJba Taa Cy

1991 _ 5. -Bk=0 = ¢.=QBk, (2.57)
20Av.|

199 _ Af 7%, =0 = ATR=-Zlk.. (2.58)
20Ax.|

199, . ne

- =—-AA% . -BV.-w:=0, (2.59
2 0k |, c e :
10Q . -

Eakz N =-ZAX.—Qk.+2z.=0. (2.60)
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oQ

JIOBOJbHM yCIIOBU MHUHHMYyMa Cy HCIYEBEHH TOUITO CY oo T =Q; u
OV .V

1 0Q 4

———— =Q_ TO3UTUBHO NEPUHUTHE MATPHIIE.

20v, v,

Ha ocnoBy (2.57) — (2.60), moe ce 1oOUTH cCcTeM HOPMAIIHUX jeTHAYNHA

e ] e
-Z. Q.| k¢ —Z.
u pememe npeonpehenor (overdetermined) cuctema jemnaunHa (2.54). AKo je BEeKTOp
BpenHoCTH ycioBa orpanunuema C koHcranran, ogHocHo Qe — 0, cucrem Hopmanaux
jennaunHa (2.61) moctaje

A"Q A Z! [Ax.] |ATQ.'w

= ) (2.62)
Z, 0 || k¢ Zc

Cucremun HOpManmHux jeaHauumHa (2.61) omHocHO (2.62) nuye Ha pemieme Gauss-
Markov-peBor mMojena ca ycioBuMa orpanundema (2.24) ogHocno (2.25). Y crtBapw,
caku Gauss-Helmert-oB mozmen moxe ce tpanchopmucatn y Gauss-Markov-ibeB
MOJIeJI, I/Ie c€ BEKTOp HEKOH3MCTEHTHOCTHU (OJCTyNama) YCIOBHUX jeqHaunHa Gauss-
Helmert-oBor mozmena W TpeTtupa Kao TpaHC(HOPMHCAHM BEKTOp ONaxama ca

kodakTopckom mMarpuiioM Q. Bektop Bv Tpetupa ce kao TpanchopMucanu BEKTOP

norpasaka (pe3uyana) pe3yiaTara Mepema.

Axo je marpuma A'Q.'A perymapHa, MHBep3Mja MaTpHIe CHCTEMa HOPMATHHX
jemnaumHa (2.61), (2.62) MOXe ce M3BECTH CEKBEHIMjaTHO Ma ce 3a pemema Gauss-
Helmert-oBor Monena ca ycjaoBUMa OrpaHUYCHa U KOPECIOHICHTHE KO(aKTOpPCKE
Matpule 1001jajy U3pa3u UASHTHYHHU u3pasuma (2.26) no (2.30), rae cy cana AX u Q,
OllcHa BEKTOpa TpHUpaliTaja mnapamMarapa Mojejla M HeroBa KOPECHOHICHTHA
KoakTopcka Matpuna nobujene u3 Gauss-Helmert-oBor momema 06e3 ycioBa

OrpaHUYCHA.

Onena BpeqHoOCTH QyHKIHjE MJba (2.56) U BapujaHce jeJMHULIE TEKUHE OHJA CY
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Q.=vQ;V.=VB'Q./BV,. wu

(2.63)

A

6, =Q. (r—u+q)".

AmnanorHo m3pazuma (2.33) 3a MaTpule CHOJbAIIE W YHYTPALIlkEe I0Y31aHOCTU
(matpuny cyBumiHoct) Gauss-Helmert-oBor Mojiena ca yclioBUMa OrpaHUYEHa MOXKE

ce noouTu

Rone =Rey = AQ&C ATQII 5

(2.64)
RéHC = RéH + AQSiC AT 1_1 ;

rze je tr(RGHC): u—q+ tr(QoZCQEI) u tr(RéHc): n—u +q—tr(Qo,CQ;:l)'
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3. MOJAEJIN CA HEKOHCTAHTHOM MATPHULIOM JIU3AJHA U
KIIACUYHU ITIOTIITYHU METO/l HAJMAIBBUX KBAJIPATA

VY MareMaTH4yKOj CTATHCTHUIM IOJl MOJEIMMa Ca HEKOHCTAaHTHOM MAaTPHIIOM [U3ajHa
(Error In Variables models, EIV) mnoapasymeBajy ce perpecMoHM MOJENH KOju
ypaduyHaBajy TpeIIke Mepema Yy HE3aBHUCHO TNPOMEHJBMBHM BEIMYMHAMA MOJela

(perpecopuma).

Hacynpor muMa, cTaHmapJHH PETPEeCHOHHM MOJEIH 3aHEMapyjy €BEHTYyaJHE TpEIIKe
Mepema HE3aBUCHHX MPOMEHJBMBUX (perpecopa), OJHOCHO IMOIpa3yMeBajy na Cy
BUXOBE BPETHOCTH alCONyTHO TadyHE JOK C€ MOJEIOM OOyXBaTajy camMoO TpeIIKe

Mepema 3aBUCHUX NPOMEHJBUBHX (OATr0BOPA).

3.1. KnacuyHu (HeTe:KMHCKH) MOTIIYHU MeTOX HajMamux kBaaparay EIV

MOJIeJIAMa

Axo je nmaT MaTeMaTHUKM MofeNn y OoOJIuKy npeojpeheHor cuctema JMHEApHUX

jenHaYrHA
Ax =1, (3.1)
rie je Ae R™ marpuua mozena, le R” BekTop pesynrata Mepema, n > u = rank (A) u

ako nocroju Bexktop 1 =1+ v TakaB n1a

”l—i”z%min, u  ieR(A), (3.2)

rze je ||, oneparop eykmacke nopme Bexropa a R (A ) npocrop KonoHa Matpuie A,

OHJa cBako X Koje je peliewme cuctema jenqHaunHa Ax =1 mpencraBiba penieme 1o

(HeTE>KMHCKOM) METO/y HajMamuX KBajapara. Bektop ve R", y oBoM ciaydajy, caapxu
Kopekuuje (mompaBke, pes3uiayaje) eneMeHara BekTopa | u3pauyHare MO METOAY

HajMambUX KBaJpara.

VYxomuko 3a npeonpehenn cucrem jeanaynna (3.1) mocroju MaTpuia

A d|=A+V, 149 [e R, (3.3)
A il=[a+¥, 143,

TakKBa Ja
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la 1-[a i] smin w ie®(A). (3.4)

e je ||||F oneparop Frobenius-oBe HoOpMe MaTpuile (||H||F = \/triHTHi), OHJ]a CBAKO X

KOoje je pelmeme cucreMa jeaHaumHa Ax =1 mpejacraBiba pemicke MO TMOTITYHOM

(KJTacMYHOM, HETEKMHCKOM) METOIy Hajmamux kBaapata (Total Least Squares, TLS).
Marpuua VA € R caapku Kopekimje (IOmpaBKe) eJIeMeHaTa MaTpuie A cucTema

jemnaumHa (3.1) (Matpurie Mojena), 10K BEKTOP f'l € R" canpxu KOpeKIuje enemMeHara

BeKTOpa 1, m3padyHaTe 1Mo MOTITYHOM METOy HajMamuX KBaJpaTa.

ATpuOyT “KJIacUYHU’ WM “HETEIKUHCKU Y JUTEPATypu ce OOMYHO KOPHUCTH 32 CIy4aj

KOjU mojpasyMeBa Aa V, M Vv, MMajy HE3aBHCHE M HJICHTHUYHE pacrojese U Kaaa

MIOCTOjU JeIMHCTBEHO pellewe. Peniewme ce Moxke Hahu pelyKIMjoM paHra HpOIIUpEeHe

MaTpule Mojerna [A l] (Golub and Van Loan, 1980, Kupferer, 2005) unu Euler-
Lagrange-oBum noctynkom (Schaffrin u Felus, 2005, Schaffrin, 2006).

3.1.1 Pemien-e 1eKOMIO3ULMjOM NMPOIIMPEHe MAaTpHIle MOJeJia

Ha CUHI'YJIApHE BPE€AHOCTH

W3pauyHaBame peliema Mo MOTIHYHOM METOAY HajMamHUX KBajpaTa Moxke ce Hahu

JICKOMIIO3MIMjOM MpOIIpeHe MaTpuue Mozena [A 1] Ha cunrymapse BpemHoCTH

(Golub and Van Loan, 1980). IIpeoapehenu cucrem (3.1) Moxe ce mpeypeuT y
X
(A 1][ J ~0. (3.5)

Jlexomnosunmja Matpune |A 1] Ha cuHTynapHe BpeIHOCTM MOXeE Cce OHAa

MPECTaBUTH H3Pa30M

[A 1]=USsV", (3.6)
e ¢y U=[u, - w]eR™ u v=[v, - v, ]e R oproronanme
vatpuze a S=diag(,,---.{ ., )e R™“"  iujaromanma matphma  cumrymapHEx

BpesnocTu Matpure [A 1] u § >--->C ,, 20.
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YcrnoBu 3a nocrojame W jenuHcTBeHOCT TLS pemema 3a cuctem (3.1) cy (Kupferer,

2005, Markovsky u Van Huffel, 2007):

1. TLS pememe nocToju ako u camo axo je exemenar marpuue V, V. #0 n
2. TLS pelremse je jeauHCTBEHO aKo 1 camo ako je &, #C,.,.

ExBHUBajseHTaH ycJIOB 3a MocTojame M jeanHcTBeHOCT TLS pemema Moxke ce omucaTH
xao Y, >C,,,, Tae je Y, Hajmama cunrynapHa Bpensoct Matpune A'A (Van Huffel u

Vandewalle, 1991). Ykonuko pememe HHje jeTUHCTBEHO MpobieM ce 0OMYHO Ha3uBa
Herenepuuku TLS mpoGiieM. AKO Cy yCIOBH MOCTOjalba M JEIUHCTBEHOCTH peIIeHa

3aJI0BOJbeHH, OHJa je TLS pereme
[A i]: Us, V', (3.7)

e je Slzdiag(Cm z;z’ Cu’ 0)-

Pememe je nalheno xopumhemem Eckart-Young-Mirsky teopeme (Eckart and Young,
1936, Mirsky, 1960) pexykoBameM 3a jejaH paHTa IpoLIHpeHe MaTpHIe Mozena [A 1]

1 MMa MUHUMAJIHY HOpMY, OZJHOCHO
o 0-la 1] =c... (38)

. T
O63upom na je V oproronanna marpuua ogaHocHo Vv, v, =0, 3a ceako ve V u cBako

i # j, moxe ce nmucatu (Kupferer, 2005)

A v, =[A i]{_XJzo, (3.9)

oxHocHo TLS omena mapamerapa mozena (3.1) nobuja ce mocie ypasmepaBama BEKTOpa

v ., MOCIEAHOM KOMIIOHEHTOM V na 6u ce mobwma BpeaHoCT —1

u+l u+l,u+l?

vl,u+1

1

§=- (3.10)

vu+1,u+1

uu+l

OneHa mMaTpuLe pe3uayana KoeduiyjeHata Mojiena u pe3yiaTaTa Mepema Tazia je
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M. oA i]-[a 1=Us v —USV'=—C  u_ ' G.11)

u+l T u+l

X

O063upom na je { J cunrynapuu Bekrop marpune [A 1]'[A 1], no nepunnmujn,

MOXKEC CC ITMCAaTH

ATA AT & %
LTA ITJ[—J: 5*1{—1}’ (-12)

na ce 3a TLS oneny mapamerapa X Takohe Moxe 100UTH
x=(ATA-C20,)' AT, (3.13)
rae je ., HajMama CHHTYJIapHA BPEJHOCT IPOIIMpeHe MaTpuie Mozena [A 1.

3a anmpoOKCUMATUBHY OLIEHY KO(aKTOpPCKE MaTpUIle BEKTOpa X U OLeHYy pedepeHTHe

BapujaHce Mmoxe ce gooutu (Kupferer, 2005)

2
2

{)=(ama-g ) (+5°%)

Q. =(ama-¢2,1,) 1+

(3.14)
6(2) = (QIITQII +€,};€7A )(n_’“‘)_1 = Cz (n_”)_l’

u+l

rae je I, jemumwuna matpuma pema u a v, =vec(V,). Omeparop vec ()

TpaHc(hOpPMUILIE MATPHILY Y BEKTOP TaKO MITO peha KOJIOHE MaTpUIIe jeTHy UCIIO IpyTre

nomepajyhu ux ca ieBa Ha JIeCHO.

3.1.2. Pemewe Euler-Lagrange-oBum mocrynkom

[Topen ommcaHOT METOIa MUHUMAJIHE CHHTYJIApHE BPEAHOCTH PelIeHkhe ce Moke Hahu u
Euler-Lagrange-oBum moctymnkom (Schaffrin, 2006). Ilpeoapehenu cuctem jennaumna

(3.1) moxe ce mpeypeanuT y
1+v, =(A+V,)x, (3.15)

ca CTOXaCTUYKUM OCOOMHaMa pe3nayaia

v, v, 0 v, I, 0
E = = u D =(5§ . (3.16)
\N vecV, 0 Va 0 I, ®I,
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rjae je Gé ycBOjeHa BpenHocT pedepeHTHe BapujaHce. Omeparop “®” mpeacraBiba

Kronecker—Zehfuss-oB nmpou3Bon 3a koju Baxe ciezeha nmpasuina

C®A =[c,Al
axb  cxd acxbd
vedABC)=(C" ® A JvedB), (3.17)

tr(ABC'D" )= tr(D"ABC" ) = vedD" )(C ® A) vec(B).

Ha oBaj naunn EIV-monen moxe ce, Tpetupatu kao HenuHeapHu Gauss-Helmert-oB

MOJeJ TOIITO ce, KopulihemeM naeHTurera VX = (XT I, )V 4> (3.15) npedopmymuiie

y

Ax-|L, —&T®Lj[“}—1=0. (3.18)

Va
®opmupamem Lagrange-ose ¢pynkuuje musba 3a TLS npobiiem (3.18)
Q(v,, v, K.X)=v] v, +V\v, —2kT[AX+ (XT ®I”)VA -V, —l]—) min, (3.19)

rae je ke R" Bexrtop Lagrange-oBUX MyITHILIMKATOpa, MOTY c€ JOOUTH HEOIXOIHH

ycioBu MUHEMYMa (yHKIHje Iiba Euler-Lagrange-oBor tuma

1 0Q

el =v,+k=0 = ¥ ,=-k, (3.20)
2 aVl 9.9, k&

100 — 9, ~(GOL)k=0 = V,=k&". (3.21)
2 aVA 9.9, k&

1991 4 —As—RT®L )8, =0, (3.22)
2 ak V1.V4 kX

1 0Q &1\

flihdiuind = A"T+V Tk =0. 3.23
2 9x 9.9, k% ( A) ( :

Jenmnaunne (3.20)—(3.23) npeacTaBsbajy HEONXOAHE YCIOBE MUHUMYMa (PYHKIIMje IMIba

Q. JloBOJbHH YCIIOBM MUHMMYyMa Cy UCIyHeHM mHomrto cy Hessian maTpuie npyrux
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. 1 0Q
u3Bona  ¢QyHKUMje IMJba O  BEKTOpUMa  pe3uayasa 33y T =1, mn
VlVl

1 0Q

20V,V,

=1, ®I, =1, no3utuBHO NePUHUTHE MATpPULIE.

W3 u3paza (3.20)—(3.22) cnenun pyHmamMeHTanHa penamnyja
1-A%=V,&— ¥, =k(1+%"%), (3.24)
M M3pa3H 3a OlCHE MoIpaBaka (pe3uayana)

9, =k =(As-D(1+1"%)",
(3.25)

A

V, =k&" =—(Ax-1)(1+%"%) %"

N3 ycnosa (3.23) u u3paza (3.24), (3.25) cnenu cucTeM HETWHEAPHUX HOPMAIIHUX

jenHaynHa

ATAR-ATT=-A"K(1+%"%)=VK(1+1"%)=

(3.26)
=%k (Ax-1)=x(Ax-1)"(Ax-1)(1+5"%)" =182,
e je
g, =979, +v19, =(Ax-1)"(Ax-1)(1+1"%)" =
= (Aag-1)+1"(ATA - AT )|(1+%7%) " = (3.27)

= (M- Az +175E2, J1+57R) =117 A%

Ha ocnoBy wm3paza (3.26) u (3.27) moxe ce dopMupatu MpodJieM CHHTYIapHUX
BpeaHocTH (3.12) mTo foka3yje NOTIYHY €KBUBAJICHTHOCT Ca PEIICHEM 3aCHOBAHOM Ha

JIEKOMIIO3MIM]H TIPOIIMpeHe MaTpuue Mmogena [A 1] ma cuHrymapre BpeaHoCTH

OpPUTHHITHO TipesicTaBibeHUM y Golub u van Loan, (1980).

3a u3padyHaBame peliema 3a iiﬂ u X Ha ocHOBY u3pasa (3.26) u (3.27) moxe ce

KOPUCTUTHU TpaJUIITMOHAIHU UTCPATUBHU AJITOPpUTAM

s, (0)
u+l

=0; 20 =(ATA)'A™, (3.28)
1

£, = (A% -1) (A0 1)1 + 520 (3.29)
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20 = (aTA) (A g0 ). 530

3a yOp3ame wurepatuBHor nocrynka Bjorck m mp., (2000) xao u Schaffrin, (2006)
NPEIOKIINA Cy J]a CEe TOCJE MOYEeTHUX HEKOJIUKO Kopaka (KaJa WTEepaTUBHHU MPOIEC
ycropu) wuTepaTHWBHU mporiec HactaBu Newton-oBuM (Newton-Raphson-oBum)

£o (1) (i)

UTEpPaTUBHUM HOCTynKoM e (>, u X" 3amemyjy yiore
s _ (AT g (i) Lot
x"=\A'A-C,, L] A, (3.31)
PN i+ s i N7 A i AT A (: 1
S Cil()+(1Tl—1TAX")—Ci+1())(1+X")Tx")T : (3.32)

3a OLEHy TAa4HOCTH BEKTOpa oOLeHa mapamerapa monena X y Schaffrin, (2006)

IIPEJUIOKEH j€ alPOKCUMATUBHU U3pa3 3a KO(QAKTOPCKY MaTpHIly

Q. =(a"a-g 1) aTalara-g2,1,)". (3.33)

ut+l “u

Hpyraunju obauk 3a MaTpuiy Q, Moxke ce 1o0utu Ha ocHoBy (3.18), aHanorso

mpazuma (2.37) u (2.44), ogHOCHO ako ce ctaBu B = [In -3'®I rna ce MOXe

nl’

IImMcaTu

-1

I -1

Q, = AT{[In —f;T®In]{ " D A =[AT(I,1+>2T&®1”)’1AF.(3.34)
~%®I,

3a ko(aKTOpcke MaTpHle MONpaBaka pe3yiaTaTa Mepema V, MU WIAaHOBa MAaTpHIle

mozena V, Moxe Tajga J00UTH

Q, =Q, =(I, +:"’®1,)" (1, +2"%®1,)'AQ,A(I, +1"%®1,) ",
(3.35)

3.2. MemoButu LS-TLS mMoaea (Moaes ca puKCHUM K0JI0OHAMA)

IIperxonno pasmatpanu EIV Momen nojapasymMeBa HEKOHCTAHTHOCT CBHUX €JIEMEHATa
MaTpuile Mojaena. Meljytum, mocroje cirydajeBH e HeKe KOJIOHE MaTpHie Mojena A
YHHE KOHCTaHTHH Koe(UIMjeHTH (Y T€0IeTCKUM IpUMEeHaMa TO ce, Ha mpumep, noraha

KOJ JaTyMCKHX TpaHC(hopManuja).
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Hexka je u, xonona marpuie mojena (3.1) caunmbeHo o] QUKCHUX eleMeHaTa, IIpH YeMy

je u, <u.be3 ryburka ommrocTu, MaTpHIa MOJENTa A MOXE CE Taaa IPEJCTABUTH KA
A=[A, A,] (3.36)

rJe je MaTpuia A, cauumeHa of (UKCHHUX €JeMEHaTa, OJHOCHO KOJIOHA ca (PUKCHUM

eneMeHTHMa. 300r Tora ce jom xopuctd U HasuB TLS momen ca ¢ukcHHUM KoJoHama

(Fang, 2011).

Memosutu LS-TLS Mozen mnozpazyMmeBa Tala HallaXKeme pellCHa [f&z i] Koje

HUCITyHkhaBa cnez[ehe YCJIOBE

H[A2 l]—[A2 i]L%min u

(3.37)
le R[A1 Az]
CBako x = [Xl} KOj€ 3a/10BOJbaBa JeJHAYMHY
X5
l =AX=A1X1+A2X2’ (3.38)
npejcTaBiba penieme MmemoButor LS-TLS Moxena a
[V, a=[A, il-a, 1, (3.39)

MpeAcTaBsba MaTpuily pesuayana Memosutor LS-TLS monena.

VY mwpy Hanaxkema pemiema, NoTpeOHo je m3BpmmTH QR 1eKOMMO3uIMjy MaTpule

nogaraka Mmemrosutor LS-TLS monena
[A, A, 1]=QR, (3.40)

nxn ) nxu )

rae je Qe R oproromanmna marpuma a Re R ropwka TpOyraoHa MaTpHLa.

. T
O63upom n1a je Q oproronanHa marpuua, oqHocHo Q Q=1 moxe ce nucatu

1

R, R, 1|y
Q'[A, A, l]=QTQR=R={ }

0 R, rjn-u, (3.41)

u, u-u 1

onHocHo memoBuTH LS-TLS Momen moxe ce Tpanchopmucatu y 001K
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L
0 R, |x, L |

rae R, uma o6amk ropme Tpoyraone marpuie. Ha oBaj HaunH MOXe c€ U3BOJUTH AE0

Ca HEKOHCTAHTHOM MAaTPULIOM JI13ajHa
R,x, =1, (3.43)

3a koju ce Moxke Hahu TLS pememe X,. OneHe 3a mpeocraje napamerpe Moaena X,

MOTY ce JOOWUTH W3 jeTHAYNHE

Rl 1)}1 =I _R12ﬁ2~ (3.44)

3.3. Crpykryupanu TLS monea (STLS)

AKO je CTpyKTypa MaTpHIe Mojeida A KOMIIOHOBaHAa TaKo Ja Ce HEKEe NMPOMEHJbUBE
M0jaBJbY]jy /IBa WIIM BUILE ITyTa, OHJA ce To Ha3uBa cTpykryupanu TLS (Structured TLS,
STLS). Hazus STLS mpeu je yBeo De Moor, (1994). STLS ce decro mojaBibyje y
npumeHama oOpane curnama (Markovsky m Van Huffel, 2007). ¥V reonesuju oBakas
Clly4aj ce jaBJba KoJ emmmpHjcke (matymcke) Tpancopmanmje koopaunara (Felus u

Schaffrin, 2005, Akyilmaz, 2007).

MaTeMaTHYKUM je3UKOM PEUeHO, TPAXKH Ce Pelliehe peoapeljeHor crucrema

1+v,=(A+V,)x, (3.45)
y3 yCIIOB
A %]L — min, (3.46)

TaKBO J1a MaTpHIla [A +V, 1+ vl] uMa UCTy apuHY CTPYKTYpy Kao MaTpHIia [A l].
Pememe, omnocuHo anroputam aat y Felus u Schaffrin, (2005) 3acHoBaH je Ha TeopeMu
O TpPOjeKIMju MaTpUYHMX OcoOMHAa mpema Kojoj ce marpuma A, € R™ koja je

HajOnmka npou3BoJbHOj MaTpui A € R™ u koja umMa Ucty apuHy CTPYKTYpy MOXKeE

H3pavdyHaTH Kao

A, =vec], [G(GTG)_lGTvec(A)], (3.47)
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rae je G KapakTepucTUdHa MaTpHIa Koja HpeciukaBa BekTop vec(A) y Bextop a
caunmeH oJ HemoHaBJbajyhux ememenarta Bektopa vec(A). Crtpykrypy marpuue G

WIYCTpYje pUMEp eMIHMPHjcKe (TaTyMcKe) TpaHcopMaliyje KOOpauHaTa re je, 3a JIBe

UACHTHYHC TA4KC,

[ X, 1 1 0 0 O]
X, 0O 1 00
B i 0 0 1 0ffx]
X y y 0O 0 0 1fj=x
A=l 7 |=vecA)=| 7 |=Ga= gl (3.48)
Y, —X A2 0 0 1 Ofy
|V, —X, | Y, 0 0 0 I}y,
- X, 1 0 0O
=X, 0 1 0 0]
OIHOCHO 3a 1/2 WISHTUYHUX Tadyaka
I o o -1,
G — n/2 n/2 ) (349)
0 111/2 In/2 0

Ha ocnoBy oBe Teopeme y Felus u Schaffrin, (2005) npencraBibeH je anropuraM 3a
pemaBambe STLS npobnema (Cadzow-IbeB anropuram)

Dy [A 1]=Us V",

2) AKO je Ci Si(nJrl,nJrl) >E€E= SII = dlag(C; R Ci O),

nH T n
3 A7 i]=uisiv,
4) [A”l i”l]L: vec), {G(GTG)_IGTveC[Ai+1 1" ]}
5) [A"“ i"“]L: U sty ,
6) i+1=i, moBparak Ha KOpaK 2.
Bpennoct € y kopaky 2) mpenctaBiba KpUTEpHjyM 3a npectanak urepanuja. Y Cadzow,

A A

(1988) mokazaHo je ma aropuTaM KOHBEprHpa MaTPHUIM HETIOTITYHOT paHra [A I]L Koja
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¥Ma UCTy aduHy CTPYKTypy kKao Matpuna [A 1]. TTo 3aBpiueTky uTepaTHBHOT Hpoleca
OIIEHa BEKTOpa MapaMeTrapa Mojienia X Moke ce JoOuTH kopulthemem u3pasa (3.10).
Mehutum Cadzow, (1988) ykazao je ma pemocien MpojeKnuje MaTpUYHUX OCOOHMHA
MOX€E TPOMEHHTH (UHATHA pe3yiITaT TIa je, NpemMa TOME, OBaj aJlropuTam
cybonTuManan (HemoTmyHO onTtuManaH). Takohe Lemmerling, (1999) nokasao je na
STLS mporec, Kao YCIOBJBCHH HENWHEAPHW ONTHMH3ALIMOHU MPOIEC, HEKOHBEKCaH,
OJTHOCHO J1a MOYK€ UMaTH MHOT'O JIOKQJIHUX MUHUMYMa.

VY Schaffrin u ap., (2012), 3a npuMeHy y eMIUPHjCKO] TpaHCchHOpMaIKju KOOpauHaTa

npeioKeHa je MoauduKanja kopaka 4,

For vo]=2veet o6 6rvee A i ]-[a 1)) (3.50)

nxu
Taxobe, nokaszaHo je na ce nNpobieM MOXKe KOPEKTHO PEIIUTH MPUMEHOM TEKUHCKOT
TLS mopnena, y3 KOPEKTHO M3padyHaBame KO(pAaKTOpCcKe MaTpuie Q, U NPUMEHOM

ajgropuTMa npejioxkeHom y Mahboub, (2012).

3.4. Yonmrenu (renepanuzoanu) TLS (GTLS)

VYV renepanuzoBanom TLS wmoneny, 3a uiaHoBe MaTpulle NoMpaBaka (pe3uayana)
[V, v,] npoumpene matpurte monena [A 1], moapasymesa ce na je HesaBHCHA TO

BpCcTaMa M KOpEJIHCaHa YHyTap BPCTa Ca HJICHTHYHOM KOBapHjallHOHOM MAaTPUIIOM.
Haxko mpecrnocTaBiba pa3IMyuTe BapHjaHCe 3a MOjeIMHE WIAHOBE MPOIIUPEHE MaTpPUIIC
monena GTLS ce jom yBeKk He OJHOCH Ha OMIITY KOBapHjalioHy marpuily. Hekxu
ayTopu ra, 300r Tora u y nuiby nzberaBama KoHQY3HWje HA3MBA])y U “‘€KBHIMOPHCAHU

TLS* (Schaffrin m Wieser, 2008).

Haxne, norpebHo je Hahu pememe npeoapeheHor cuctema jeanaunna (Van Huffel and

Vandewalle, 1991, Felus, 2004, Akilmaz, 2007)
1+v,=(A+V,)x=A X, +A,X, +V,x,, (3.51)
MOJ] YCIIOBOM

D[V, v,]C|, — min. (3.52)

35



IJle ce TpeTnocTaBsba Ja Ccy ejdeMeHTH Matpune A, € R™ ukcHu 10K Cy WiaHOBH

U=y

marpuie A, € R

) NpoOMEHJbMBE BenmunHe. Matpuma D je nXn naujaroHamHa

MaTpHIa TeXHHA MPUAPYKEHUX BpcTama, 1ok je matpuna C, (u—u, +1)x (u —u, +1)

JMjaroHaJHa MaTPUIIA TeKWHA NPUAPYKEHUX KOJIOHAMA.
VY oBom cirydajy GTLS npobiem Moke OUTH pelieH y Tpu Kopaka:

1) Hamaxeme QR atopusanuje npommupene matpuiie D[A 1]

R, R, 1
QTD[A1 A, 1]=Q"Q-R=R=| " o Ty | U

0 Ry 1y jn-u,
u, u-u 1

2) MHspauynaBame knacuunor TLS pemema X, 3a peayKOBaHH CHCTEM

R,, er]c[cl{ _X;D ~0,

rae je C aujaroHanHa MaTpula TeXKHHA 3a KOJIOHE.

3) Kopumhewe SVD 3a nobujame X, 4 X,

[Rzz I‘Zh]C: Usv’,

R 1
X, =— C,l : |

C(u—u] +1 ),(u—ul +1 )vu+l,u+l

R, X, =1, -R,;X,,

. C :
raeje C= { ! } , ¢a aujaroHaasHoM Matpunom C,,.
C(ufuﬁrl),(ufuﬁrl)

3.5. TLS mopaeu ca ycjioBUMa OrpaHuYemha

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

VYkonuko ce cucreM jenHaunna (3.18) momyHu ca g yclnoBa OrpaHHYEHa, CIIUYHO Kao

3a Gauss-Markov-beB ogHocHo Gauss-Helmert-oB mozgen ca yCJIOBHMa OI'paHUYCH:A,

MOXKC CC IMUCAaTH
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Ax.— [In - (XZ ®I, )]{ Ve }—l =0, v, = VCC(VAC ),

Z.+V,

=LcXc,

ca CTOXaCTUYKUM OCOOMHaMa

\
Elv,
v

Zc

0
=(0| n
0

Vac (3.58)
A I, 0 0
Dlv,, =, 0 I,®I 0 |. (3.59)
V.. 0 0 Q.

Y mwby Hanakema perierma, OJHOCHO HEIMHEApHOT CHCTeMa HOPMAIHUX jeJHAYWHA,

notpeOHo je Hahu MUHUMYM TeHepanu3oBane Lagrange-oBe dyHkiuje musba (Schaffrin,

20006)

T T
QC(VIC,VAC,k,kC,xC)— Vi VitV Va —

- 2kT[AxC -1-v, + (X(T: ®In)VAC]— (3.60)

—2ki(Zx.—2.)-kiQ.k. — min,

rae cy ke R" u k.e R’ Bexkropu Lagrange-oBUX MyNTHILIMKATOpA, OIAKJIE CIE/E

HEOTXOJIHU YCJIOBH MUHUMYMa (pyHKIHUje mba Euler-Lagrange-oBor Tuma

10Q
20v,

190,

20v,

Vic-Vac K.Kke X

VigVac KKke X

VieYac K.Kke Xc

Vi Yac kK¢ X

A

=¥ +k=0 = ¥ =k, (3.61)

=9, & ®L)k=0 =

VigYac Kk ke X

=1+9, —AR.— (&L ®1, ),
= AT+ V] JR-ZIk =0,

=z.-Z.X. —Qk.=0

¥, =k&', (3.62)
=0, (3.63)
(3.64)
(3.65)
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¥ TO3UTUBHO Je(PUHUTHE Marpuue Apyrux ussoga mo v, u Vv, . U3 ycnosa

(3.62)—(3.63) moxe ce noOuTH QyHIAMEHTAIHA peranyja

1- A%, =V, &9, =k([+&%,), (3.66)
Y KM3pasdf 3a oIleHe MolpaBaka (pe3uryaa)
¥, =k = (A% -1 +&0%.)
(3.67)
V, =k& = (A% -1)(1+11% )KL,
Cnuuno xao y (3.26) Ha ocHOBY ycnosa (3.61) no6uja ce
ATAR —AT-ZTk (1+5"%. )= —(ATk + Z7k J1+1"%,. )=
= VI k(1+80%.)= & K" (AR. ~1)= (3.68)
=Xc (Af‘c _I)T (Af‘c _1)(1+ ﬁgf‘c )_1 = ﬁcéiw
r7e je
5+1 = Q'ITC Q’lc + QITAC Q’AC = (A’A‘c - l)T (Af‘c - l)(l + ng‘c )71 =
A AT A —1
=Frrag. -D+ st (ATA R A1+ 1%, ) " = .69
=M1 A% + 57882, )1+ &0k ) + (2 —Qk ) K =
=1"1-1"A%, +(z, —Qck ) ke (1+%7%, ).
Umajyhn y Buny v, = —QcK onnocHO, Ha ocHOBY (3.65) MOKe ce mucaTn
(3.70)

—Z X+ (ZC Qck ):

VBohemeM 3amene K. = lEC (1+f($§(c) m3pasu (3.68)—(3.70) mMory ce HmpeACTaBUTH Yy

BHJYy HUMIUIMIIMTHOT Tpo0JieMa CHHTYJAPHHX BPEIHOCTH OJHOCHO CHCTEMa
HeJrHeapHuX HopMmanux jenHaunna (Schaffrin u Felus, 2005, Schaffrin, 2006)
ATA ATl - ZE X X
A -1 (ze—Qk) | —-1]=| 1|82, (3.71)
- Zc (zc - Qckc ) Z+1Iq Ec Ec
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rae je (., =C . >0HajMama CHHTyJapHa BPEJHOCT MPOIIMPEHE MATPHIIE MOJENa

utl

[A 1], xoje ce Mory pemmrTu y HMTepaTHBHOM MOCTYNKY. YCBajameM 3a MOYETHE

A

BpenHocTd (>

u+l

ATA -z sV AN 37
~Z. 0 |KY| |z [ G72)

. O
oJlaKJIe ce MOXKe TOOUTH MHUIM]aJTHO peLIeHe xé) , k(c). HtepaTtuBHU npoliec ce 3aTUM

0 Omn l:l(co) =0, cucrem jeqnauunna (3.71) Tpancopmuie ce y

HacTaBJba 1o cienaehem anroputmy (Schaffrin u Felus, 2005, Schaffrin, 2006)
oy AT g YL
RO = k0145050

22, = (A% 1) (AR9 —1)[1+ 20730 (3.73)

u+l

{ATA - zg}{&ﬁ“’} B {ATI + ﬁg)ﬂfﬂ‘”}
~Z. 0 |k&| | z.-QKkY

3a ciyyaj PUKCHUX KOHCTAHTH YCJIOBAa MOXKE C€ NPUMEHUTH C€ MICHTUYaH aJropuram

npu uemy ce y uspazuma (3.71) u (3.73) craBma Q. =0.

Pesunmyanu pesynrara mepema m KoehuIMjeHaTa MaTpulle IU3ajHa MOTY CE€ OHja

I00OUTH Kao

¥, =k = (A% —[1+x %),
(3.74)
\A]A = _(ﬁ&CT ) = _(A’A‘c - l)(l + f‘cT’A‘C )71 f‘cT-

C

3a ko(aKTOpCKy MATpHIly OleHa Tapamerapa moaena X. u (ypasmepenux) Lagrange-

OBUX MYJTHIIIMKATOPA EC y Schaffrin, (2006) npennoxena je anpokcuManuja mpBor

pena
A -1 . a
0. . ~|AACLL Ze } {ATA 0}{ATA—§§HI” z
kﬂ Z. (1+§(CT)2CTQC 0 Qc Z. (l-i-f(CTf(C) Q.
(3.75)

rac Cc€ IIOHOBO, 3a cnyqaj (I)I/IKCHI/IX KOHCTAaHTH YCJIOBa OrpaHUYCHA, MOXKE CTAaBUTHU

Q. =0.
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Cnu4no xao y (3.34) 3a kodakTopcKy MaTpuIly apaMmerapa Mojelia MOXe ce JOOUTH

-1
Q. =[AT[I,, -%. @I, ][_ﬁl"@) . }AJ =[AT(1"+;25§C®1")‘IAF, (3.76)
C n

JIOK ce 3a ocTalie KOQaKTOpCKe MaTpuIle OHJa 100uja

Q, =Q, = (I, +&!%. ®1,) (I, +’'%. ®T,) 'AQAT(I, +&'%. ®L, ),

(3.77)
Q, =% ®Q, ®X!
. 2
Henomepena orieHa pedepenTHe Bapujarnce O, MOKe ce JOOUTH U3 U3pasa
A2 QI;F i\Il + QI}; i\,A +EEQCIEC élﬁ-l . k
G — C C C C —
0 n—rk(A)+1k(Z,) n-u+gq (3.78)
= (—u+q) [1M-ATIR — 27K, )+ &1% E](1+ 17%, ).
3a ciyuaj GUKCHUX KOHCTAHTH yCJIOBa OrpaHudeiha, ogHocHo Q. =0 Guhe
62=C (n—u+q)" (lTl—ATlf(C —ZEEC)(n—u+q)fl. (3.79)
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4. TEXXKWHCKHA MOJIEJIM IOTITYHOT METOJIA HAJMABAX
KBAJIPATA

VY npeTxogHOM NOIJIaBJbY ONMUCAHU Cy MoJenu kiacuyHor TLS koju moapaszymeBsa na cy
YJIaHOBU TIPOIIMPEHE MaTpuile Mojenia MellycoOOHO HE3aBHUCHM W WMajy HMJICHTUYHE

pacnogene. Kmacuunn TLS uma jeOMHCTBEHO AHAIWTHUYKO PELICHE Y TeHEPUUKOM
ciy4ajy (Cu 7&2;“ +1)- Hacympot meMy, yCIOBJbeHH, CTPYKTYUPAHH U TeKUHCKU TLS

HEMajy OBAaKBO PEICHE HEro ce MOpajy pellaBaTH HyMEpPUYKH 0 KOHBEPreHIHja Ka

JIOKaQJIHOM MUHHUMYMY.

Curyanuja y ko0joj OM 4JIaHOBH TPOIIMpPEHE MaTpulle Mozena Owimmn mehycoOHO
HE3aBHCHU U MJAECHTHYHO pacrocpeheHn (XOMOCKEeNAaCTUYHOCT) HHUj€ MPEBHILE YecTa Y
T€0/IETCKUM MpUMeHaMa. 300T Tora je O]l CTpaHe BHIIE ayTopa YJIOXKEH HArop y HUJbYy
y3uMama y 003HUp pa3IMYMTUX BapHjaHCH Kao W Mel)ycoOHe KOpeIHCcaHOCTH WiaHOBa
MaTpule Mojesna A Kao M BekTopa pesyartara mepemwa 1 (Schaffrin u Wieser, 2008,
Shen u ap., 2011, Amiri-Simkooei A. u Jazaeri S., 2012, Mahboub, 2012). V cBojum
uctpaxnBamuma Fang, (2011) u Fang, (2014) yak ypauyHaBa u mel)ycoOHy Kopenanujy
n3Mely uinaHoBa MaTpulle Mojiela A Kao M BeKTopa pesynrata mepewma 1. YV pagoBuma
Snow (2012), Schaffrin u np. (2014) u Schaffrin, (2014) npencraBibeHu Cy MOJENH KOjU
7I03BOJbABAjy CHHIYJAapHY KOBAapHjallMOHYy MAaTpHIly WIAHOBA IPOLIMPEHE MAaTpHULle

Mozena [A l].

Monenn koju y3umajy y o03up pasnuuuTe Bapuwjance W MehycoOHy kopenamujy
4JIaHOBA MaTpHLE MOJella OHOCHO KOo(hakTopcKy MaTpuly Q, , KOPaKTOpPCKy MAaTpUILy
BEKTOpa pesyiTaTa Mepewma Q, Kao M eBeHTyalHy MelycoOHy kopemauujy Q,, Y
nutepatypu ce HasuBajy TexxuHckun TLS momenn (Weighted Total Least Squares,
WTLS). Hako cy yuumeHH TNOKymaju pemaBamba WTLS Momena npumeHoM
JIEKOMITO3WIIMj€ TPOIMIUPEHE MATpPUIlE MojJela Ha CHHTyJapHe BpenHoctu (SVD),
Benuka BehmHa pemema 3acHoBaHa je Ha Euler-Lagrange-oBom mocTymky

MUHHMU3aIHje QyHKIH]je [HIba.
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4.1. Pememe 32CHOBAHO HA JeKOMIO3UIUjU MPOIIMPeHe MATPHUIlE MojesIa

Ha cuHryJapHe Bpeanoctu (Generalized TLS, GTLS)

Pelmeme 3aCHOBAHO Ha JEGKOMIIO3MIHMjH HpoIIMpeHe MaTpume Moxena |[A 1] ma

CUHTYJIapHE BpPEIHOCTH OJHOCH ce Ha yommTeHH (reHepanuzoanu) TLS (GTLS)

OJTHOCHO HaJla)kKeH-e pellierha 3a mpeope)eHn cucTeM JIMHeapHuX jeIHaunHa

1+v,=(A+V,)x, 4.1)
y3 yCJIOB
|DP[V, v]C|, —min, (4.2)

IIe Ce, 3a pa3lIMKy OJl pellema ONMCAHOM Y IPETXOAHOM IIOIVIaBJbY, YBOIAHU

npernocraska (Fang, 2011) ma marpure texmua De R™ u Ce R yyey
JIijaroHAITHE.
OyuknmoHanHu Mojien (4.1) Moxe ce npedopMyInucaTH Kao
X

D[A+V, 1+v,]cc{ Jzo, (4.3)

OZHOCHO
-1
D[A+V, 1+ v,]c{Cl ’icﬂc; =0, (4.4)

rae ce mnoapasymeBa na je D’ cuMmeTpuuHa MO3MTHBHO AeMHHMTHA MATpPHIIA,

C . .
C z{ 01 , C;' moctoju u ¢, # 0. C* ®D? je onja Takohe cUMETPUYHA O3UTHBHO
)

ne(pUHUTHA MaTPHUIIA.

Cucrem ce Moxe onja pemutd SVD mpuctynoMm u pemieme ce Moxke mnooutu (Fang,
2011) neKOMMO3HIIMjOM Ha CHHTYJIapHE BPEJHOCTH MOHAECPUCAHE TPOIIUPEHE MATPHIIE

Moa€1a
DA 1jC=USV", (4.5)

oJlaKJIe CJIEIM PeLIeHE 3a OLEHy IapaMerapa Mojesa
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5\( = _Cl [vl,u+l e vu,LH—l ]/(vu+1,u+lCZ ) : (4.6)
rae je V= [Vl vV, - Vu+1] — [vik ] c EK(qul)x(qul) '

Bextop [Cl‘lx —cz‘l] j€ CHHIyJapHU BEKTOp MpPUAPYKEH HajMamO0] CHHIYJIApHO]

speasoctn C[A 1]'D*[A 1]C, majyhu cnenchy jennaunny cunrynapaux BexTopa
cla oA 1cfc'x -o'] =

_ {CIATDZACI CIATDZICZ}{CI‘IX} _ 47

cI'D’AC, ¢ I'Dc,

!
_ CZ C1 X
— Du+l -1 |
—-c,

rae je (,,, HajMama CHHTYJapHa BPEJHOCT MpOIIMpPeHe MaTpuie Mozena [A 1].

-1
—_ C2

[Ipeypehemem (4.7) nobujajy ce HopMaIHe jeJHAUNHE

ATD’AR -2, Ck=A"D’ (4.8)

u+l

TLS ouena napamerapa Mozena, 3acHoBaH Ha SVD ca HajoNIITHjOM MAaTPUIIOM TEKHUHA
je

2:=(A"D°A-062,C%%)'ATDL. (4.9)

u+l

YV 0BOM ciydajy MaTpMIIa TEKMHA 3a MPONIMPEHH BEKTOp omaxama [A 1] Tpeba ma

C:eD> 0

0 Dz] VY mnopehewy ca GTLS pememem (3.56),
)

nMa CTpykrypy P :{

marpuue C, 1 D Mory OuTH NOTIIYHO NOMyHEHE.

4.2. WTLS Pememwa na ocuoBy Euler-Lagrange-oBog nocrynka

HNako GTLS pememe (van Huffel u Vandewalle, 1989, Fang, 2011) ommcano y
MPETXOIHOM OJIEJbKY MOAPa3yMeBa HajONIITH]€ PElIeHhe, OJHOCHO MOTIYHO MONMYyHEHe
matpuiie TekuHa C uw D, OHO WMak He MpecTaB/ba “TEKHHCKO  PEIICHE y MPaBOM
cMuciny Te peuu nomrto ce “rexuHe”’ y GTLS He omHOoce y TOTIYHOCTH Ha

KOBapHjaloHy martpuily pesynrata mepewma. GTLS ce, 30or Tora, jomr HasuBa u
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“expunubpucann TLS” na Ou ce u3berna xoHdysuja (Schaffrin u Wieser, 2008). ¥
panoBuMa Markovsky u np., (2006) xkao u Schuermans u ap., (2007), muckyToBaH je
HOPUCTYIl KOjU TMOJApa3yMeBa pa3lW4yMTe TEXHHE 3a CBAaKW €JEeMEHAT IpOLIUpEeHe

matpune mozena [A 1] (Element-Wise Weighted Total Least Squares, EWTLS), rae

j€ 3aKJbydeHo J1a mpoOJieM “HeMa pelllehe Koje OM ce MOTIIO MPEACTABUTH Y 3aTBOPEHO]
(bopMHU U HEroBO U3pauyHaBamhE M3UCKYje PElIaBamheé HEKOHBEKCHOT ONTHMHU3AI[HOHOT

mpobiema’.

[Ipuctyn koju ce y reoJeTckoj TpaaWLHUju cMarpa y MyHOM CMHCIY ‘“TEKMHCKUM
3acCHMBA CE€ Ha BapHjaHCcaMa KoOje Ce OJHOCE Ha CBAaKH €JIEMEHaT IOCEOHO W

KoBapHjaHcama m3Mel)y cBaka [IBa eJIeMeHTa IIPOoIIHpeHe MaTpuie Moaena [A  1].

Mogen ca HEKOHCTAaHTHOM MATPUIIOM JM3ajHAa M IYHOM KOBapHjallMOHOM MAaTpPHUIIOM

pesynrata mepemwa 1 xao u matpuue monena A (WTLS) moxe ce Hanncatu y 00JIuKy
1+v,=(A+V,)x, (4.10)

ca CTOXaCTUYKHM 0coOMHaMa pesymyaia

HRRASHE K
Vi vecV, 0 Vi 0 Q,

re cy Q€ R u Q, € R kosapujauroHe MaTpuile BEKTOpa pe3ynTara Mepema |

W MaTpulle Mojiella A, peClIeKTUBHO. Y XOMOCKEJACTHYKOM Cllydajy (CiIydajy ejaHaKe

TAa4YHOCTHU W HEKOPEIMCAHOCTH PE3yJITaTa MEPEHA) OMMCAHOM y NMPETXOJHOM MOTIIaBIbY

noxpasymesano je Q, =1, u Q, =1

nuxnu *

Kopumhemwem jennakoctu V, X = (XT ®I )V A Mogen (4.11) moxe ce mpedopmyrcaT

y

Ax-I, —(xT®1n)][V‘}—1=0. 4.12)

A

4.2.1. Pememe Schaffrin u Wieser, (2008)

VY pememy npencraBibeHoM y Schaffrin u Wieser, (2008) 3a xodakTopcKy MaTpuily

Q , TPEeTHoCTaBJbEHO je Ja ce Moxke npeacraButy y (Kronecker—oBom) 001Ky
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Q,=Q,®Q,, (4.13)

X .
rae Q€ R™ u Q, € R Opaxsa cTpykTypa 06pasNOKEHa je IPETIOCTABKOM Ja Ce

pasnuKa Mpenu3HOCTH u3Mel)y [Be KOJOHE MaTpHle MoJesla MOXKE HU3Pa3HTH

CKaJapHuM (aKkTOpOM.

WTLS pemewe 3a oneny mapamerapa X mozena (4.12) u3padyHaBa ce OHAA IOX

yCJIOBOM
Ty-1 T -1 -1 :
viQ'v, +vi(Q; ®Q, Jv, - min, (4.14)
Ha OCHOBY KOjer ce OHJia mocTaBJba ce Lagrange-oBa QyHKIMja Hsba

Qv,. v, k.x)=vIQ ', + VL (Q7 Q' )v,

(4.15)
- 2kT[AX+ (XT ®In)vA -V, —l]% min,

ca ke R" BexTopom Lagrange-oBux MynTuiumkaropa. HeomxonHu ycioBu MUHEMyMa

¢yskumuje nniba Euler-Lagrange-oBor Tuna oHna cy

100 — Q% +k =0, (4.16)

2avl 9.9, k%

100 —Q;v, —(%®1, )k =

209,[0 ¢ is (4.17)
=(Q;' ®Q;' ), -(&®1,)k =0,

10Q

—— =1+¥,-AX- 8" ®I )v, =0, 4.18

2ok, L & e1,)s, (4.18)

100 — AT+ VT )k =o0. (4.19)

2 0x V.9, k%

Jennaumne (4.16)—(4.19) npencraBibajy HEOMXOAHE YCIOBE MUHUMYMa (DyHKIIHj€ IUIba
Q. JloBOJbHM yCTIOBM MHUHHMYyMa Cy HCHyHeHH momTo je Hessian marpuma apyrux

n3Bozia (GyHKIHje [IUJba 110 BEKTOpUMa pe3uayala
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N | =

1 A

ity Y wler
a{v.}[ﬁ vl Lo Q[0 Qleq

IIO3UTHUBHO Ileq)I/IHI/ITHa.

N3 (4.16) u (4.17) Mory ce 1oOMTH U3pa3H 3a OLIEHE BEKTOPa IOMNpaBaka v, U Vv,

OJTHOCHO,
Vi =Qk(Q,%)".

Kana ce m3pasu (4.21), (4.22) yBpcre y (4.18) noduja ce penanuja
Ax-1=-[Q,+(x"Q,x®Q, |k,

OJTHOCHO
k=-[Q +(&"Q.&)Q, ] (A%-1).

VYepmraBamweM (4.25) y (4.21) u (4.23) caga ce 1o6uja
W =Qo,+FQx)e, [ (ax-1) u
v, =—-Q, [0, + ®"Q,%)Q, | (Ax-1)"Q,

Ha ocnoBy u3pasa (4.19), kopumihemem (4.25) u (4.27) Moxke ce oHJa MUCaTH

A"k =V]k=A"(Q,+%"Q,%Q,) (A% -1)=Q&E?,,,
IJIe je cKamap

C2 = (A%-1)'(Q +5'Q%Q,) ' Q, (@, +1'Q,%Q, ) (A% -1).
Ha ocnogy (4.28), (4.29) cnenu

&= (AT(Ql +5'Q%Q, ) A2, JlAT(Ql +2'Q,2Q, ) 1.

(4.20)

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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OneHa mapameTrapa Mojela X MOXE Ce cajla M3BPLIMTU (HOpMHUpAHEM HUTEPaTUBHOT

aJropurMma:

n =0, xU=(aTQra)'ATQ:

u+1

X T . 1 -l AT~ A~ !
W = (AT (Ql +%© Q, £© Qy} A) AT (Ql +%© QOX(O) QyT 1;

A (it A~ (i (i 1 so (i) ! ali oli !
& l):(AT(Ql"'X()TQoX()QyTA_CZH Qo} AT(Q]"'X()TQOX()QyTl

3) TloBparak Ha KOpaK 2), CBE JOK C€ HE UCIYHH HEjeIHAKOCT ||ﬁ(i+1) - ﬁ(i)|| <e,rHeje €
YCBOj€HH KPUTEPHjyM KOHBEPTEeHIIN]E.

Omnena BekTopa IONpaBaka pes3yiraTa Mepema Vv, Ka0 M MaTpHIE IIOIpaBaka 3a

YJIaHOBE MATPHIIEC MOJea VA, 10 3aBPIIETKY UTEPATHBHOT MIpOIleca MOTY Ce JOOUTH Ha

OCHOBY (4.26)—(4.27).

4.2.2. Pememe Shen u ap. (2011)

Pememe mpemmoskeno y Shen u ap. (2011) monasu ox o6muka (HyHKIMOHATIHOT MOjea

(4.10) nMHEapU30BaHOTr y MO3UIMjU BPEJHOCTH mapamerapa mozaena x =X —0 u

0 — 70 PO ; () — of
Mepenux BennuuHa 1Y =1% —0 y i-1oj urepauunju, ogHocHo A" = o
- X)) 5O

1+v, = Ax” + A¥x" + V,x", (4.31)

OJIHOCHO, Tpaxu ce pememe nuHeapHor EIV momena (4.31) ymecto HenmuHeapHOT
obnuka (4.10). Ako ce Mojien oBako mpejacTaBu, oHaa Lagrange-oBa (yHKIMja KIba
uma 00K
Ty-1 T -1
Q(Vl,vA,k,x)zvl Q v, +v,Q,v,

(4.32)
—2k"[Ax? + AVsx + (x" ®T v, — v, —1] - min.
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Heomnxoanu ycinoBu muauMyma ¢yHkiuje nusba Euler-Lagrange-oBor Tuma umajy oHaa

HEIITO U3MEHEH 00K y mopehemy ca u3pazuma (4.16)—(4.19), ogHocHO

100 — Q% +k =0, (4.33)
29 Vi V.0, k%
Lof o, -k, )k =0, (4.34)
2 a VA V1.V, kX
%B_Q =1+, — Ax" —A(")ax—(ﬁ"‘)T ®I, )eA =0, (4.35)
.9,k %
100 — AT k=0, (4.36)
29dx V.9, k%

JIOK je JIOBOJbaH yCIIOB neduHucan nzpasom (4.20).

W3pasu 3a oLeHe BEeKTOpa HompaBaka Vv, U V, uMajy oHzaa obmuk (4.21)—(4.22), npu

yemy ce He 3axTteBa Kronecker—oB 00JIMK KOBapHjallMOHE MATPHUIIE (4.13), a Takohe
A

y u3pasy (4.22) ¢urypuiie BeKTOp mapamerapa mojena x" u3 i-Te urepagmje.

VY nopehemy ca (4.25) uzpas 3a Bektop Lagrange-oBux MyJITHILTUKATOpA K cana riacu

k = —[Q, +(x"e1,)o, k" e1, )Jl (Ax"+ A" 8% -1)=
. 437)
=—Q,""(Ax" + AV 5%-1)

Ha ocHoBy u3paza (4.36)—(4.37) kao u (4.21)—(4.22) moxe ce GpopMupaTH UTESPATUBHU

IpoIeC 3a OLEHY IapaMeTapa Mojesla X Kao M BEKTOpa MonpaBaka v, u v, :
) £ =(A"Q,'A)"'A™Q;'I;
2 Q,"=q, +(x“’T ®In)QA(X(’) ®1,)

. . - AN S - N (s
3) & :(AmTQ(yz) A0 ATTQU (1 AUK0):

4) £ = x4 550 =

= (ATQ(yi)_lAr ATQ(yi)—l (l + VX)X(i));
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5) ‘All(i+1) _ QIQ;l(i) (A £ + A0 §gl+) —l);
\A]A(Hl) _ _QA (X(i) ® I )Q;l(i) (A X(z‘) + A(i) Si(m) —l);
i(m) e €Il(i+1); A(m) _ A+{7A(i+l)

6) 3aBplieTak HTEPATHBHOT TMpolleca akKo je ||6§(("“) <€, TAe je € YCBOjCHH

i+l

KpuTepHjyM Kouseprenmuje unave x ) = ) — 0 u nosparax Ha Kopak 2).

4.2.3. Pemewe Amiri-Simkooei u Jazaeri (2012)

VY mpemsiory mpukazaHoMm y Amiri-Simkooei u Jazaeri, (2012) Texxu ce aHanoruju ca

knacnaauM Gauss-Markov-iseBuM mozaenom (GMM).

[Tona3uu (HyHKIMOHATHHM M CTOXACTUYKH MOJEII, A MMPeMa TOME U HEOIXOIHH YCIOBU
MUHHMYyMa (QYHKIH]jE [IJba, HASHTUYHU Cy Kao y Schaffrin u Wieser, (2008), ocum mro

ce He npeTnocrasba Kronecker—oB 0011k koBapujaiione MaTpuue Q , .

Kana ce (4.21)—(4.22) yBpcte y (4.18) Moxe ce Takohe 1o0uTn

k=-[Q,+k o1, )0, x®1)" (A%-1)=

(4.38)
=-Q;(A%-1),
3amenom (4.39) y (4.23) u npeypehemeM Moxe ce oHAa T0OUTH
A+V,)QAa+V, k=(a+V,)Q,0+V,%) (4.39)
OJTHOCHO
ATQAx=A"Q,1, (4.40)

IITO TpeAcTaB/ba OONHMK aHAJOTaH HOpMaNHUM jenHaunmHama Gauss-Markov-seeBor

Mozaeaa.
Caza ce Moxe opMHpATH UTEPATUBHU MPOIIEC:
) £9=(ATQ'AJ'ATQ/;
) X - Q] Q] s
2) i=0;

3) 9,7 =A% -1,
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D=q,+ (ﬁT‘” ®1 )QA(x“) ®1,),
A(i) = VeC_II_QA ()A((i) I, )Qi_lfll(i)J’

A

D=A+V," 1=1749,59,

(=}

A

<

>>

A (i+ ATO~D 2 T R T~ -1306).
R0 = (310, A 0] ATg; 00,
4) i=i+1 wu mnoBparak Ha KOpak 3), CBE JOK C€ HE HCIYHH HEjeJHAKOCT

ﬁ(i+1)

- f(‘”” <€, Tr/1e je € yCBOjeHH KPUTEPHjyM KOHBEPIeHIIH]E.

4.2.4. Pemiem-e Mahboub (2012)

Pememe npokazano y Mahboub, (2012) uma cnudna mona3uinTa Kao M IPETXOTHO.
KapakrepuctuuHo 3a oBaj mpuctyn je mpeypeheme ycnora (4.19), umajyhu y Bumy

npasuna (3.17), y obnuk

~A"k=V]k=LVIk= Vec(Iu\AQ;r ﬁ): (Iu®ﬁT)vec(VA ) (4.41)
OJTHOCHO KaJia ce yBpcTH (4.22)

~ATk=(1,®k")Q, (x®1 )k . 4.42)

Ha ocnoBy (4.38) u (4.42), yBohemeM o3HaKe

R, =Q,=[0+k e1)o,xer1)]", (4.43)
nobwuja ce
ATR,(A%-1)= (I ®k")Q, (¥®1 )R, (Ax-1). (4.44)

Cana yBohemeM o3HaKe

R, = (L ®k")Q, (x®L )R,, (4.45)
MOXe ce JOOUTH U3pa3 3a OLIeHY BEKTOpa napamerapa Mojena X

29 =(A"RA+R,AJ' (AR, +R, )1
Ha ocnoBy (4.21)—(4.22), (4.38) u (4.43)—(4.45) dopmupa ce UTepaTUBHH aJTOPUTAM:

) £ =(A"Q,'AJ"ATQ;;
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2) R, =|o,+ " o1 o, ke )|,
kO = —RI(")( Al _1),
R, =(1,0k"" Jo, k" o1, )R,"
£ = (AR "A+R,"A)"(ATR, "+ R,

3) TlonaBibame KoOpaka 2) JOK Cc€ HE 3a70BOJBM KPUTEPHjYM KOHBEPICHIIU]E

Rl — ﬁ‘”” <E€.

Y Mahboub, (2012) moxa3zaHo je u aa ce crpykryupanu TLS mpobrem (STLS) moxe
pemrtn kopuutheweM TexxuHckor TLS momena (WTLS) ako ce kopekTHO oapexe

4JIAaHOBM KOBapHjaroHe Matpuiie moaena Q , . Hanwme:

1. Axo ce esemeHaT MaTpule A TOHaB/ba, u3Mel)y NoHaBJbajyhux enemeHaTa
Koe(UIUjeHT Kopenanuje mMopa Outm 1, OIHOCHO KOBapujaHca u3Mel)y oBa nBa

eJIeMeHaTa jeTHaKa je HIXO0BOj BapHjaHCH.

2. Ako ce ereMeHAaT MaTpulle A TIOHaBJba Ca HETATHMBHUM IMPEI3HAKOM, H3Mely
noHaBJbajyhux eneMeHara KOepHIMjeHT Kopemamuje mopa Outu —1, OTHOCHO
KOoBapHjaHca n3Mely oBa /iBa eJeMeHaTa jelHaKa je HeTaTHBHO] BPEITHOCTH HHXOBE

BapujaHce.
3. Axo je enmemenar marpuie A (QuKCaH, lBeroBa BapujaHca jenHaxa je 0.

4. 3a ;mBa pa3zIMyMTa €IEMEHTa KOPUCTH Ce FUXOBAa M3padyHaTa KOBapHjaHCa, aKo Cy

KOpeJHCcaHH, MHaYe je KoBapujaHca jeqHaka (.

5. Yak u y XOMOCKEIACTUUKOM CIIy4a]y HEKOPEIHCAaHUX MEpPEHha UCTE TAUHOCTUMOPA]y

ce MPUMEHUTH HaBeJIcHA MPaBUIIA.
4.2.5. Onena TauHocTH

be3 003upa Ha NpUMEHEHN aNTOPUTaM, OlleHa BPEAHOCTH QyHKIHMje Iuiba {2 MOXKe ce

OoOUTH Ha OCHOBY (4.21) u (4.22)
Q=31Q/"%,+v1Qv, =(1-A%)" Q' (1- A%) = k" (1- A%), (4.46)

a orieHa pe)epeHTHE BapHjaHce, Kao
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62=Q(n—u)". (4.47)

Kodakropcka marpuna 3a ouneHy mapamerapa mozena Q. u Bekropa Lagrange-oBux
MYJITHIUIAKaTOpa Qﬁ Mory ce noouti Ha ocHOBY (4.11)—(4.12), ananorao u3pasuma

(2.37) u (2.44) venuneapuor Gauss-Helmert-oBor Mojiena, ma ce MOXe MIcaTh

Q, = AT([I,, —f(T®I”]{Q' 0}[ L D Al . (4.48)

0 Q,|-%®I,

1 0 In B
oclh oy L]

.[IHAQ,}AT([IH —&T®1n]{?}' (;)M_;él D }

KodaxTopcke MaTpurie momnpaBaka pe3yiarara Mepema | u wiaHnoBa MaTpuie Moziena A

(4.49)

MOTy ce OHAa JA0OWUTH Ha OCHOBY (4.41)—(4.42) mpuMEHOM 3aKOHAa O PAaCIpPOCTUPABLY

KOBapHjaHCH,
Qe] = Q]QRQl s

, (4.50)
Q, =0Q,(¥®I1,)Q, (¥®1,)'Q,.

4.3. EIV mogaea ca kopenanujom u3mel)y eiemenara maTpuue Mojesna A u

BEKTOpPa pe3yJTaTa Mepema |

EIV mozen ca kopenauujoM usmel)y enemeHara marpuue Moziena A U BeKTopa

pe3ynrata Mepema 1 Moxe ce uzpasutu y o0uky (4.10), oqHocHo (4.12).

YKONHMKO ce JKejle ypauyHaTH CTOXaCTHUKEe OCOOWHE CBUX Tpelllaka, OMaxama Ce

MOpajy HalMcaTH Kao MPOIINPEHU BEKTOP,

. [VCC(A)}’ . {Vec(vA )} _ [v} | wsh)

1 v, v,

[Tpema ToMe, CTOXacCTUUKKE OCOOHMHE MOIMPaBaKa MOTY Ce€ KapaKTepPHCATH IPOIIHPEHOM

KOBapHjalliOHOM (JIUCTIEP3MOHOM) MAaTPULIOM, OJJHOCHO
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2 2 QAA QAl 2p-1
D(y)=06,Q =G{ }:GOP , (4.52)
( ) ' QIA Qu
rJie je
i Ql 1T Q11 Ql} Ql(u-H) ]

Qy: Qk = le ij Qk(u+1) . (4.53)

_Qu+1 a Q(LH—I)I T Q(LH—l)j T Q(u+l)(u+1)

Marpune Q, € R™"“*" penpesentyjy Bapujance n xoBapujance usmel)y enemenara k-te
KOJIOHE TIPOIIMpEHe MaTpuIe Moxena [A 1], a enementn Q,; € R™ xopecnoumupajy
KOBapHjalliOHUM MaTpullama k—Te KoyioHe (k = j) Wi KoBapHjalmoHe MaTpulle usmely
k—Te m j—Te KoJIOHe MpommpeHe MaTpuuemonena [A 1]. O, je Hemo3HaTa KOMIIOHETa
BapHjaHCe. y je¢ MPOIIMPCHH BEKTOpP OMNa)kamka KOjH YKJbydyje €JIeMEHTE MAaTpHIle

MoJziena A | BEKTOp pesyiTara Mepema l. V je KOpEeCIOHIECHTHH BEKTOp MOIpaBaKa

TPOLIMPEHOT BEKTOpa omaxama. Q, u P Cy cuMeTpUYHA W TO3UTHBHO N€()UHUTHA
Ko(akTopcKe MaTpulla MU MaTpUIla TEKUHA Of y, PECHEKTHUBHO. Q, je kKodakTopcka
MaTtpula 3a v, a Kodakropcke MaTpuie Q,, u Q,, penpe3eHTyjy Kopeiaiuje usmehy

V, BV,

3a Hanaxemwe pelewma MOTIyHo TexuHckor TLS, mpema TpaauuuonanHoM Euler-

Lagrange-0BOM MPUCTYIy TPaXku C€ MUHUMYM (DYHKIIMja LUJba
Q(v,k,x)=v'Pv - 2k"[Ax -1+ V,x - v,], (4.54)
rae je k Bexrop Lagrange-oBUX MyJITHILUIMKATOPA.

Hudepenuupamem QyHKIMje M/ba M0 x, v U k 100ujajy ce HEONXOIHH YCIIOBH

MUHUMYMa QYHKIHjE UIba

1998 _ _Ak—vk =0, (4.55)
2 aX 9.k
1 _orv-krer, -1]k=Qv-Bk=0. (4.56)
2 aV 2.9k
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(4.57)
e je B= [f(T I, —In]

JloBOJbaH yCJI0B MUHMMYMa (YHKIMj€ 1I1Jba j€ UIYHEH 3a BEKTOP pe3uayalia MOIITO je

Hessian mMarpuia Apyrux u3Boja GpyHKIHje [iba 110 MPOLIMPEHOM BEKTOPY pe3uayasa
190
2 9vv’

=Q,', MO3UTHBHO Ne(UHUTHA MATPHIIA.

U3 (4.56) Moe ce M3BECTH OLICHA BEKTOpA pe3uayana Vv,
.|V A
' :{AA} :QyBTk ’
Vl

a 3aTUM 3aMeHOM Y (4.57) onieHa BekTopa Lagrange-oBux Myiruruiukaropa k ,

k =(BQ,B") (1-A%)

X

(4.58)

(4.59)
3amenom Bektopa Ky (4.58) nobuja ce
A YAl _ A BT (A O T )‘1 N
V= =Q,B"(BQ,B") (1-Ax)
1

_[[QAA Q. I (BQ,B™) " (1- A%)
[QIA Qu]ﬁT(ﬁQyﬁT)il(l—Af() ’

< <

(4.60)

Kopumrhemem npasuina (3.17) Ha pou3Bo V;lA( MOXe€ C€ MHUCATH
Vik=veclk V, I )=(1, ®k")3,. 4.61)
Ha ocnoBy (4.55), (4.59) u (4.61), onna ce noduja

“Ak=(1, ®k")v, = VIk = A"(BQ,B") " (A% 1),

(4.62)
OJIaKJIe CIIEM jelaH OOJIMK U3pasa 3a OlleHy BEKTOpa mapamerapa Mojena X
5 o 2T A 1 NVTE L AT(RA BT
2= |a"(Bo,87) A] Vik+aT(Bo,B7)1]-
~ A\ 1 ~ ~ A\
= [AT (Bo,B") IA} [(1 ®Kk" v, +A"(BQ,B") 11]: (4.63)
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A A 1 A A A A |—
- [AT (BQyBTTIA} {[1 ®(1-A%)" (BQYBTTI]VA cAT(BQB7) 1|
Ha ocHoBy (4.62) Mory ce HamucaTy HeJIMHEAPHE HOPMAJIHE jeTHAYNHE
(AT+V7)BQ,B™) Ax = (AT +V7)BQ,B") 1, (4.64)
IITO TOBOJM JO IpyTradmjer u3pas3a 3a OleHy BEKTOpa ImapaMerapa Mojaenaa X oOiIuKa

A A

c=[ (AT +97)BO B (A + V)] (AT +97)BQ. BTV (4.65)
a7+ 97)0,87) (-] 7+ 70,87

3a u3padyHaBame pellema NoTpeOHO je Gopmupatu utepatuBHu airoputaM (Fang,

2011, Snow, 2012):
) £ =(A"Q'AJ'ATQ;;

2) 1%”1:[&"T®1n —In]

¥ 2[00 Qu ]{tj ® [(ﬁmQmeT f (1-A% )}}

Vi+l — Q,i+l _0 u V/iﬂ — Vec;iu Vz;rl
, Ve , oy , , . 1
& :(( A4V (B,HQW(B,H)TT A) (a +V;“)T(B’“ny(B’”)TT1

Xz+1 — 5\(1+1 _ 0

1

3) Axo je ‘ VMHaye TIOHABJbAKE KOpaka 2).

x —X’H <e, x=x"

OneHa BpeTHOCTH (PYHKIIH]jE [AIba Q moxe ce 106uTH Ha OCHOBY
Q=%"Q,'v, (4.66)

a orieHa peepeHTHE BapHjaHce rnpema uspasy (4.47).

KodaxTopcke maTpuie 3a oLeHy Hapamerapa mojena Q, u Bekropa Lagrange-oBux

MYJITHIUIKaTOpa le MOTY ce JJOOUTH aHajorHo uzpazuma (4.48) u (4.49)

-1 -1
AT T In N
QQ{A ([1 ~% ®IJQ{_§®I”D A] , (4.67)
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Q:[[I ~3" I ]Q{ L Dl
| B o _gel,

. ) I )
.(InAQiAT([In _XT®1n]Q{_ﬁéI D }

J0K ce 3a KO(aKTOPCKY MaTpHlly MONpaBaka, MPUMEHOM 3aKOHA O PacIpOCTUPABY

(4.68)

KoBapujaHcH Ha (4.58) mobuja

Q, Q. RN
. = Va Va¥i = BT ABT . 469
Q; {va Q, } Q,B QB Q, (4.69)

4.4. WTLS npo6.aem ca ycaoBuMa orpaHnyesma

HNedununmja verexuackor TLS npobiema ca ycmoBuMma npukasana je y [lormasipy 3.

WTLS npobiiem ca (KOHCTAaHTHHM) YCIOBUMA OTPaHUYCHA MOXKE ce TePUHUCATH Kao

1+v,=(A+V, K
(4.70)

2. =ZXc,

Cca CTOXaCTUYKHUM MOACIOM

D(y)= Dﬂvee (A)D =52Q, . “.71)

1

3a Hanaxxeme peulema MoTnyHo TexkuHckor TLS ca ycnoBuMa orpaHumuema, npema

tpaaunuoHaaHoM Euler-Lagrange-oBoM MpUCTYIy TpaXKu c€ MUHUMYM (DyHKIIHja IUIba
Q(v,kke,xc) = viQ Ve + 2k (1= Axe — V, xc+ v, )- 2k (2c ~Zex.). (4.72)

KopecnonaeTHr HEONXOHH YCIIOBY 3a CTALIMOHAPHY TAa4yKy Cy TaJa

109 — Ak~ V'k+Zlk, =0, (4.73)
2 ox %o, Vo k ke

19Q 1A DT

- = v.—-B'k=0, 4.74
2 ov R, Ve kK¢ QY ‘ ( )
19Q A

falitnind =1-A%X.-BV.=0, 4.75
2 o) O ‘ ‘ ( )
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130
2 dk

Clge, ve,k ke

=2.-Z.&. =0, (4.76)

reje B="®I -1 |.
BekTop oremheHnx My ITrmmkaropa k y 1o6uja ce 3

k=[BQ,B") (1-Ax%), 4.77)

A

HITO je MCTO Kao y HEYCJIOBJBEHOM Cllydajy. YBpLITaBamkeM MyJITHIUIMKaTopa K, y

(4.73) HOpMaITHE jeTHAYMHE Ce JT00Mjajy Kao

A e .
[N ZC}FC}[H}, (4.78)
ZC 0 kC zC

reje N=(AT+V7 )BQ, B ) (A+V, Jun=(a"+V] JBQ,B") 1+, %).

C

3arum, y3 momoh marpuunux jemHaunmHa (Koch, 1999), Moxxe ce M3pa3uTu OICHEHU

BEKTOp MapameTapa 3a NoTnyHo TexkuHcku WTLS ca ycrnoBuma orpannyema Kao

A - TR
Xc| [N Zg| ||
ﬁc Z. 0 Z

(4.79)
NNz z ROz Z R Nz z Rz { ii }
_(_ ZCN_IZE TIZCN_I (_ ZCN_IZ(T? )_l Ze
= 2o =N+ 27 (282 ) (2 - Z R )a ).
HJIN AJITCPHATUBHO KAaO
.= NZz N"Z! ) (Z % -2.), (4.80)

IJIe je X pelliekhe HEYCIOBIbEHOT OTIMYHO TexxuHckor WTLS.

Ha ocuoBy (4.79) mnu (4.80) pememe 3a nuHeapan WTLS ca ycrmoBuMa orpannyema

MOJKe ce Hahu HTepaTUBHUM MOCTYIIKOM.
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S. HYMEPUYKU TIPUMEPU IPUMEHE TLS ¥ PEHLIABABY
I'EOAETCKUX ITPOBJIEMA

Y oBOM mornaBjby NpHKa3aHU Cy HEKH TunuyHu npumepu TLS y pemaBamy
reofieTCKuX 3ajataka. llwb OBHX mpuMepa je Ja ce IOKaxe NPUMEHIJBHUBOCT

MPUKa3aHuX pellera Kao U J1a ce u3Bpmu ynopeheme ca mocrojehuM nocTymnmma.

Ha nmpumepy 106po no3nartor nmpobiieMa OpTOTOHAIHE perpecHje MpruKas3aHa je mpuMeHa
noTIyHO TexuHCKor TLS, omHOCHO TpuUMeHa TmyHe KOBapHjallMOHE MaTpPHUIIE

HPOIIUPEHE MATPHULIE MOJEIIA [A l].

PemaBame mnpobiema oleHe MapaMmerapa e€MIUpHUjcKe (AaTyMcKe) TpaHc(opmalyje
cimyHocTH ipuMeHoM TLS kazna cy mo3HaTe ctaHmapaHe JeBUjanrje KOOpIuHaTa, Kako
y HM3BOPHOM TakKO M y IIMJbHOM KOOPAMHAaTHOM CHUCTEMY, NPHKAa3aHO je Ha MpUMeEpy
JBOJMMEH3MOHANHE (1aTyMcKke) TpaHchopMmanuje cauuyHocTy. V3BpieHo je yrnopeheme

ca yoOMuajeHUM NOCTynIuMa 3acHoBaHUM Ha Gauss-Markov-ibeBoM Mojieny.

[Mpobnem ¢uroBama NOBpmIM Ha CKyn Tadaka ca onpeheHuM (M3MEepeHHM)
KOpJIMHaTamMa IOKa3aH je Ha NpuMepy (QuToBama MOBpIM IiauHApa. CKyn Tadaka
onpeheH je TepeCTPUUKNAM JTACEPCKUM CKEHUPAEM U HUCY OHJIe pacoI0KHUBU MOJAIH
0 TAa4YHOCTH TIO3WIIMja Tadaka, TaKo Ja je MpPUMEHmeH KiacuuHu (HeTe:kuHcku) TLS

MOCTYyIaK.

VY cBUM IpHKa3aHUM MpUMEpPHMa OIleHa IapaMmeTapa MojJela W OlleHa Ta4HOCTH

IO00MjeHnX pe3yiTaTa BpIIEHA je Ha JBa HAUHMHA!

1) mpumenom oxaroBapajyher TLS anroputma u
2) npumeHoM utepatuBHOr Gauss-Helmert-oBor moctynka ommcanor y [lornasspy

2, KOjH je TIOCITY’KHO 32 TeCTUpPame T0OMjeHUX pe3yiTara.

3a cBe m3payyHaTe MpUMepe MOCTUTHYTA j€ MOTIyHA CarjlaCHOCT pe3yiTaTra J00ujeHnx
Ha 00a HaBe/JeHa Ha4yMHA, KaKo 3a OlLIEHE MapaMeTapa Mojeja U IOoIpaBaka pesyiraTa

MCpPEHA, TAKO U 3a KOPCCIIOHACHTHE KO(l)aKTOpCKC MaTpuie.

3a cimy4aj OpPTOTOHAJIHE pErpecHje W BOJUMEH3MOHATIHE IaTyMCKe (eMITUpHjCKe)
TpaHc(hopManrje KOOpArHATa, Takohe Cy mpuka3aHa W yrnopeheHa pemema qo0HjeHa

Gaus-Markov-J5eBUM MOJIEIOM.
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5.1. Oproronanna perpecuja

[Tpumep oproroHanHe perpecuje OIHOCH ce Ha oapehuBame MPaBOCTH (NMPUTIATHOCTH
CKyla KapaKTepUCTHYHHX Tadaka IIpaBoOj JHMHUJU) KpaHCKe cTase (mHUHE) Yy
tepmoenekTpann “Hukxoma Tecma A”. Kpancka crasa amckperm3oBaHa je ca 57

KapakTepucTuyHux Tavaka (Cnuka 5.1).

3a kapakTepucTHyHe Tauke oOjexTa (mMHe) oApeheHe cy XOpH3OHTalIHE IO3MIHje
(KoopaMHATE) MPUMEHOM TEPECTPUUKUX TIEOJEeTCKUX TEXHHKAa M HU3PAaBHAKBEM 110
METOIM HajMamuX KBajapaTa. Ha pacmomaramy cy 6mime omeHe koopamHaTa (y,x) 3a
n = 57 KapakTepUCTHYHHUX Tayaka npukazanux Ha Cnunu 1, kao U muUxoBa (MyHa)

Ko(akTopcka Matpuia Q, auMensuja 2nx2n=114x114.

AHanusupaHu Cy Clly4yajeBH 3aHeMapuBama Ko(akTopcke MaTpule Q, Kao U HBEHOT

(TeMMMUYHOT WK TIOTITYHOT) ypadyHaBama y MOCTYIAaK OIEHE IMapaMeTapa perpecHoHe
(m3paBHaBajyhe) mpase. 3a o0a cirydaja u3padyHaTa Cy TpH peliema npumeHoM Gauss-
Markov-sseBor mogena kao u TLS omaocro WTLS pememe. Pemema koja

daHaJIM3MpaHa MOTy C€ OIIMCAaTHU Ha CJ'IG,Z[GhI/I Ha4HuH:

1) Pewere kada ce xoopounama X yceaja KAO HE3A6UCHO NPOMEH/bUBA GETUUUHA

(peepecop) a koopounama y Kao 3a8UCHO npomensusa (00zoeop), (LS_y, WLS_y).
OyHKIMOHAIHT MO/IeN n3paBHaBajyhe mpase riacu
a,+bx, =y,. (5.1)

KoBapujanrona marpuna (yKOJIMKO ce€ y3uma y 003up) 3aBHCHO HMPOMEHJbUBUX

BeJIMYMHA TaJa CaapKH BapHjaHCe M KOBapWjaHCEe 3a Yy KOOPIHMHATY, JIOK Ce

KOBapujalioHa MaTpulla x KOOpAMHATa Kao U MelycoOHe Kopenaiuje 3aHeMapyjy.

2) Pewere kaoa ce KoopouHama y Yc6aja Kao He3a8UCHO NPOMEH/bUBA GeNUYUHA

(pecpecop) a koopounama X Kao 3asucha npomensusa (002osop) , (LS_x, WLS x).

DyHKIMOHAIHU MO/IeN n3paBHaBajyhe npase riacu

1
a +—y. =x.. 5.2
X byl 1 ( )
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y

Ciauka 5.1.

Kapakrepuctuune Tauke KkpaHcke muHe y TepmoenekTpanu

“Hukomna Tecma A”
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KoBapujannona matpunia (YKOIMKO ce y3uMMa y 003Mp) 3aBHCHO HPOMEHJbUBHUX
BeJIMYMHA Taja CaapKH BapujaHCe M KOBapWjaHCE 3a X KOOPIAMHATY, IIOK Ce

3aHeMapyje KoBapHjaloHa MaTpuila y KOOpJHHAaTa Kao u MeljycoOHe Kopenaiuje.
3) Pewere na ocnosy mpancgopmucanux xoopounama mayvaxa (y',x'), (LS_transf,

WLS_transf).

Tpanchopmarja KOOpAWHATA je U3BPIIEHA POTALM)OM KOOPIUHATHOT CHCTEMa 32

yrao @, =tan"' b,, rae je b, anmpokcHMMaTHBHA BPEIHOCT KOe(MIMjEHTa MpaBIa

n3paBHaBajyhe mpaBe, Tako Ja ce X oOca MPHOJMKHO MOKJIOMU Ca OYCKUBAHUM

MoJio’kajeM u3paBHaBajyhe npase, 0O JHOCHO

Yi'= Y; C0sQ, + x; sinQ,

(5.3)
X;'=Xx,cosQ,—y,sinQ,.
dyHKIMOHATHU MOJE] n3paBHaBajyhe mpase Tafa uMa 00K
a,+b'x'=y,. (5.4)

Kodaxropcka maTprna koopanHaTa X;' (3aBHCHO IPOMEHJBMBHX) MOXE CE€ Taja

JOOUTH IPUMEHOM 3aKOHA O paclpoCTHparmy KOBAPHjaHCH, OJTHOCHO
T
va = HQ)}H > (5.4)
rae je H, nxX2n matpuna obnvka

cos@, —sin@, - 0 0
H=| : : : : : . (5.5)

0 0 - cosQ, —sinQ,

3a cilyyaj XOMOCKEJACTHMYHOCTH, OJHOCHO HOA mpernocraBkoM Q, =1, , Ouhe

2n?

Q,; =I,. Kodakropcka marpuia koopaunara y;' (HE3aBUCHO IPOMEHJBHBHX) Kao

meljycobna kopenanuja u3mel)y koopamnata X' u Y,

l

y OBOM CIly4ajy cCy
MpeJIeBaHTHE, OTHOCHO MMajy (3a CBE MpaKTHYHE MPUMEHE) 3aHEMapJbUB yTUIIA] HA

OLleHy MapameTapa m3paBHaBajyhe mpase. Ha oBaj HaunH MOXe ce JOOUTH penieme
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UICHTUYHO NPUMCHH IIOTIIYHOI' METOJa HajMaH:I/IX KBagpara, OJHOCHO Gauss-

Helmert-oBor HUTCPAaTUBHOT NOCTYIIKA.

4) Opmoconanna peepecuja - peuierbe HPUMEHOM HNOMNYHOZ MemoO0d HAjMarbUx

xeaopama (TLS, WTLS).

Oynkmuonanman TLS momen o6mmka (3.15), omHocHO (4.10), 3a HETEKWHCKH

OJTHOCHO TEKUHCKH CJIy4aj, pECIIEKTUBHO, TJI€ j€ YCBOJEHO

lT:[yl e yn]’
T 1 1 a
AT — Cx=| Y (5.6)
xl e X b

Ipu neMHALU{H KOBAPHjaMOHe MATpHIE TPOIIMpEHe MaTpuie Moxena [A 1]
kopuirhena cy npasuia HaBeaeHa y [lornasmby 4 (Oxesbak 4.2.2) e cy 3a GukcHe
eJeMeHTe BpEeAHOCTH BapujaHcu jenHaku O a koBapujaHce usMely QuUKCHHX

YiaHOBa MPOMIMPCHE MaTpuluc MoJejJa N CBUX OCTAINX TaKOI’)C je,IlHaKI/I 0

(Mahboub, 2012).

IIpn onemwnBamy mnapameTapa pEerpecHOHE NpaBe ¢ W b, KOA CBHX INPUMEHEHUX
MoJiesla, KOOpPAMHATHU IOYETaK je MOMEPEH Yy LEHTPOUJ KapaKTepUCTUUHUX Tadaka

ITHUHC.

CymapHH Tmperien pesyniraTa, 3a Cllydaj 3aHEeMapuBama KOBApHjallMOHE MAaTpUIIE
KOOp/MHATa KapaKTepPUCTHUYHHUX Tayaka IIMHE (HETEKUHCKH), 3a CBa YETUPHU pelleHha

(Monena), mpukaszan je TaGemu 5.1. Bemmumwe Ad . w Ad, upexncrasibajy

ax
MaKCHUMaJIHO, OJTHOCHO IIPOCEYHO, yIajbehe OLCHEHE MO3UIMje TauyKe O]l PErpecHOHe
IpaBe, MEpeHO Mo HopMaiu. IlapameTrpu KOju HHMCY IMPEKTHO OLEHEHU y MOJENy

u3payyHaTH cy KopuuihemeM penanyja

a a,

, h =— . (5.7)

a IBUXOBE CTaHJApJHE JAEBUjallMje M3BEAEHE Cy IMPUMEHOM 3aKOHAa O PacHpOCTHPABY

KOBapHjaHCH.
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Tabena 5.1. Onene nmapamerapa M MoKa3aTeJbU TAYHOCTH PETPECHOHE IpaBe 3aHEMa-
pUBamEM KOBapHjallMOHE MATPHIIE KOOPIUHATA TadaKa

&y &x I;)‘ l;x
dmax d@l’
Mounen G. G. )
ay a, G - [mm)] [mm]
[mm] [mm] b, b,

—4E-10 | 3E-11 | 13.3801488 | 0.0747376
LS y 31.002 8.350
19.902 | 1.487| 0.0031513 | 0.0000176

—4E-10 | 3E-11 | 13.3801896 | 0.0747374
LS _x 31.002 8.351
19.902 | 1.487| 0.0031514 | 0.0000176

—4E-10 | 3E-11 | 13.3801894 | 0.0747374
LS_x_transf 31.002 8.351
19.902 1.487 | 0.0031514 | 0.0000176

—4E-10 | 3E-11 | 13.3801894 | 0.0747374
TLS - GHM 31.002 8.351

19.902 | 1.487 | 0.0031514 | 0.0000176

Ha ocnoBy pesynrara npuka3zanux y Tabemn 5.1 Moxe ce 3aKJbYYUTH, Ja CE 3a CIy4aj
3aHeMapuBamba BapujaHCHM M KOBApPHjaHCH KapaKTEPUCTUYHUX Tayaka, CBAKH OJ

HaBCACHUX MOACIa MOXEC IMPUMCHUTHU HOI{].C,I[HaKO YCIICUIHO. bmara pasivKa y OLCHU

A A

Koepuuujenara npasua b, b,

u3paBHaBajyhe (perpecuoHe) mpaBe mocienuia je
HeWTo ciabuje ycloBJbeHOCTH Mojena LS_y 003upom aa je mpasaly perpecuoHe mnpase

6nmuzak mpaBiy y oce. OBo je, Takole, pas3nor 3alIToO Cy CTaHAapAHE JIeBHjalHje OlleHa

G, , 0, 3Ha4ajHO Behe y 0/HOCY HA pecreKTUBHE BpenHoCcTH O, , G, . U nopen Tora

a0 S, a.>

nokasaTesbu KBanurera puroBamwa d,, U d, UMajy IPaKTHIHO HACHTHYHE BPEIHOCTH

X

3a CBC aHAJIU3UPAaHEC MOJCLJIC (pemeﬁ,a).

OmeHa TayHOCTH, OJHOCHO CTaHIAPJHHUX JEBHjalMja OICHkEHHX mapamerapa TLS
Mojena wm3BpiieHa je mpuMeHoM (opmyne (3.34). YV Tabenu 5.2 mpukaszaHo je
ynopeheme ca oeHama CTaHAapAHUX JIEBUjalllja HA OCHOBY allpOKCMMATHBHUX HM3pa3a
(3.14), (Kupferer, 2005) u (3.33), (Schaffrin, 2006) kao u u3paza (2.44) oxHOCHO

HenuHeapHor Gauss-Helmert-oBor mozena.
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Tabena 5.2. Ymopemna aHanu3a OIleHE TAaYHOCTH IMapaMeTrapa pEeTrpecHoHe TIpaBe
3aHEeMapHBamkEM KOBapHjaIllMOHE MaTPHUIlE KOOPAWHATA Tayaka

CTaHgapﬂga Schaffrin, (2006) | Kupferer, (2005) GHM Uspas (3.14)
JeBHjaluja

G, [mm] 6.811 20.122 19.902 19.902

a

o 0.0034950 0.0031522 0.0031514 | 0.0031514

N3 Tabene 5.2 moxke ce mpumerutd na ce m3pasuma (3.14) nobujajy oreHe
CTaHIApAHUX JEBHUjalllja mapaMeTapa perpecuoHe npaBe WACHTHYHE BPEAHOCTHMA KOje

ciene u3 HenmmHeapHOT Gauss-Helmert-oBor Mozena, omHOCHO m3pasa (2.44).

Ha mpumepy ckyna tauaka ca Cnuke 5.1 aHanu3upaHa cy peliema (MOAENH) Koju
ypauyHaBajy (IeIMMHYHO WM TOTIYHO) BapujaHce W MehycoOHe KoBapujaHce
KoopanHata Tadyaka. CtangapaHe JeBHjanyje ckyna Tadaka ca Ciuke 5.1 kperaie cy ce

y pacrony 0.471 mm — 1.676 mm o y ocu u 0.697 mm — 4.344 mm 1o X ocwu.

Pemema WLS_y u LS_x noapasymeBana cy 3aHeMapHuBame BapujaHCH U KOBapHjaHCH
3a X, OIHOCHO Y KOOPAHMHATY, PECIIEKTUBHO, U npuMeHy Gauss-Markov-seeBor mozena.
Pemema WLS_x_transf moapasymeBano je Takohe mnpumeny Gauss-Markov-sbeBor
MOJleNla Ay y3UMame y 003Mp BapWjaHCH M KOBapWjaHCH 3a CBE KOOpAMHATE, Ha

MPETXOHO omnrcaH HaunH (Pememe 3).

Pemewe WTLS — GHM mnogpa3zymeBasno je mMpuMeHY TEKHHCKOT MOTIYHOT METOZa
HajMamkUX KBaJpaTa ca yHOM KOBAapHjallMOHOM MaTpuioM onucaHoM y Ilornasipy 4,
kao u mpumeny HenuHeapHor GHM, omucanor y IlormaBmy 2. O63upom na cy

PpEe3yJITaTH OBa ABa NNOCTYINKAa UACHTUYHHU IIPHUKA3aHU CY Kao jeIlHO peUICHEC.

CymapHu nipersiies pesynrara npukasad je y Tabemu 5.3, rie cy mapaMeTpu KOju HHCY
OLCHEHH AWPEKTO u3pauyHaTH KopumthewmeMm penanuja (5.7), AOK Cy HHXOBE

CTaHIAapAHE JeBUjalrje J0OujeHe MPIMEHOM 3aKOHA O PACIIPOCTHPAY KOBAPHjaHCH.

Ha ocHoBy pe3ynraTta npukazanux y Tabenu 5.3 Moxe ce 3aKJbyuyuTH Ja Cy peliema
WLS_x_transf 1 WTLS — GHM wmeljycobHo carnacHa (10 HUBOA TAYHOCTH padyHama)

1ok ce pemema WLS_y 1 WLS_x 3HauajHO pasimkyjy.
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Tabena 5.3. Ouene mnapaMerapa © TIOKa3aTe/bM TA4YHOCTH PErPECHOHE IpaBe
ypadyHaBamkEeM KOBapHjallMOHE MAaTPHIIE KOOPMHATA TayakKa
&y &x bAY l;x
» dmax dﬂl‘
Mopen G. G. :
G. G [mm] [mm]
[mm] | [mm] b, b,
-24.725 | 1.848 | 13.3818013 | 0.0747284
WLS_y 31.886 8.555
82.517 | 6.166 0.0052591 | 0.0000294
-93.766 | 7.013 | 13.3711590 | 0.0747878
WLS_x 43.370 9.973
46.550 | 3.481 0.0040022 | 0.0000224
-91.766 | 6.863 | 13.3712655 | 0.0747872
WLS_X_transf 43 683 10078
47.650 | 3.564 0.0041947 | 0.0000235
-91.766 | 6.863 | 13.3712660 | 0.0747872
WTLS - GHM 43.683 10.078
47.640 | 3.563 0.0042062 | 0.0000235

“BospK” MoKa3aTesbH KBaaMTeTa (huTOBamba d

max

ud

sr?

3a OBa pellema, pe3yirar cy

ACTIUMHUYHOT 3aHEMapuBamba 1noJgaTaka 0 TAHHOCTU U KOPCIMCAaHOCTHU PE3YyJiITaTa MCPCHha

, IpeMa TOME, HE MOTY C€ CMaTpaTh 00jeKTHBHUM.

OmneHa Ta4HOCTH, OJHOCHO CTAaHIAPAHUX JEBUjalMja OoUeHEeHHX mapamerapa WTLS
MoJleNla U3BpIIeHA je TpuMeHoM ¢opmyne (4.67), mpu demy je moOHMjeHa MOTIyHa
CarjJacHOCT ca KOPECHOHACHTHHM OIleHaMa JO0O0MjeHHX Ha OCHOBY m3pasza (2.44)

omHocHO HenmmHeapHoT Gauss-Helmert-oBor Mozena.

5.2. JIBoaMMeH3HMOHA/HA TPaHchopMalMja CAIUYHOCTH

Mogpencke jemHaunHE TBOJMMEH3NOHATHE TpaHC(opMaIje CIIMIHOCTH TI1ace
Y¥=t,+y'p-x°q,

(5.8)

X=t+x"p+)y°q,
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rae cy (y°, x°) KoopiMHaTe Y H3BOPHOM KOOPAMHATHOM cucTeMy a (y°, x°) KoopauHate y
LIMJBHOM KOOpAMHATHOM cucteMy. [lapamerpu ty, t,, p U g OLielY]y C€ Ha OCHOBY CKyIa
UJCHTUYHUX Tayaka OJHOCHO Tayaka yHje Cy KOOpAMHATE MO3HaTe y 00a KOOpJHHAaTHA

CHUCTEMA.

Hako cy 06a ckyma KOOpIMHaTa pe3yJiTaT Meperha U OlChUBaba, IPpeMa TOME CIIydajHe
BEJIMYMHE, yOOMYajeH HAuWMH OIeHEe mMapameTapa TpaHcopmamnuje (mpumena Gauss-
Markov-meBor Mozena) mojapasyMeBa ja ce KOOPAMHATE Y HHJBHOM KOOPIHMHATHOM
cucremy ()¢, x°) TpeTupajy Kao Mepema (MCTe WM Pa3iM4dTe TaYHOCTH) JOK C€
KOOpJIMHATE y H3BOPHOM KoOpauHATHOM (y°, x°) cHCTeMy OOMYHO TPETHPajy Kao

KOHCTAHTC, OJHOCHO KOHCTaHTHHU KOC(l)I/II_H/IjCHTI/I MaTpuue Moacia A.

VY oBOM mpumepy Ha pacnoyiaramy cy 6uie 25 Tayaka ocMaTpadke reoJIeTCKe Mpeke
xuapoenekrpane “Bepaan” (Crnuka 5.2.) 3a koje cy oapeljeHe KOOpIMHATE Y JBE MEPHE
€roXe M U3BpIICHAa OIEHAa HUXOBE TAayHOCTH, TAaKO JAa Cy Ouie pacrojokHBe
CTaHJapAHE JAeBHjalllje KOOpAMHATE CBake Tauke y oOe MepHe emnoxe. TectupaHa je
olleHa NapameTrapa TpaHchopmanuje ciauyHocTH u3Mel)y nBe MepHe enoxe Gauss-
Markov-mmeBum mogenom (LS, WLS) rme cy camo KkoopauHate y IIUJBHOM
KOOpAMHATHOM CHCTEMY TPETUTAaHE Kao CIIydyajHEe BEJMYMHE U TEKUHCKUM MOTIIYHUM
MetonoM HajMmamux kBaapata (TLS, WTLS), rne cy ypauyHaTe HECHTYPHOCTH CBHX
KOOp/MHATa KOje yYeCcTBY]Yy y HOTYIIKY OLieHe Mapamerapa TpaHcopmanyje. [Ipu Tome
cy 14 rtayaka ycBOjeHe Kao MJCHTHYHE Tauke (Tauke 3a OlLEHy IapameTapa
TpaHchopmanyje) A0k cy 11 Tauaka TpeTupaHe Kao HEUJCHTUYHE OJTHOCHO Ha HUMa je

BpIeHO yropeheme pesynrara.

O03upoM /12 je ped 0 ocMaTpaykoj MPEKH Yy KOjOj Cy y CBaKOj €MOXH KOOPIHHATE
Tayaka ojapeheHe Ha OCHOBY TEpPECTPUUYMX MEpEHa, UCTOM MEPHOM TEXHOJIOTHjOM U
MOCTYIIUMA a TaKohe U y MCTOj T€OMETPHjH, TO Cy KOOpJAMHATE Tayaka y U3BOPHOM M
IUJBHOM KOOPJMHATHOM CHCTEMY HMMajleé TA4HOCT HCTOI peja BenuduHe. Tako cy y
M3BOPHOM KOOPJMHATHOM CHCTEMY, HAa MICHTHYHHM Tadykama, 3a y° KOOPIMHATY
CTaHJapjaHe JieBujanuje owie y pacnony 1.395 mm — 2.776 mm, ogHocHo 1.247 mm —
2.893 mm 3a x° koopauHaTy. V IHM/BHOM KOODAMHATHOM CHCTEMY KOPECIIOHJEHTHE
BpEIHOCTH OBUX BeiawunHa ¢y Oome 0.940 mm — 1.920 mm 3a y° koopaunary u 0.782

mm — 1.893 mm, 3a x° KOOpaUHATY.
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Cauka 5.2. Jlucnosuiyja Tayaka ocMaTpadke reoIeTCKe MpeXe XUIAPOeIeKTpaHe

“T)ep,I[aH”

O063upom nma Hema MelycoOHe Kopemanuje n3Mel)y ckynoBa Tadaka npu TLS omnenn

napameTapa Tpanchopmanuje kopumthen je moctynmak Shen u mp., (2011). Matpuma

MOJiella W BEKTOp pe3yliraTa Mepema 3a JBOJMMEH3HOHAIHY TpaHC(hopManujy

CJIMYHOCTH TJ1ace
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Yo =X
o
X )
b
o (4]
Yo —X,
(s o
Xy Y |

(5.9)

CanuyHo Kao y mpumepy H3paBHaBajyhe (perpecuoHe) mpaBe aHajM3MpaHa Cy JBa

ciydaja. [IpBu cirydaj (mocTa 4ecT y Te0eTCKOj MpaKCH) Moapa3yMeBa 3aHEMapUBAHE

nogaraka O TaA4YHOCTH U KOPCIHMCAHOCTH OLCHA KOOpAHMHATA KAaKO Yy M3BOPHOM (yo, XO)

TAKO M y IMJBHOM KoopauHaTHOM cuctemy (Y, x°). JIpyru ciyd4aj mompasymeBao je

JeTMMUYHO WIM TOTIYHO ypauyHaBame (y3UMame y 003Mp) IHojaTaka O TYHOCTH

KOOp/MHATa YKJbYUYEHHUX y NOCTYIAK OLEHe IapaMeTapa TpaHchopmanyje.

CymapHH IpuUKa3 olieHa napaMeTapa TpaHchopMaluje Kao M BPEIHOCTH OJACTYIama,

OJTHOCHO TIOJIOKAjHUX pa3iuKa TPaHC(POPMUCAHUX KOOPAWHATA M FHHXOBHX IMO3HATHX

BPEAHOCTH, Y IIMJbHOM KOOPJIMHATHOM CUCTEeMY TpuKkaszane cy y Tabemama 5.4 u 5.5.

Tabena 5.4. OueHe napameTpu JBOJUMEH3HMOHJIHE TpaHC(OpMalMje CINYHOCTU U

OII€CHA TAYHOCTH 34 cnyqaj 3aHCMapHBamba BapI/IjaHCI/I KOOpArHaTa Ta4aka

LS TLS — GHM
Crannmapaaa Crannmapaaa
[Tapamerap Bpeanoct JieBUjaIyja Bpennoct JieBUjanyja
1 0.0291 m 0.0489 mm 0.0291 m 0.0489 mm
t, 0.0351 m 0.0489 mm 0.0351 m 0.0489 mm
p —1.986E-06 2.208E-06 —1.986E-06 2.208E-06
q 4.429E-07 2.208E-06 4.429E-07 2.208E-06
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Tabena 5.5. BpegHocTn HecarlaCHOCTH HAa WACHTHYHUM W HEHUJECHTUYHHM TadKama
3a Cllydaj 3aHeMapHBama BapujaHCH KOOPIUHATA TadaKa

Nnentuune Tauke Heunpeuruune tauke
dmax dsr dmax dsr
Mopnen
[mm] [mm] [mm] [mm]
LS 20.688 7.327 22.537 6.032
TLS — GHM 10.344 3.664 22.537 6.032

N3 Tabene 5.4 moxke ce BUIACTH Jia 3a ClIy4aj 3aHEMapHuBamba MoJaTaka O TAYHOCTU U
KOpeJrcaHOCTH KoopauHata npuMeHa LS ognocHo TLS Hema yTunaja kako Ha OIEHY
napameTapa TpaHc(popMalyje TaKo HU Ha OLIEHY uXxoBe TayHocTH. IIpumeHom ob6a
noctynka nobuhe ce WIEHTHYHE BPEAHOCTH. JenWHW edeKxaT MOXKe ce BHUACTH Ha
BPEIHOCTHMA OJCTyINama TpaHC(HOPMUCAHUX M TO3HATHX KOOpAMHATA HIACHTUYHUX
tagaka (Tabema 5.5). Ilpumenom TLS, oBa oncrynmama Ouhe nymio mama, Kao
MOCTIeTUIIa YNECHUIIE J1a, Y OBOM CIy4ajy, OMpPaBKe CE€ pauyHajy KaKo 32 KOOpPIHHATE
Yy LUWJbHOM KOOPAMHATHOM CHCTEMY TAaKO U 32 KOOPAMHATE Y U3BOPHOM KOOPAMHATHOM
cucremy, nma he \BUXOBe BpeIHOCTH OWMTH JBa myTa Mame. LLTo ce THue HeMAeHTHIHUX
Tayaka, IpUMEHOM 00a rocTymnka gobuhe ce MJeHTHYHE BPEIHOCTH TPaHCHOPMUCAHUX

KOOpJIMHATA.

Omene mapamerapa Tpanchopmalyje ypadyHaBambeM MoJaTaka O TAYHOCTH KOOpAWHATA
y UMJbHOM KoopauHaTHOM cucteMmy (WLS) xao u ypauyHaBameM mojiaTaka O TAYHOCTH
y ob6a xoopauHatHa cuctema (WTLS) npukaszane cy y TabGemn 5.6, 10k Cy monoxxajHa
OJICTyNama Ha WACHTHYHUM W HEHWICHTUYHUM TadKama, MPUMEHOM OBHX IIOCTYyTaKa,
npukazana y Tabenu 5.7. 13 TaGene 5.6 Mory ce youuTH paszjiuKe OlleHA MapaMerapa
TpaHchopmanmje noOWjeHe TPUMEHOM JBa HaBeleHa IOCTyNmKa. JacHO je ma ce
npumenoM WTLS noOujajy oO0jekTUBHHMje OIleHe Mapamerapa TpaHcopmalmje
003UpoM Jla ce ypauyHaBajy HECUTYPHOCTH CBUX MEpPEHHMX BEJIMUYMHA KOje YYECTBY]Y Y

MOCTYIIKY OLIEHA [TapameTapa TpaHcgopmauuje.
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Tao0esna 5.6.

Onene mapaMeTpu IBOJMMEH3HOHIIHE TpaHChOpManuje CIMYHOCTH M
OllEHa TAYHOCTH 3a CIIy4aj ypauyHaBama BapyjaHCH KOOPIUHATA TadyaKa

WLS WTLS - GHM
Crannapana Crannapana
ITapamerap Bpenuoct JeBUjaIyja Bpennoct JeBUjauja
1 0.0368 m 49.759 mm 0.0370 m 50.667 mm
t 0.0369 m 0.469 mm 0.0387 m 45.741 mm
P -2.168E-06 2.046E-06 —2.256E-06 2.020E-06
q 7.396E-07 2.268E-06 7.325E-07 2.322E-06

Tabena 5.7. BpenHocTu HecarjacHOCTH Ha WACHTUYHUM W HEMJIEHTHUYHUM TauKama

3a cllyyaj ypauyHaBamba BapHjaHCH KOOpAMHATA Tayaka

WNnenTnane Tauke

Hewnnentnune Tauke

dmax dsr dmax dSI’
Monen
[mm] [mm] [mm] [mm]
WLS 0.0203 0.0074 0.0227 0.0061
WTLS — GHM 0.0065 0.0025 0.0223 0.0059

U3 Tabene S5.7. moxe ce NpUMETHTH Ja Cy OACTyNama HAa WACHTHUYHUM TadyKama

nobujena Ha ocHoBY npuMeHe WTLS 3HauajHo Mama y nopehemy ca ucTiuM 1001jeHuM

Ha ocHOBY Gauss-Markov-jreBor Mojiena JIOK Cy Ha HEHJICHTHYHUM Tadykama, 3a OBaj

ciydaj epextu npumene WTLS 3HauajHO MamH, IITO je MOCIEAHWNA MPAKTUIHO UCTE

TAYHOCTH KOOpAWHATa Y U3BOPHOM U IUJbHOM KOOPAMHATHOM CUCTEMY.
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5.3. ®wurToBame NOBPIIM UJINHIPA HA CKYIl TaYaKa ca
TPOAUMEH3NOHAJTHHUM NMO3MLHjaMa oapel)eHMM TepecTpUYKUM

JIACEPCKUM CKeHHPamheM

[Mpumena Gauss-Markov-ieeBor monena (LS), y cnydajy ¢puToBama Ha CKyINl Tadaka y
IpOCTOpY JMHMja W TMOBPLIM JAPyror pena, Huje Moryha. Y OBakBMM cCilydajeBUMa
Moryha je jemnHo mpuMeHa HemuHeapHor Gauss-Helmert-oBor monena (GHM) wnn
notmyHor Metoja HajMamux kBaapata (TLS, WTLS). OBakaB cnyuaj mpukasaH je Ha
npumepy (uToBama MOBPIIM LUIMHIPA HA CKYIl Tayaka y MPOCTOPY 4YHje Cy MO3ULHje

(x, y, Z) ozlpeljeHe TCPECTPUIKUM JIACCPCKUM CKCHUPAHEM.

JenqHaumHe WHIMHApPa ca TPOU3BOJBHUM TIOJNOXKAjeM OCe Yy TMPOCTOPY MOTy ce

NpeaACTaBUTU jeIlHa‘-II/IHOM
A’ +B*=R?, (5.10)

rae cy A, B oproroHaJHU BeKTOpH Koju (opmupajy 0asy muiuHapa a R meros

MOJIyIPEYHHUK.

Vkonuko ce oapeau n031/1111/1ja TAa4YKEC Ha MHNOBPIIM HWIWHAPA TPOAUMCH3WMOHAJIHUM

X,V,z) oHna ce Bekropu A u B mory gooutu kao

(x,y.2) p y
A =—(xi —xo)sin9+(yl. —yo)cose, (5.11)
B, =—(xl. —xo)cos Gsinq)—(yi —yo)sine sin¢+(zi —zo)cosq), (5.12)

rae cy (xo,yo,zo) KOOpJMHATEe LEeHTpa 0a3e LUIMHApPA, ( yrao HEroBe HarHyTOCTH Y
OJTHOCY X,y paBaH a O yrao poranmje y ogHocy Ha x ocy (Cnuka 5.3).
[Ipema Tome, QyHKIIMOHATTHN MO/ IOTIYHO TexkuHCKOT TLS je o6nnka

w+v, =(A+V,)x, (5.13)

rJie je
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HAIQIHXI HAIQIHXZ HAIQIH};S HAlQlH§4 HAIQIH};S HA1(2113TW

HASQIHXI HA5Q1H£2 HASQIH};?: HASQIH£4 HASQIH};S HASQIBT
L BQIH};I BQIH};Z BQIHZ,’: BQIH};K! BQIHZS BQIBT J

rae cy marpune H,; obnuka

[0A(Li) 0A(Li) 0A(Li)

dA(ni) 0A(ni) 0A(ni)
axﬂ ayﬂ azﬂ

JI0K je JakoOujeBa MaTpulla jeJHaYMHE LUINHPA M0 KOOpAUHATaMa KapaKTepUCTUYHUX

Tayaka B oOimka

2Al%+231% 2A1%+231% ZBI% 0
ox, ox, 9y, ay, 0z,
B-
0
0
0 24, oA, +2B, aﬂ 24, oA, +2B, 9B, 2B, 9B,
axn axn ayn ayn aZVl _

dutoBame NMoBpIIM HuIMHApa npuMeHoMm TLS wm3BpiieHo je Ha ckymy onx 2402 tauke
Yyyje Cy TPOJAMMEH3UMOHANHE TMO3UllMje J00HjeHe TEepecTPUUKUM  JIACEPCKUM
ckeHupameM Topwma LlpkBe Csetor Ante IlagoBanckor Ha Bpauapy y beorpany, koju
uma o6k nuuHapa. b je 61o aa ce oapean yrao HarHyTOCTH OCE TOPHA y OHOCY

Ha XOPU3OHTAJIHY paBaH X, y. /lucrnosunuja oBux Tayaka npukasasa je Ha Ciunu 5.4.

O063upom 1a HUCY OuIle pacroyiokuBe WHGOPMAIMjU O BapHjaHcaMa W KoBapHjaHcaMa

3a KOOpIWHATE TauKa, (PUTOBAME je N3BPIICHO KIACHIHUM (HeTe:KUHCKIM) TLS.
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Cauxka 5.4. Jlucno3unuja tauaka Ha acanu Topma Llpkee CBetor AHTe

[TapoBanckor Ha Bpauapy
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Koopnunare cBake Tauke Ha HOBpIIM TOopma omoryhasane cy QopMmupame jenHe

jenHauMHe ca 5 HEMO3HATHX mapameTapa X,,Y,.0, ® u R. Tpeha koopauuara Gase
IWIMHIpa Z, je ¢ukcupaHa na Ou ce uzdersa ciaaba yCIoB/BEHOCT CHCTEMa, 003UPOM
71a je Topam MPUOIMKHO BEpTHUKAIIAH.

OuemeHn apaMeTpH 10JI0XkKaja HUIHHIPA y TPocTopy Ha ocHOBY TLS Monena y oBom
pamy Kao W BpEeIHOCTH J00HMjeHe komepuujanmHum codrBepoMm Leica Geomagic,

npukazanu cy y Tabenu 5.8.

TaGena 5.8. Ilapamerpu wuspaBHaBajyher nmiuHapa Topma LlpkBe Ceror AHTe

ITagoBanckor
Koopnunare 6a3e munmmaIpa
R
Xo Yo Z, 5 0 &,
6"0 6)’0 6 G
Monen [m] [m] [m] 0 0 [m]
29.346 5.564 40.568 | 50°31°22” | 88°33°59” | 4.481
TLS - GHM
0.0006 0.0005 - 175.2” 4.9 0.0002
Geomagic 29.356 5.552 40.568 | 50°27°57” | 88°35°45” | 4.482

[Tpoceuna BpeaHoCT nedopmanuje y OJHOCY Ha W3paBHaBajyhu LMIMHIAp W3HOCH
0.012 m, nmok je makcumanHa BpemHoct 0.104 m. Ha Cnumm 5.5. mpukasaH je
MPOCTOPHU pacropes] BpPEeTHOCTH AedopmMaiyja MO HOpPMadd Ha u3paBHaBajyhu
MUIMHAAP, T ce BUIU Ja cy Aedopmarje Behe Mo BpeHOCTH 3aCTYIUBEHE Y JOHEM

JIeTy TITO yKa3yje He caMO Ha HarWmbamke Hero u JAedopmariyjy oomuka.
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Ciauka 5.5.

0.173000

0.150000

0.050000

0.025000

-0.023000

-0.050000

[Mpoctopuu pacmiopen negopmanuja Topma Lipkse Cetor Ante

[MagoBanckor Ha Bpavapy y oqHOoCy Ha m3paBHaBajyhu mummHIap
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6. 3AK/bYUYLIU U ITPETIOPYKE

VY OKBHpY OKTOPCKE T€3€ UCTPAKEHU CY U MPUKA3aHU PA3IUYUTH MOJAEIH MOTIIYHOT
Merona HajMamux kBajapata (TLS) u mokazaHu mnpumepu HUXOBOT Kpulihema y

peuiaBamky pasiiMdUTUX 'COACTCKUX 3adaTaKa.

Haxo je mojam MOTIIyHOT METOJla HajMamkUX KBaIpaTa y MaTeMaTHIKUM TUCIUTUITMHAMA
HacTtao mpe Buie oj Tpu aeuenuje (Golub m Van Loan, 1980), meroea npumeHa u
pa3Boj Mozena y pemiaBamy I'eOJeTCKHX MpobiieMa pellaTBHO jeé HOBHjEr JaTyma, ca
BEJIMKUM OpojeM ImyOnuKanyja Ha OBy TEMYy KaKO y HayYHHUM 4YacOIHMCHMa Tako U Kpo3

uspany nokropckux aucepranuja (Kupferer, 2005, Fang, 2011, Snow, 2012).

OcHOBHa wmzeja OBOT MpHCTyma je Ja ce oOyxBaTe W Ha OApoBapajyhm Ha4ywH
MOHACPUITYy CBE MEpHE HECHTYPHOCTH TPUCYTHE Y TIPOIECYy MaTeMaTH4KOT
MOJIeTIpama. ¥ OCHOBH, ped je O pellaBamy HEIWHEapHUX MaTeMaTHYKHUX MOJena,
OJTHOCHO O CHTYyalWju KaJa MEpPeHe BEJIMYMHE HHUje Moryhe eKCIUIMIUTHO W3Pa3uTH y

¢dbyHKIMjU TapameTapa Mojiena Beh je Ta Be3a AaTa UMILTUIIUTHO y HelrnHeapHoj hopmu.

Mebhytum, HenmMHEapHH MOJIENW TPUCYTHH Cy y TEOACTCKAM IpHMEHama jOIl Of
nouetka npouwior Beka (Helmert, 1907) kpo3 ureparuBau Gauss-Helmet-oB nmocTymnax.
300r tora Heku ayropu (Neitzel u Petrovic, 2008, Neitzel, 2010) TLS ne cmatpajy
HOBHMM TIOCTYIIKOM OIICHE Tapamerapa Mmojena Beh crenujamHuM cirydajeM, OZHOCHO
ApyradvjoM (GOpMYIIAIjoM pellaBama HeJMHEAPHUX MaTEMATHIKUX MOJIENa Y OTHOCY

Ha Gauss-Helmet-oB urepaTUBHU MOCTYTIAK.

Ca nmpyre crpane, Gauss-Helmet-oB nTepaTMBHM NOCTymak Moxke OWTH HE3roJaH 3a
pYKOBame, OJHOCHO HOCH y ceOM ‘“3aMKke” KOje MOTy BOJUTH KOHBEPTEHIMjH Ka
MOTPEIIHOM peIICHY YKOJIHKO ce, n3Mel)y CyKIeCHBHHMX WTapanuja, Ha oAaroBapajyhu
HAauYMH HE W3BPIIM axXypupame Matpuma moiena A uw B kao um Bekropa

HCKOH3HUCTCHTHOCTH W .

Ha oBo je ykazao Pope, (1972) u nmao mpenopyke kako aa ce, y Gauss-Helmet-oBom
MOJIeNTy, TPAaBUWIIHO CHPOBEIE HTEPATUBHH MOCTYIAK, OJHOCHO Kako Ja ce, u3Mely
uTepalyja, W3BPLUIM aJEKBATHO axypHupame Marpuna monena A u B, Bekropa
HEKOH3MCTEHTHOCTH W , BEKTOpa oOlieHa (NpeauKlyja) MapaMmerapa Mojeina X U

BeKTOpa MepeHnx BenmumHa 1. Y cTBapw, ykonmko ce Ha oAroBapajyhu HauuH u30eTHy
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“3aMke” Ha Koje je ykazao Pope, (1972) cBaku TLS mpobiem Moxe ce pemutu Gauss-
Helmet-oBuM unTepaTUBHUM MOCTynKoM onucaHuM y IlormaBmy 2, 6e3 HKakBHX
orpaHuuema y IOINIeNy KOBapujallMOHE MaTpulle pesyiaraTa Mepemwa. IIpema Tome,
Gauss-Helmet-oB nmoctynak Moxe ce Takol)e cMaTpaTH pelIeHkEeM 3a OLieHy IapameTapa

y EIV monenuma.

IMotnynun Meron HajMamux kBaapata TLS (WTLS), ca apyre crtpaHe, cmaTpa ce
JUPEKTHUJUM TPUCTYIIOM IpH oOlewuBamy napamerapa y EIV mozenuma jep He
3axteBa (ocuM y amroputmy Shen u np., 2010) wu3pauyHaBame 4IaHOBA MAaTpHULE
Mozena A y cBakoj on urepanuja. Mehyrum, kog TLS (WTLS)npuctyna, HEONXoHO
je u3pauyHaBame KoBapujauuoHe MaTpuue Q,, AMMEH3Mja NUXAU HA OCHOBY

KOBapHjalliOHe MaTpHLE pe3yiaTara Mepema, NMPUMEHOM 3aKOHa O PacHpOCTHPAbY
KOBapHjaHCH, KOja MOKe OWTH NMPWIMYHO BEIIMKUX TUMEH3Wja U CaMUM TUM HE3roJHa

3a pyKOBame.

VY cBojum nouerma TLS npoGneM je peraBaH AEKOMIO3UIU]jOM MPOIIMPEHE MAaTPHULIE
Mojienia Ha CcHUHrynapHe BpefaHoctd (SVD) anu je oH yriaBHOM TpPHUMEHJbUB Ha
XOMOCKEJACTUYKH Clly4aj (Cily4yaj jeIHAaKUX TEXKHHA), OJHOCHO HE ypauyHaBa WU He
ypauyHaBa J0 Kpaja KOPEKTHO, pa3IMYUTy TayHOCT Kao M KOopeJauujy usMmely
pe3yiTara Mepemy y MaTeMaTuikoM Mozaeny. Takolhe, He MOCToju pememe TPUMEHOM

SVD 3a TLS ca ycnoBuma u3mely napamerapa mojena.

300r TOora cy, y HOBHje BpeMe, CBE NPHUCYTHHMja pelewma MeToaoM Lagrange-oBux
MYJITHUIUIMKATOpa KOJUM C€ MOXKE y3€TH y 003Up yak M IyHa KOoBapujalMoHa MaTpula

NpOIIMpEeHe MaTpule Mojena, 0e3 yBohewa MKAaKBUX MPETHOCTaBKU O HEHOJ

CTPYKTYpH.
Takohe, Hemocrajane cy ¢dopMmyne 3a oarosapajyhy oOlleHy Ta4HOCTH JOOHWjEeHUX
pesynTara, OZHOCHO KO(aKTOPCKHX MaTpHIla BEKTOpa OICHa mapamerapa mojena X

A~

Kao M BEKTOpa OllcHa MEPEHUX BeIUYHHA | .

VY OokBHpY OBe JOKTOpPCKE IUCEpTalluje YJIOXKEH je Hamop Ja ce Aajy dopmyie 3a
padyHambe KOBapHjalHOHUX (KOPAKTOPCKUX) MAaTpHUIA KaKO OICHCHUX mapaMerapa X

MoOJIeJIa TaKko M MONIPaBaKa pe3ysiTara Mepema Vv, Kao U WIaHOBAa MaTpulle Mojena V, .

3a cmyuaj kinacuuHor (HerexxuHckor) TLS, 3a pauyname kodakropcke marpuie Q.
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OllCHA MapaMeTapa mojena X mpeanoxere je dopmyna (3.34), 10k Cy 3a pauyHame

KOMPAKTOPCKE MaTpulie . OHLCHCHOI' BCKTOpa IIOoIIpaBakKa pe3yijiTaTa MEPCHa vV u
i

KogakTopcke marpuue Q YJaHOBAa MaTpule Mozesna A mpeioxkeHe (Gopmyse

0,
(3.35).

3a cimydaj Mo3HAaTHUX Ko(aKTOpCKe MaTpHLe BEKTOpa pesyirata mepewma Q, Kao u
KO(AaKTOpCKE MaTpHIle WIAHOBAa MaTpume Mojena Q,, amu oAcycTBa (WM

3aHeMapHuBama) MeljycoOHe Kopenanuje npeioxere ¢y Gopmyne (4.48)—(4.50).

W Ha kpajy, 3a HajONIITHJU CIIy4yaj HO3HATUX KO(aKTOpckux Matpuma Q, u Q, kKao u

mehycoOne kopenanuone marpuue Q,, , npemnoxene cy Gopmyne (4.67)—(4.69).

OreHa TaYHOCTH HAa OCHOBY TPEUIOKEHHUX (popMyria, 3a m3padyHaBame KO(PAKTOPCKUX

marpuna Q. Q; QVA’ y TOTIYHO] je CarjacHOCTH ca KOpPeCHOJCHTHUM

pe3yiTatuMa u3padyHaBama KO(PaKTOPCKUX MAaTpHIa Kpo3 MPUMEHY TPaaWIHOHATHOT

Gauss-Helmet-oBor utepaTUBHOT MOCTYTIKA.

Ha HymepuukuM nmpuMmepHMa, MOKa3aHo je Ja je 3a XOMOCKEIACTHYKH cilyyaj (ciydaj
JEeIHAaKMX TeKuHa) Moryhe nogjeanako ycnemHo kopuctuti Gauss-Markov-jbeB Mozen
(LS) rme rom mpuponma mpoGiema TO J03BOJbaBa (NMpuMep H3paBHaBajyhe mpaBe U
JBOJMMEH3UOHANIHE TpaHchopMaIyje CIMYHOCTH). 3a cBe ocraie ciydajeBe EIV
Mojena, Moxe ce kopuctutu oxHoBapajyhu TLS (WTLS) moctynak wim HenuHeapHU
GHM wmopen. YKOIMKO ce KOpPEKTHO crHpoBely, o0a mocTynka nahe uaeHTHUYHE

peE3YITATE, KaKO 3a OLICHY ITapaME€Tapa MOJ€Ja, TAKO U 3a OLICHY TaYHOCTH.

[ITo ce THYe npenopyka 3a Jajbe UCTPAKUBaHbE, OHA he ce CBaKako O/BMjaTH y HPaBILy
UCTpakBamka HyMepuuKe e(pUKacHOCTU Kao M MOTyhHOCTH onTHMHM3allUje ajJropurama
HOBOPA3BMjEHUX HUTEPATUBHUX IOCTyIaKa, Kako OM ce JIaklle PyKOBaJlO BEIUKOM
KOJIMYMHOM I0/IaTaka Koje HyAe caBpeMeHe MepHe TexHuke. OO03upom jaa je ped o
peslaTUBHO HOBHUM MOCTYMNILMMA, LIMPOKO pa3MaTpaHUM Yy CaBPEMEHO] JIUTEepaTypH,

MOXKC CC CBAKAaKO OYCKHMBATH BbHUXOB JaJbU pa3Boj.

Taxohe, moTpeGHO je najbe ycaBpllaBame MOCTYMaKa OLEHEe TAYHOCTU U MOY3JaHOCTH

Kao ¥ TeCTOBa Ha rpy0e rperike.
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Buorpagmuja ayropa

JoBan, Munopan, [lomosuh pohen je y bpmapumm, ommtuHa KonesbeBa. 3aBpuimo je
OoCHOBHY 1ikony 1977. ronune y [parumy, a cpeamy [ €0AeTCKO-TEXHUYKY IIKOIY Y
Beorpany 1981. ronune. lllkoncky roguny 1981./82. mpoBeo je Ha OJCITyKEHY BOjHOT

poka.

Hunnomupao je 1988. romuue Ha Opnceky 3a reoxaesnjy, I'paheBuHckor ¢akynrera y
beorpany ca npoceunom oreHom 8.50. Jlummomcku pax moa HacmoBoM "HuBenMancke
Mpexke beorpaga kao ocHOBa 32 OCHOBHU OIEpaTHBHHU IOJIMTOH ayTomyTa "bparcTBo u
jenuncTBO" OokO beorpama" ombpannmo je ca omenom 10, uMMe je cTekao 3Bambe

AUTUIOMHUPAaHU MHXCHCP reoz[e:mje.

[Mocnenummomcke cryamje Ha ['paheBuHckom ¢akynrety YHuBep3ureta y beorpany,
cmep [pemep u ypeheme 3emibuiiHe TeputopHje, ynucao je 1988. ronuHe v nponmcane
UCIIUTE TOJIOKMO ca MpocedyHoM oueHoM 9.33. Marucrapcku paja 1oJ Ha3UBOM
“Ilpumena AxtuBHe reonercke pedepentHe ocHoBe CpOuje y  mpemepy
HernokpeTHocTH oabpanno je 2010. ToauHe, YMME je CTEeKao 3Bambe MarucrTpa

TEXHUYKHX HAYyKa.

On Jyna 1988. rommue 3amocneH je Ha WMHcTuTyTy 3a reonesmjy, |paheBuHCKOT
¢dakynrera, YauBep3urera y beorpany. [IpBux mect mecenn pajga mpoBeo je Ha pamy y

Upaxy, Ha IIpojexty 1103 Hymanuja.

VY mepuony 1988-96 pammo je y 3Bamy acHCTEHTA-TIPUIIPABHUKA HA MpeIMeTHMa
l'eogeswja 1, 2, 3 uw 4, ma Opncexy 3a reoxme3wjy, [paheBunckor daxynreTa,
VYuusep3utera y beorpany. 1o ucreky m3bopnor nepuoga panuo je Ha UHCTHTYTY 32
reoie3njy y 3Bamy HWHXKemepa capagauka a ox 2006. romune pacmopeheH je Ha

JYKHOCT TEXHUIKOT pykoBouona Jlaboparopuje 3a kaprorpadujy.

Hana 14.05.2010. ronune m3abpan je y 3Bame acucteHTa Ha OfceKy 3a reonesujy u
reouopmatuky, yxa HaydHa obsact [Ipemep u ypehemwe 3emibuinne tepuropuje. ¥
HACTaBH, aHT@XXOBaH je Ha m3Bohemwy BexkOama u3 npenmera ['eonercku npemep 1, 2 u
3, TexHuke reoneTckux Mepema, OnTUMH3aLja y reogeTckoM npemepy u IIpaktuuna

HacTaBa U3 IreoJ€TCKOI IpeMepa.
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Koaytop je (ca mpod. np MBanom Anexcuhem qumi. reoj. MHXK. U B. ipod. Ap JeneHoM
I'yueBuh nurui. reoi. MHXK.) 30MpKe peIICHMX 3a/aTaka Koja oOyxBaTa HacTaBHY

MaTepHjy U3 npeaMera TeXHHUKe Fe0JIETCKUX Mepema kao u ['eogeTcku nmpemep 1, 2 u 3.

3ajemHo ca mpod. ap MBanom Anekcuhem aurur. reon. umx. 1 Mp Hukxomom Ilepurom
IWIDI. MaT., KOAyTOp jeé MPOrpaMCKOr CHCTEMa 3a aHAIu3y JH3ajHa, ONTHMH3ALH]y
TUTaHA Meperha Kao U aHaJIN3y U U3paBHAIE pe3yiTaTa Mepema Y Te0IeTCKIM Mpekama
KOjU je HU3 TOAWHA 3aCTYIUbEH Yy TEO/ETCKO] MPAaKCH TE€OACTCKUX OpTaHu3almja y

CpOuju u Peny6nunum Cprickoj (bocHu 1 XeprieroButm).

O0jaBibeHH paoBH, HAyYHA aKTHBHOCT Kao M 00JaCT MHTEPECOBama, YCMEPEHH Cy Ha
npobieMe NpUKyIMbamka, 00paje U aHaIu3e MoJaTaka Mepema U IIPUMEHE CaBPEMEHHUX
TEXHOJIOTHja y T'€0eTCKOM Npemepy. Y CBaKOJHEBHOM pPagy KOPUCTH KOMeEpLHUjaHe

nporpamMe u pyTuHE COIICTBECHE U3paJC BE3aHEC 3a TCOACTCKY HpO6HeMaTI/IKy.

VYdecTBOBaO je y TpH HayYHO-HCTpaKMBAadKa IpojeKaTa peajn30oBaHa y capaamH ca
MUHHCTApCTBOM 3a HAYKY M TEXHOJIOIIKH Pa3Boj M PermyOmukum reoieTCKiuM 3aBOI0M

Penyonuke Cpouje.

OGjaBno je S5 HaydYHHUX paJxoBa y MNEpUOTUYHUM myOnmkanujama u 13 pamoBa y

300opHHLIMMa ca foMahux ¥ MehyHapoAHHUX HayYHHUX CKYIIOBA.

qI/ITa, numoie u roBopu eHFJ'I€CKI/Ije3I/IK.
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Hpuior 1
H3jaBa o ayTopcTBY

ITormucann: Mp Josan M. ITonmoBuh AHIUI.MHXK.TE0T

Opoj uHEeKCA:

H3jaBpyjem

7a je TOKTOpCKa JUcepTalyja moJi HaCJI0BOM

“IIOTIIYHU METO/J HAJMAIBbUX KBAJIPATA Y ®YHKIIUJHU
PEITABABA I'EQOJETCKHUX TPOBJIEMA”

® pe3ynTaT CONCTBEHOT HCTPAXUBAYKOT paja,
® Jla MPEJIOKEHA JOKTOPCKA JUcepTaldja y NEINHA HU y JIeJIOBUMa HUje Owmiia
MpeanokeHa 3a [o0ujame OWIIo Koje MUIIoMa MmpeMa CTyIHjCKUM MporpaMmuma

JIPYTUX BUCOKOIIKOJICKUX yCTaHOBA,
® 1a cy pe3yJITaTH KOPEKTHO HaBEAECHU U

® Ja HUCaM KpPILIMO ayTOpCKa MpaBa MU KOPUCTUO MHTEJEKTYaJlHy CBOJUHY APYTHX

JMna.

¥ beorpamy 10.07.2016. roaune. IMornuc x1oKkTOopania
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Hputor 2

H3jaBa 0 HCTOBETHOCTH IITAMIIAHE M €JIEKTPOHCKE

Bep3Hje TOKTOPCKOr pajaa

Nwme u npesume aytopa: mp JoBan M. [lonoBuh AWML MHX.T€0]1

Opoj nHeKca:

Crynujcku nporpam:_I'eosiesnja u reonHGopMaTHKa

Hacnos paga: “IIOTIIYHU METOJA HAIMABUX KBAJIPATA Y OYHKIIWIN
PEINTABAIHA 'EOJETCKHUX ITPOBJIEMA”

Menropu: [Ipod. np. UBan P. Anexcuh aumut. wHX. Teo.
[Ipod. np. bpanko C. boxkuh aurI. UHXK. TeoI.

IMornucanu:

U3jaBipyjeM na je mrammaHa Bep3dja MOT JOKTOPCKOT paja MCTOBETHA EJIEKTPOHCKO]
BEp3MjH KOjy caM Mpeaao 3a o0jaBJbuBamke Ha MOpTaTy JMruTaTHOT Peno3uTopujyma

Yuusepsurera y beorpany.

Jlo3BosbaBaMm /1a ce 00jaBe MOjH JIMYHM MOJAIM BE3aHU 3a T00Mjambe aKaJeMCKOT 3Bamba
JIOKTOpa HayKa Kao IITO Cy UME U Mpe3uMe, TOIMHA U MECTO poliermha u 1aTyMm ondpaHe

pana.

OBM nWYHM TOJAllM MOTY ce OO0jaBUTH Ha MPEXHHM CTpaHWIAMa IUTHTAJHE

OoubimoTeke, y eNeKTPOHCKOM KaTalory u myOnukamujama Y HuBep3urera y beorpany.

VY Beorpany 10.07.2016. ronune. [Hornmc noxTopanga
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Hpuior 3
H3jaBa o xopumhemy

Osnamhyjem YHuBep3uTeTcky OuOmmoreky “Csetozap MapkoBuh” aa y JurutamHu
peno3utopujyMm YHuBepsutera y beorpamy yHece Mojy NOKTOPCKY IUCEpTalMjy MOA

HaCJIOBOM

“INOTHHYHU METO/Jl HAJMAIbUX KBAJIPATA Y ®YHKIIUJHN
PEIHABABA I'EQOJETCKHUX TPOBJIEMA”

KOja je Moje ayTOpCKO JIeIo.

Jucepraiyjy ca CBUM IIPUIIO3KMMa MIPEJA0 caM y eJIEKTPOHCKOM (popMaTy MOroHOM 3a

TPajHO apXUBUPAE.

Mojy HOKTOpPCKY AMCEPTALH]y MOXpambeHy y JIMrHTamIHu peno3uTopujyM Y HUBEP3HUTETA
y beorpany Mory na Kopucte cBU KOju HOIITYjy o0Opeade caapkaHe y 01a0paHOM THITY

nunenne Kpeatusne 3ajennuiie (Creative Commons) 3a K0jy caM ce OJITyqHo:

AyTtopcTBo,

AyTOpCTBO - HEKOMEPIIH]aITHO,

AYTOpPCTBO — HeKOMepIHjaJHOo — 0e3 mpepaje,

AyTOpCTBO — HEKOMEPIIHjATHO — JIEJIUTH IO/ UCTHM YCIIOBUMA,

AyTopcTBo — 0e3 mpepae,

A e o e

AyTOPCTBO — JI€JUTH MOl UCTHM YCJIOBUMA,

(Monumo 11a 3a0Kpy»KMT€ caMoO jelHYy OJ IIECT MOHYl)eHMX JIMLEHIH, KpaTak OIHC

JUIICHIIN JaT je Ha TojehuHu nucra).

¥ Bbeorpany 10.07.2016. roqune. IMoTrnuc KoKkTopanaa

91



