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Abstract Let A denote the family of all functions that are analytic in the unit disk
D := {z : |z] < 1} and satisfy f(0) = 0 = f’(0) — 1. Let U denote the subset of
functions f € A which satisty

2
z b
<m> -1 <1, zeD,

and let P(2) be the subclass of all functions f € A suchthat f(z) # 0for0 < |z] < 1
and
4
(75)
(@)

z € D.
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In this paper, a conjecture on the class ¢/ and P(2) has been resolved. Furthermore,
two sufficient conditions for functions to be univalent are presented.
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1 Introduction

Let A denote the family of all functions that are analytic in the unit disk D := {z :
|z| < 1} and satisfy f(0) = 0 = f/(0) — 1. Let BB denote the set of functions w that
are analytic in D and satisfy |w(z)| < 1(|z] < 1). Let S be the set of all functions

f € Athat are univalent in D. Let S* denote the subset of S consisting of all starlike
functions. Let I/ denote the set of all f € A satisfying the condition

2
Z roon
‘(m) f@—1

and let P(2) be the subclass of all functions f € A suchthat f(z) # 0for0 < |z] < 1

and

It is known that i/ C S(see [1]). In recent years, the class I/ were studied in detail
(see [2-6]). Obradovi¢ and Ponnusamy|[3] proved that

<1, zeD, (D

<2, zeD. (2)

PR)cCU.

For the function f defined by % =1+ %z?’ , which belongs to the class I/, we have

that
‘<_) |

i.e., P(2)-radius for the above function f is equal to % The authors considered a
subclass of the class &/ and showed that P(2)-radius for that subclass is equal to %
They conjectured that the same is valid for the class ¢/ [7]. In the second part of this
paper, we shall prove that the conjecture is not true by giving the correct P(2)-radius
for the class U.

Let 2 be the subset of A which consists of all functions f satisfying

=13z| <2 for |z|

IA

s

2
3

1
2f' (@) = f@I < 5 (<D
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It is known that  C S*[8]. In the third part of this paper, we shall give two conditions
for functions to be in the class 2.

2 P(2)-Radius for the Class U/

(75) |=2
f@)

Theorem 1 If f € U, then

for|z| <rp= @ = 0.618... and the result is the best possible.

For the proof of Theorem 1, we need the next lemma given by Shaffer[9].

Lemma 1l Ler g(z) = ZZO:p an7" (p = 1) be analytic in D and satisfy |g(z)| < 1 for
z €D, then

— 14+p%—1
@ |g'(@)] < plzP~! for |z] < ¥=T—

>

/ p—2 4lzP+p?(1—[z|?)? 1+p2—1
(b) 1g' (@) < Izl 20— Jor|z| > ——.

These estimates are the best possible.

Proof of Theorem 1 For f € U let’s put

2
Z
u = — "(z) — 1. 3
£(2) (f(z)) (@ 3)

Then,

Z Z !
Ur(@D) = — —z[—) —1
1@ f(@ Z(f(z))

If f(z) =2+ axz*> +a3z> + ..., then
Ur(z) = (a3 — a3) 7> + ...

and

N Y
U () = z<f(z)>. o)

By using (1), previous notation and other conclusions, we can apply Lemma 1 with
g(z) =Uyr(z) and p = 2. By Lemma 1(a), we obtain

U (2)| = 2lel for f2] < ro = &L,
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which by (4) implies

z " \/g_ 1
YN S 27 |Z| S ro = B
f @ 2
i.e., f has P(2)-property in the disk |z] < rp = @, which was to be proved. O
Similarly, by Lemma 1(b) we have
’( Z )N = e s(lz)), lz| > n V5ol
VRN = . — ’ 0= ’
f @ lzI(1 = 1z[%) 2
where
=12+
)= —————, t 1.
o0 =g <<

Itis easy to check that ¢ is an increasing functionand ¢ (rg) = 2 < ¢(¢t) forrg <t < 1.
For sharpness of the theorem , let us consider the function fj, defined by the condition

Z tz4+D
=1—z/ dz, s)
Ip(2) 0o 1+bz
where b is real and |b| < 1. Since w(z) = %bbz :ID — D, then
tz4b
z dz
/0 1+ bz

which by (5) implies % #0, z €D, i.e., fpis well defined. Also

<]z <1, zeD,

z+b
u = |2 2<1, zeD,
s )| = |z el = lzI” <1, z
which gives that f, € U.
52
Let r| be a fixed real number such that rg < r; < 1 and b| = # We claim that

L
|b1| < 1. In fact,

1—2r}

3
Ty

—1l<bh <l -1<

<
<::>—r13<1—2r12<r13
<:>r12(1 —ry < 1—;"12 <r12(1+r1).

The left inequality is equivalent to rl2 < 1+ry, whichis true, and the right is equivalent
tol—r; — rl2 < 0, which is also true since ro < r; < 1.
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After simple calculations, for the function f;, we have

(7)
Jo,(2)

because of the property of the function ¢ and since ryp < r; < 1. It means that the
function f},, is an extremal function for our problem, since it has P(2)-property in the

l—rlz—i—rfl
ri(l=r)

=:¢(r) > 2,

Z=r

disk |z] <rg = % (because fp, € U), but not in a disk with longer radius.

3 Sufficient Conditions for Function to be in
Theorem 2 Let f € A If|f"(2)| < 1then f € Q. The number 1 is the best possible.

Proof Let g(z) = zf'(z) — f(z). Then, g’(z) = zf”(z). Since f(0) = f/(0)—1=0
and | f”(z)| < 1for z € D, we have

§'(2) =z0(2) (6)

where w(z) € B. It follows from (6) that

Z 1
g(2) =/ tw(¢)ds = z2/ tw(zt)dt.
0 0

Therefore,
1 1 1
lg(2)| = |z2/ tw(zt)dt| </ tdt ==, (zeD).
0 0 2

That is, |zf'(z) — f(2)| < % for z € D. This implies that f € Q C S*.

If | f”(z)] < A and A > 1, then f may be not univalent. For example, f(z) =
z+ 3az% satisfy | f7(z)| < A, but f'(z) = 1+ Az vanish at — 1, which implies that
f ¢ S* O

Theorem 3 Let f € A. If

3
2@+ '@ = @l =5
then f € Q C S*. The number % is the best possible.
Proof Since f(0) = f/(0) — 1 =0 and
2 o1 / 3
lz7 (@) +zf () = f(D)] = o
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it follows that
2 4 ;35
[z°f (@) —zf @] = 52 w(z),

where w(z) € B. Thus,

3

z 1
Hf&rwﬂm=—/ﬂuoﬁ@=§f/mmﬂwm,
2 2%

and consequently,

1

| %»—(n—ﬁ2/1<m%ﬂ ?/ﬂm—l
2f'(z fz—zzowz <20 =3

for z € D. This implies that f € Q C S*.
If |22 f"(z) + 2f'(2) — f(2)| < Aand A > %, then f may be not univalent. One
can see that by investigating the function f(z) = z + %kzz, A> 1. O
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