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1. Introduction

Let H denote the space of all analytic functions in the unit disk D :¼ fz 2 C : jzj < 1g. Then, we think of H as a topological
vector space endowed with the topology of uniform convergence over compact subsets of D. Further, let A denote the class
of functions f 2H having the expansion of the form
f ðzÞ ¼ zþ
X1
n¼2

anðf Þzn
and let S �A be the set of univalent functions in D. For a given k P 0, we say that a function f 2A belongs to the family
UðkÞ if
f 0ðzÞ z
f ðzÞ

� �2

� 1

�����
����� 6 k; z 2 D: ð1:1Þ
It is clear that functions in Uð0Þ are of the form
f ðzÞ ¼ z
1� bz
with jbj 6 1. If k > 0, then we may use the strict inequality in (1.1). Also, we observe that equality in (1.1) with k ¼ 1 is not
possible. It is well-known that Uð1Þ(S, and therefore functions in UðkÞ are univalent if 0 6 k 6 1. This class has been studied
by a number of authors, see [4] and the references therein.

For a given 0 6 b < 1, a function f 2S is called starlike of order b, denoted by S�ðbÞ, if Reðzf 0ðzÞ=f ðzÞÞ > b for all z 2 D. We
set S�ð0Þ �S� and each f in S� is referred to as a starlike function and f ðDÞ is indeed a domain that is starlike (with respect
to 0); i.e. tw 2 f ðDÞ whenever w 2 f ðDÞ and t 2 ½0;1�. A function f 2S that maps the unit disk D onto a convex domain is
called a convex function. Let K denote the class of all functions f 2S that are convex. It is well-known that f 2K if and
only if zf 0 2S�. Finally, a function f 2A is close-to-convex (univalent), denoted by f 2 C, if and only if there exists a convex
. All rights reserved.
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M. Obradović, S. Ponnusamy / Applied Mathematics and Computation 215 (2009) 2642–2648 2643
function g (not necessarily normalized) such that Reðf 0ðzÞ=g0ðzÞÞ > 0 in D. We remark that close-to-convex functions are nec-
essarily univalent. We have the following strict inclusion
K ( S�ð1=2Þ ( S� ( C ( S:
Various aspects of these and many other special classes have been studied extensively (for details, see [1,2]).
In Section 2, we use Schwarz function version of representation of functions in UðkÞ and apply convolution technique to

obtain sufficiency for starlikeness, in particular. In Section 3, we present simple sufficient condition for functions to be in the
class of close-to-convex functions.

In order to prove the results of Section 2, we recall that the Hadamard product f H g of two power series
f ðzÞ :¼

P1
n¼0anðf Þzn and gðzÞ :¼

P1
n¼0anðgÞzn in H is the power series defined by
f H gðzÞ :¼
X1
n¼0

anðf ÞanðgÞzn:
Clearly, f H g is also a member of H. The following lemma, which is essentially due to Ruscheweyh [3], is crucial for the
proof of Theorem 3.1.

Lemma 1.2. Let c 2 C with Re ðcÞ < 1 and FcðzÞ :¼
P1

n¼1
1�c
n�c zn�1 2H. Then
sup
z2D
jf H FcðzÞj 6 sup

z2D
jf ðzÞj; for any f 2H:
Let us finally consider j P 0 and
Bj ¼ fx 2H : jxðzÞj 6 jzjj; z 2 Dg:
Clearly Bj is a subspace of H and a topological space of its own.

2. Sufficient conditions for starlikeness

For our presentation, we introduce a definition. For a 2 C and k P 0, define
Gða; kÞ ¼ F 2A :
zF 00ðzÞ
F 0ðzÞ

� ð2þ aÞ zF 0ðzÞ
FðzÞ � 1

� �����
���� 6 k

zF 0ðzÞ
FðzÞ

����
����; z 2 D

� �
and
Uðk;aÞ ¼ f 2A :
f ðzÞ

z
– 0;

z
f ðzÞ

� �2

f 0ðzÞ þ a
z

f ðzÞ � a� 1

�����
����� 6 k; z 2 D

( )
:

For convenience, we set
U2ðk;aÞ ¼ ff 2 Uðk;aÞ : f 00ð0Þ ¼ 0g and G2ðk;aÞ ¼ fF 2 Gðk;aÞ : F 00ð0Þ ¼ 0g
and so, Uðk;0Þ � UðkÞ.

Theorem 2.1. Let f 2 Uða; kÞ.

(i) If a is a complex number such that 0 < k 6 Reð�aÞ and d ¼ k=Reð�aÞ, then we have
Re
f ðzÞ

z

� �
>

1
1þ d

; z 2 D:
(ii) If a is a nonzero real number with a 6 �1, then f is starlike whenever 0 < k 6 1=2.
(iii) If a is a complex number such that 0 < k 6 minfReð�aÞ; k0ðaÞg then f is starlike, where k0ðaÞ is given by
k0ðaÞ ¼
2jaj

jaj þ j1þ aj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjaj þ j1þ ajÞ2 þ 4ðjaj � ReaÞ

q : ð2:2Þ
Proof. Let f 2 Uðk;aÞ and, for convenience, set a2 :¼ a2ðf Þð¼ f 00ð0Þ=2!Þ. Then, as
�z
z

f ðzÞ

� �0
þ z

f ðzÞ ¼
z

f ðzÞ

� �2

f 0ðzÞ;
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it follows that
�z
z

f ðzÞ

� �0
þ ðaþ 1Þ z

f ðzÞ � 1
� �

¼ kxðzÞ; ð2:3Þ
where x is analytic for jzj < 1 such that xð0Þ ¼ 0 and jxðzÞj 6 1. We observe that x0ð0Þ ¼ �2a2a. For Re a < 0, it follows that
z
f ðzÞ ¼ 1� k

X1
n¼1

anðxÞ
n� 1� a

zn ¼ 1� k
Z 1

0

xðtzÞ
taþ2 dt; z 2 D; ð2:4Þ
for some x 2 B1. Since x 2 B1, we find that
z
f ðzÞ � 1
����

���� 6 djzj; z 2 D; ð2:5Þ
where d ¼ k=jRe aj. Therefore, we have
f ðzÞ
z
� 1

1� d2jzj2

�����
����� 6 djzj

1� d2jzj2
; z 2 D
which gives
Re
f ðzÞ

z

� �
P

1
1þ djzj >

1
1þ d

; z 2 D:
Proof of Case (i) follows.
For the proof of Case (ii), we may rewrite (2.4) in an equivalent form as
z
f ðzÞ ¼ 1þ k

a
xðzÞ H zF1þaðzÞ; z 2 D: ð2:6Þ
It follows then from (2.3) and (2.6) that
zf 0ðzÞ
f ðzÞ ¼

1þ aþ kxðzÞ
1þ ðk=aÞzF1þaðzÞ H xðzÞ � a; z 2 D: ð2:7Þ
By Lemma 1.2 and the maximum principle, it is enough to assert the inequality
inf Re
zf 0ðzÞ
f ðzÞ

� �
: f 2 Uðk;aÞ; z 2 D

� �
P inf Re

1þ aþ keiu

1þ ðk=jajÞeiw
� a

� �
: u;w 2 R

� �
: ð2:8Þ
Because of the analytic characterization of the class S�, we see that Uðk;aÞ �S� if the image of D by any Möbius transfor-
mation of the type
TðzÞ ¼ 1þ aþ kz
1þ ðk=jajÞeiwz

� a
is a disk which lies completely in the right half-plane Re w > 0. Now, it is a simple exercise to see that w ¼ TðzÞmaps the unit
disk jzj < 1 onto the disk
w�
1þ k2 a

jaj2
� e�iw

jaj

� 	
1� k2=jaj2

������
������ < k

1� e�iwð1þaÞ
jaj

��� ���
1� k2=jaj2

:

In particular this gives
Re w >
1þ k2Re a

jaj2
� e�iw

jaj

� 	
� k 1� e�iwð1þaÞ

jaj

��� ���
1� k2=jaj2
and therefore, a sufficient condition for Re w > 0 to hold is that
1þ k2Re
a
jaj2
� e�iw

jaj

 !
P k 1� e�iwð1þ aÞ

jaj

����
����: ð2:9Þ
From (2.8), it is clear that for the starlikeness of functions in Uðk;aÞ, it suffices to verify the condition (2.9). Clearly, this
inequality (2.9) holds if
1þ k2Re
a
jaj2

 !
P kgðw0Þ :¼ k max

06w62p
gðwÞ;
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where
gðwÞ ¼ k
jajRe ðe�iwÞ þ 1� e�iwð1þ �aÞ

jaj

����
����: ð2:10Þ
Case 1: Suppose that a is real and negative. Then, gðwÞ takes the form
gðwÞ ¼ � k cos w
a

þ 1þ e�iwð1þ aÞ
a

����
���� ¼ � k cos w

a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ðð1þ aÞ=aÞ cos wþ ðð1þ aÞ=aÞ2

q
: ð2:11Þ
Note that if a 6 �1, then w0 ¼ 0 clearly gives the point of maximum for gðwÞ. Thus, (2.9) holds if
1þ k2

a
P kgð0Þ ¼ � k2

a
þ k 2þ 1

a

� �
which is equivalent to ðk� aÞð2k� 1Þ 6 0. This gives the condition k 6 1=2 whenever a 6 �1.
Case 2: Suppose that a is a complex constant such that Re a < 0. In this case, by the Triangle inequality, gðwÞ given by

(2.10) satisfy the condition
jgðwÞj 6 k
jaj þ 1þ j1þ aj

jaj

� �
:

Using this, we see that (2.9) holds if k and a are related by
1þ k2Re
a
jaj2

 !
P k

k
jaj þ 1þ j1þ aj

jaj

� �
 �
which, by a computation, is equivalent to
k2ðjaj � Re aÞ þ kðjaj þ j1þ ajÞjaj � jaj2 6 0:
This gives the condition k 6 k0ðaÞ, where
k0ðaÞ ¼
�jajðjaj þ j1þ ajÞ þ jaj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjaj þ j1þ ajÞ2 þ 4ðjaj � Re aÞ

q
2ðjaj � Re aÞ
which is same as the k0ðaÞ given by (2.2). h

Example 2.1. When a is a real number, the condition on k0ðaÞ takes a simple form. In this case, Theorem 2.1(iii) gives the
following inclusion
Uða; kÞ �S�
whenever 0 < k 6
ffiffiffiffiffiffiffiffi
1�8a
p

�1
4 and a is a real number with �1 6 a < 0.

Corollary 2.12. Let 0 < k 6 Re ð�aÞ and d ¼ k=Re ð�aÞ. Then
Gða; kÞ �S�ð1=ð1þ dÞÞ:
Proof. For f 2 Uða; kÞ, let F be defined by
FðzÞ ¼ z exp
Z 1

0

f ðtzÞ
tz
� 1

� �
dt
t


 �
:

Then it follows that
zF 0ðzÞ
FðzÞ ¼

f ðzÞ
z

ð2:13Þ
and therefore, it is a simple exercise to see that
zF 00ðzÞ
F 0ðzÞ

� ð2þ aÞ zF 0ðzÞ
FðzÞ � 1

� �����
���� 6 k

zF 0ðzÞ
FðzÞ

����
����
is equivalent to f 2 Uða; kÞ. Thus, the above correspondence f #F gives a bijection from Uða; kÞ onto Gða; kÞ. The result now
follows from Theorem 2.1(1), and (2.13). h

Theorem 2.1 can be improved whenever f 2 Uða; kÞ has the property that f 00ð0Þ ¼ 0. For example, we have

Theorem 2.14. Let f 2 U2ða; kÞ with Re a < 1 and k be such that 0 < k 6 1� Re a. Then we have
Re
f ðzÞ

z

� �
>

1� Re a
kþ 1� Re a

; z 2 D:
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Proof. Let f 2 U2ðk;aÞ. Because a2 ¼ 0, as in the proof of Theorem 2.1, we obtain that
z
f ðzÞ ¼ 1� k

X1
n¼2

anðxÞ
n� 1� a

zn ¼ 1� k
Z 1

0

xðtzÞ
taþ2 dt; jzj < 1; for some x 2 B2:
As jxðzÞj 6 jzj2 and Re a < 1, the last representation gives that
z
f ðzÞ � 1
����

���� 6 djzj2; z 2 D d ¼ k
1� Re a

� �
which, after some computation, is seen to be equivalent to
f ðzÞ
z
� 1

1� d2jzj4

�����
����� 6 djzj2

1� d2jzj4
; z 2 D
so that
Re
f ðzÞ

z

� �
P

1

1þ djzj2
>

1
1þ d

; z 2 D
and we complete the proof. h

From the above correspondence and the fact that f 00ð0Þ ¼ 0 if and only if F 00ð0Þ ¼ 0, the following result is an easy conse-
quence of Theorem 2.14. This result shows that, in the case of vanishing second coefficient of functions in Gða; kÞ one has an
improved estimate.

Corollary 2.15. Let 0 < k 6 1� Re a and d ¼ k=ð1� Re aÞ. Then
G2ða; kÞ �S�ð1=ð1þ dÞÞ:
The class Gð�1; kÞ was investigated by Silverman [5]. However, if a ¼ �1 then Corollary 2.12 implies the recent result of
Singh [6, Theorem 1], namely the inclusion
Gð�1; kÞ �S�ð1=ð1þ kÞÞ
for 0 < k 6 1. Thus, Corollary 2.12 generalizes the result of [5,6]. Moreover, we also have an improved estimate
G2ð�1; kÞ �S�ð2=ð2þ kÞÞ
which holds for a larger range 0 < k 6 2.
From the association between f and F above and (2.13), we observe that
f 2 S� () Re 2þ zF 00ðzÞ
F 0ðzÞ

� zF 0ðzÞ
FðzÞ

� �
> 0; z 2 D:
This is similar to the Alexander transform which provides the one-to-one correspondence between convex and starlike
functions.
3. Sufficient conditions for close-to-convexity

Theorem 3.1. Suppose that g 2K \UðkÞ for 0 6 k 6 1. If f 2A satisfies the condition
f 0ðzÞ z
gðzÞ

� �2

� 1

�����
����� 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
; z 2 D ð3:2Þ
then f is close-to-convex.

Proof. Put
u ¼ f 0ðzÞ z
gðzÞ

� �2

and v ¼ g0ðzÞ z
gðzÞ

� �2
for a fixed z 2 D. Then, by an elementary geometry, the hypotheses gives
j arg uj 6 arcsinð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
Þ and j arg v j 6 arcsin k:
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Thus, it follows that
arg
f 0ðzÞ
g0ðzÞ

� �����
���� ¼ arg

u
v

� 	��� ��� 6 arcsinð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
Þ þ arcsin k ¼ p

2
; z 2 D
which implies that the function f is close-to-convex in D. h

Example 3.1. It is now a simple exercise to see that the function g defined by
z
gðzÞ ¼ 1þ kz2
is in the class UðkÞ whenever 0 6 k 6 1. Now, we consider the square root transform of the Koebe function kðzÞ ¼ z=ð1þ zÞ2

given by
sðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
kðz2Þ

q
¼ z

1þ z2 :
Since the radius of convexity of s is known to be r0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3� 2

ffiffiffi
2
pp
� 0:171573, it follows that r�1sðrzÞ is a convex function for

0 < r 6 r0. This observation shows that g is convex whenever 0 < k 6 r2
0 � 0:0294373. In particular, g 2K \UðkÞ with

k 2 ð0; r2
0�. Finally, we consider a two-parameter family of functions fa;k :¼ f defined by
f ðzÞ ¼
Z z

0

1þ az

ð1þ kz2Þ2
dz;
where a 2 C. We compute that
f 0ðzÞ z
gðzÞ

� �2

� 1

�����
����� ¼ jazj 6 jaj; z 2 D;
and, by Theorem 3.1, we conclude that f is close-to-convex whenever jaj 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
, and k 2 ð0; r2

0�. More generally, we see
that
f ðzÞ ¼ z
Z 1

0

1þ axðtzÞ
ð1þ kt2z2Þ2

dt
is close-to-convex whenever jaj 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
and k 2 ð0; r2

0�. Here xðzÞ is any Schwarz function, i.e. xðzÞ is any analytic map of
D to D such that xð0Þ ¼ 0.

Theorem 3.3. Let g 2S� such that jðz=gðzÞÞ � 1j 6 k for 0 6 k 6 1. If f 2A satisfies the condition
f 0ðzÞ z
gðzÞ

� �2

� 1

�����
����� 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
; z 2 D;
then f is close-to-convex.

Proof. Put
u ¼ f 0ðzÞ z
gðzÞ

� �2

and v ¼ z
gðzÞ
for a fixed z 2 D. Again, by an elementary geometry, the hypotheses gives
j arg uj 6 arcsinð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
Þ and j arg v j 6 arcsin k:
Thus, we have
arg
zf 0ðzÞ
gðzÞ

� �����
���� ¼ arg

u
v

� 	��� ��� 6 arcsinð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
Þ þ arcsin k ¼ p

2
; z 2 D
which implies that the function f is close-to-convex in D. h

Example 3.2. Consider gðzÞ ¼ z=ð1þ kzÞ, where 0 6 k 6 1. Then g 2S� and
jðz=gðzÞÞ � 1j ¼ jkzj 6 k; z 2 D:
Theorem 3.3 shows that if 0 6 k 6 1, then every f 2A satisfying the condition
f 0ðzÞð1þ kzÞ2 � 1
��� ��� 6 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� k2
p

; z 2 D
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is close-to-convex in D. Equivalently, we see that the function f defined by
f ðzÞ ¼ z
Z 1

0

1þ axðtzÞ
ð1þ ktzÞ2

dt
belongs to C whenever jaj 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
and 0 6 k 6 1, where xðzÞ is any Schwarz function. In particular, the function
f ðzÞ ¼ z
Z 1

0

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
tz

ð1þ ktzÞ2
dt
is univalent in D if 0 6 k 6 1. h

Example 3.3. Consider the function gðzÞ ¼ zþ lz2, where 0 < l 6 1=2. Then
jg00ðzÞj ¼ 2l 6 1
and therefore, g 2S�. As
z
gðzÞ � 1 ¼ � lz

1þ lz
and w ¼ �lz=ð1þ lzÞ maps the unit disk D conformally onto the disk
w� l2

1� l2

����
���� < l

1� l2 ;
it follows that jwj < l=ð1þ lÞ. Now we let l ¼ k=ð1� kÞwith 0 < k 6 1=3. Then the starlike function g satisfies the condition
z
gðzÞ � 1
����

���� < k; z 2 D
and therefore, by Theorem 3.3, every f 2A such that
f 0ðzÞ 1

1þ k
1�k z

� 
2 � 1

�����
����� <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
; z 2 D
belongs to C. Equivalently, the function
f ðzÞ ¼ z
Z 1

0

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
xðtzÞ

ð1þ ðk=ð1� kÞÞtzÞ2
dt
belongs to C whenever 0 < k 6 1=3, and xðzÞ is any Schwarz function.
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