A Class of Univalent Functions with Real
Coefficients

Milutin Obradovi¢ & Nikola Tuneski

Bulletin of the Malaysian
Mathematical Sciences Society

ISSN 0126-6705

Bull. Malays. Math. Sci. Soc. Bulletin

DOI 10.1007/s40840-019-00842-5
of the

Malaysian Mathematical
Sciences Society

@ Springer

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Malaysian
Mathematical Sciences Society and Penerbit
Universiti Sains Malaysia. This e-offprint is
for personal use only and shall not be self-
archived in electronic repositories. If you wish
to self-archive your article, please use the
accepted manuscript version for posting on
your own website. You may further deposit
the accepted manuscript version in any
repository, provided it is only made publicly
available 12 months after official publication
or later and provided acknowledgement is
given to the original source of publication
and a link is inserted to the published article
on Springer's website. The link must be
accompanied by the following text: "The final
publication is available at link.springer.com”.

@ Springer



Bull. Malays. Math. Sci. Soc. MALAYSIAN Mt
https://doi.org/10.1007/s40840-019-00842-5 o

hap:f/wwwspringer com/mathematics/ournal/ 40840

®

Check for
updates

A Class of Univalent Functions with Real Coefficients

Milutin Obradovi¢' - Nikola Tuneski2

Received: 22 October 2018 / Revised: 13 August 2019
© Malaysian Mathematical Sciences Society and Penerbit Universiti Sains Malaysia 2019

Abstract

In this paper, we study class ST of univalent functions f such that % has real
and positive coefficients. For such functions, we give estimates of the Fekete—Szeg6
functional and sharp estimates of their initial coefficients and logarithmic coefficients.
Also, we present necessary and sufficient conditions for f € ST to be starlike of order
1/2.

Keywords Univalent - Real coefficients - Fekete—Szeg6 - Logarithmic coefficients -
Coefficient estimates
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1 Introduction

Let.A4 be the class of functions f thatare analytic in the open unitdiskD = {z : |z| < 1}
of the form f(z) = z + arz® + a3z> + - - -. Then, the class of starlike functions of
order o, 0 < o < 1, is defined by

2f'(z)
(@

8*(a)={f€A:Re > «a, zeID)},
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while §* = §*(0) is the well-known class of starlike functions mapping the unit disk
onto a starlike region D, i.e.,

we f(D) & twe f(D)forallt e [0, 1].

More on this classes can be found in [7] and [1].
Further, let ST denote the class of univalent functions in the unit disk with the next
representation

—Z :1+blz+b2Z2+"', by =0, n=12.3,... M

(@

For example, the Silverman class (the class with negative coefficients) is included in
the class S*. Namely, that class consists of univalent functions of the form

f@Q=z—w—azz® =, ay,>=0, n=2,3,...

which implies that

z 1
f@ l—az—azz2—---

ie., f(z) has the form (1). Also, the Koebe function k(z) =

characterization is valid for the class ST (see [2]):

(1+ T € S*. The next

fest o > m-Db, =<1 )

From the relations (1) and (2), we have that
by+2b3=<1 (= 0=<by =1 0=b3=<1/2). 3)
If we put f(z) = z + a2z> + .. ., then by using (1) we easily obtain that
by = —ar, by = a% —as. 4)

This implies that 0 < by < 2. From (1), we obtain

log f(z)
Z

—log(l + b1z +baz> +---),

or
— 1 1
> 2y = —biz+ (Eb% - b2> 2+ <—§b? +biby — b3) 2+
n=1
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(Wecall y,,n = 1,2, ... the logarithmic coefficients of the function f.) From the last

relation, we have

2y = 3bi — by, (5)

2y3 = —3b} + biby — b.
For functions f in ST, we give, in most of the cases, sharp estimates of their
logarithmic coefficients y1, y» and y3 of f and lower and upper bound of the Fekete—
Szegéb functional (a3 — ya%). Additionally, sharp estimates of coefficients a», a3, a4

and as for functions in a class containing ST are given. At the end, the relation between
the class S and the class of starlike functions is studied.

2 Results over the Coefficients

We start the section with a study of the Fekete—Szeg6 functional for the functions in
the class ST.

Theorem 1 For each f € ST, we have

— 1+vo
-l <a3—vya; < (vo+1)? v
20=Y) 305 T =V <L

) { 1427 2/0=1) 0<y < N —=0456278...

where vo = 0.83927 ... is the positive real root of the equation
2+ e = 1. (©)
The lower bound is sharp due to the function fi(z) = H—%

Proof We will use the same method as in the proof of Fekete—Szego theorem for the
class S (see [1, Theorem 3.8, p. 104]). First, from the relation (4) we have that

—l§a3—a%=—b2§0.

Since ay and a3 are real, we can put (as in that proof) a; = Reay = -2 fooo o(t)dt,
where ¢ is real function and |¢(¢)| < e™". If we put

* 2 1 —2v
[o(t)]"dr = v+§ e, 0<v<+4o0o,
0

then by Valiron—-Landau lemma we have that |a;| < 2(v 4 1)e™". By using the same
method as in [1, p.106], we have

a3 — a3 =Re{a; — a5} = Re {—2f ezt[k(t)]zdt} ,
0
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where k(¢) is a piecewise continuous complex-valued function with [k(z)| = 1 for all
1. If we put k(1) = €@ then we obtain

o0
as — a% = Re{az — a%} = Re {_2/ e—ztelZG(t)dt}
0
o0 o0
= _2f e cos(20(1))dt = —2/ e [2 cos?(6(1)) — 1] dr
0 0

=1 —4foo [e™! 008(9(1))]2 dr =1 —4/oo[<p(t)]2df’
0 0

where ¢(t) = e~ cos(6(t)). So,

1
a3—a%=1—4(v+§>e_2”§0,

if, and only if, 0 < v < vy, where vg = 0.83927 ... is the root of Eq. (6).
Now, for 0 < ¥y < 1 and for 0 < v < vy we have that

00 2 00
—ya; <4(1—y) (f go(t)dt> - 4/ ()17 + 1
0 0

—2u 1
[(1—y)(v+1) —<v+§>}+l

=: Y (v).

By using the first derivative of the function, it is an elementary fact that the function
¥ has its maximum ¥ (y /(1 — y)) if % € [0, vo] and ¥ (vp) if % ¢ [0, vo], which
gives the right estimation in the theorem. [In the second case, we used that vy satisfies
Eq. (6).]

On the other hand, a3 — ya% > a3 — a% > —1. O

Next, we give estimates of the first three logarithmic coefficients for functions in

St.

Theorem2 Let f € ST and let yy, y», y3 be its logarithmic coefficients given by (5).
Then,

b) —3<p=< ;(”;U*OBU =0.631464 ...,
where vg = 0.83927 . .. is the solution of Eq. (6);

© —1<m=<i

All these results, except (maybe) the upper bound of y», are the best possible.

Proof (a) It is evident since y| = —lbl [from (5)] and O < b; < 2. The functions
filz) = ; szz and f>(z) = o show that the result is the best possible.

(1+
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(b)

()

From (4) and (5), we have that

1/1, 1 1,
)/225 Ebl—bz ZE a3—§a2

and the result directly follows from Theorem 1 for y = % For the function

f1(2) = 15, we have that log @ = —log(l +2z%) = —z%>+- - -, which means
that left-hand side estimate is the best possible.

We were not able to prove sharpness of the right-hand side of the inequality (the
upper bound of y»), but it is worth pointing that the estimate goes in a line with
the sharp estimate corresponding to the univalent functions, known to be (see [1,
Theorem 3.8] or [7, p.136])

1
Il =30 +2¢72) =0.635....
From (5), we have
13
2y3 = _gbl +bi1by — b3 =1 u(by),
where
13
“(t)z—gl‘ + byt — b3, 0<t<2.

Since u'(t) = —t2 + by and u'(¢) = 0 for 1y = /D2, then the function u attains
its maximum

(SNSRI \S]

2 2
utto) = u (V) = 5057 —bs = 51 =262 — by < 2,

because by < 1 — 2b3 [see (3)] and the last function is a decreasing function of
bz, 0 < b3 < % This provides that y3 < % For the function f3(z) = ﬁ, we
have
Z 1 2
logm =—logl+z+2)=—z2—22+Z2+ -,
z 2 3
ie., y3 = %

As for lower bound for 3, by using (5) and (4), we have

1
—2y3 = gb? —b1by + b3

13 2
= §b1 —b1(b] — a3) + b3
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2
= —gbf +azby + b3
= v(by),

where
23
v(t):—gt +aszt +b3, (0<t<2).

From here, we have
/ 2
v(t) = =2t + a3.
If a3 < 0, then v/(r) < 0, and if a3 > 0 then we can write
V(1) = —Z(b% —a3) —a3 = —2br, — a3
and also we have v/(t) < 0, since 0 < by < 1. It means that the function v is a
decreasing function, which gives that

1
—2y3 <v(0) =b3 < 5

ie., y3 > —4—11. The function fi(z) = shows that the result is the best

Z"i
142°/2
possible.

m}

Let (A), 0 < A < 1, denote the class of functions f € A which satisfy the

condition ,
z
= "(z) — 1
‘(f(z)) 1@

We put U (1) = U. More about classes U and U/ (1) we can find in [3,5,7] and [4].

Let T (1), 0 < A < 1, denote the class of functions f satisfy the conditions (1)
and (7). By using (2), we can conclude that /T (1) € UT(1) = ST (see [2]). For
example, the function

<X (zeD). (N

Z
Z) =
@) 1+ (14 1)z +Az? (8)
=2 (+N2+A+A+ADD — A+ A+ A2+ 4

belongs to the class /(1) and it is extremal in many cases.
Also, if f € U+ (1) and has the form (1), then by definition (7) we have that

z z / o
= =) —1]|=]|- — Dby2"
‘f(z) Z(f(z)) ‘ ’ Z;(” ons

@ Springer
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Forz =7 (0 <r < 1)and r — 17, from the last equation we obtain

‘— > (=D,
n=2

<A,

or, since b, > 0,

o0
Z(n — Dby, < A.
n=2

The last inequality implies
0<by <X, by+2b3 <A, by+2b3+3by<A,.... 9

For the coefficients of functions from the class 24 (1), the next theorem is valid.

Theorem3 If f(z) =z + wm+a+-- belongs to the class U (1), 0 < A < 1,
then we have

—(1+A)=<a =<0,
—A<a3<1+xr+r%

) 3 40 [2A
—(I+r+A +A)§a4§? 3
{—x/3, 0<A=<2/27

as =

—9A2/4, 227 <r<1’
All these inequalities are sharp.

Proof For f(z) = z+axz>+azz>+--- and f € U(X),0 < A < 1, it is shown in [4]
the next sharp inequalities:

laa] <1+A, 3] <T+A+A% Jaa] <T+r+272+2%

In the same paper, the authors conjectured that |a,| < Z;(l) A¥. Since the function
/>, defined by (8) belongs to the class /™ (1), then the lower bounds for a; and a4 and
the upper bounds for a3 are valid and sharp. We only need to prove the lower bounds
for a3 and a5 and the upper bounds for a; and ay.

If f(z) = z+axz? +aszz’ + --- and f has the form (1), then by comparing the
coefficients we easily conclude that

ay = —by,

asz = _b2 + b]z’

as = —bz 4+ 2b1by — b%,

as = —by + b3 + 2b1b3 — 3b3b, + bf.

(10)
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From a, = —b; and b; > 0, we have a» < 0. Also, by using (9) and (10), we
obtain

—az=by—b? <by <,

which implies a3 > —A. The function fg(z) = (= z — Az° + -+ -) shows that
two previous results are the best possible.

Further, from (10) we have

1+Az2

= —b3 +2b1by — bl <2byby — by =: w(by),

where 0 < by < 1+ A (since by = —ay < 1 4 A). Itis an elementary fact to get that

the function w has its maximum 42’2 \/ % for b = ‘/23&. It means that

4b2 / 2b2 4A / 2A

since 0 < b, < A. The function
é

@)= ——
1+ z+kz

shows that the result is the best possible.
Finally, from (10) we also have

—as = by — b5 — 2b1b3 + 3bThy — b
< by 4 3b3by — b}
1 _ 2 g4
< 3()» by) + 3b2by — b
9 1
< -b3+-(A—b
=2 2+3( 2)

A3, 0<a<2/27
92/4 2/27<r<1’

where we used the relation (9) and the same method as in the previous case. The
functions

H@) = ; and () = — 5
3Z

1+ z—i—)»z I+3

show that the result is the best possible. O

For A = 1 from the previous theorem, we have
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Corollary 1 Let f(z) = z + arz> +a3z> + - - - belong to the class St. Then, we have
the next sharp inequalities

2 9
—2<a <0, —-1<a3<3, 4<a4=<—-,/=-, —— <as=<5.
<a =< <az < _a4_3 3 1 as

We note that upper bound for as follows from de Brange’s theorem.

3 Relation with Starlike Functions

In this section, we study the relation between the class St and the class of starlike
functions.

Theorem4 Let f € ST and let by = 0, then f € S*.

Proof Since f € St,then) o2 ,(n—1)b, < 1,andsince b; = 0, thenalso Y oo ,(n—
1)b, < 1 =1 — by, which implies, by result of Reade et al. ([6]) (see the previous
sited result in Theorem 6), that f € S*.

We note that if by = 0, then Re @ > % (z € D) since

o o
2P 12/ f@ =1 <P )Y by <[z2P) (n=Dby <[z <1 (zeD).
n=2

n=2

But under the condition of this theorem we do not have that f € $*(1/2). For example,
for the function f(z) = ﬁ we have by = 0,but Y 02, (2n—1)b, = 3, which means
that f1 ¢ S*(1/2) (by the previous theorem). O

Theorem 5 Let f € ST. Then, the function

1 z
g(Z):Z‘FE(m_l_blZ) (11)

is univalent in D. More precisely, Reg'(z) > 0(z € D), g € S*and g € U.

Proof 1t is well known that if f(z) = z 4+ a2z> + azz> + --- and 230:2 nla,| <1,

then Re f/(z) > 0 (z € D) and f € S* with Z}N((ZZ))
prove those statement (in the second case better to consider the form |7/ (z) — f(z)| <
[ f ().

By (11), we have

— 1‘ < 1 (z € D). Itis easily to

— |
g(x)=z+ 2; >n2"
n=
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Since f € ST implies Y - ,(n — 1)b, < 1 and since ﬁ < 1forn > 2, then

o0 1 o0 n o0
;n <§bn> = ;(n — 1)19,1m < ’;(n — b, < 1.

By previous remarks, we have Re g’(z) > 0 (z € D) and g € S*. Also, g € U by the
result given in [5]. O

Theorem 6 Let f € A and satisfy the condition (1). Then, the condition

> @n—1b, <1 (12)

n=1
is necessary and sufficient for f to be in the class S*(1/2).

Proof The sufficient condition follows from the result given in the paper of Reade,
Silverman and Todorov [6].
Let us prove the necessary case. If f € S*(%), then

f'(@) -1

/(@)
o | < 1 (zeD)

f@)

or equivalently

<1 (zeD)
i _q (L
&) @
and from here
*  nb,z"
Eimbnz| (z € D).

|1 =30, (n — Dbyz"|

Since the previous relation is valid for every z € D, thenforz =r (0 <r < 1) we
have from the last inequality that

Yoo nbyr”
<
1-— Z?;z(” — Db, r"

which implies the condition

o0
> @n— Dbyt < 1.

n=1
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Finally, when r — 1 we have

&)
D @n—Dby <1,
=1

i.e., the relation (12). O

Remark 1 Since the class of convex functions is the subset of the class S*(1/2), it
follows that if a function f is convex and

< 2
——=1l+biz+byz"+---
f@)
with b, > Oforn =1, 2, ..., we have
o0
> @n—1b, < 1.
n=1

The converse is not true. Namely, for the function

z
f@)=—=,
144122
we have that
L 1 lz2
f(@) 3
and
[o,0]
> @n—1b, =1,
=1
but

") 1-22% 45

= 0
F@ [~

1+

forz =r(0 <r < 1) and r close to 1.
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