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ABSTRACT. Let U1 be the class of analytic functions f such that ﬁ

has real and positive coefficients and f~! be its inverse. In this paper
we give sharp estimates of the initial coefficients and initial logarithmic
coefficients for f, as well as, sharp estimates of the second and the third
Hankel determinant for f and f~!. We also show that the Zalcman
conjecture holds for functions f from U+.

1. Introduction

Let A be the class of functions f that are analytic in the open unit disc
D ={z:|z| <1} of the form

(1) f(2) =24 a2® +agz® + - -,
let S be its subclass consisting of univalent functions from A, and ST consists
of functions f from S with representation

2) %:1+blz+b222+~-, by >0, n=1,23,....

Note that the Silverman class of univalent functions with negative coeflicients,
i.e., with expansion

f(z):,27a222*a32’3+"’, ap 2 0, 77,:1,2,3,...,

is subclass of ST since z/f(z) satisfies (2). Also, the Koebe function k(z) =
% isin ST
T12)2 ~

Further, with Z(\), 0 < A < 1, we will denote the class of functions f from
A satisfying the condition

(3) (f(zz))Q Fl(2) =1 <A zeD,
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while & = U(1). This class of functions attracts significant interest in the past
decades. The class is intriguing because it doesn’t follow the usual pattern to
embed or be embedded in the class of starlike functions (functions that map
the unit disk onto a starlike region). A collection of the more significant once
can be found in [19, Chapter 12].

If we denote with U™ (\) the class of functions that satisfy (2) and (3), and
additionally U™ = UT (1), then [12] we have the following equivalence

o0
fest & feut & Y (n-Dh, <1
Next lemma makes an extension of the second equivalence.

Lemma 1.1. feUt(\) & >, (n—1)b, <A
Proof. If f € U™ (X), then by definition

2 o]
z , z z
— 2)—1ll=|——2z|— n—1)b
|Qw)“)| M@ (73) - | X
z € D. For real z and z — 1 from left, the last inequality gives >~ ,(n—1)b,, <

A
If >0 o (n— 1)by, < A, then

‘(f(zz))Qf’(z)—l = ‘—i(n—l

n=2

<A,

oo

Zn—lb |z|"

(oo}
<D (n—=1)by <A,
n=2
z € D, which mens that f € UT(\). O

In [16] the authors gave sharp bounds of the first five coefficients in the
expansion of f. The result for the case A = 1 reduces to the following.

Theorem A. Let f(2) = z+a22® +azz3+--- € ST =U*. Then the following
estimates are sharp

4 /2 9
—2<a <0, —-1<a3<3, —-4<a4< 3\/? _ZSGSSE)'

Let note that for the general class U we haven |a,| < n, n = 2,3,...,
independently from the de Branges theorem. Namely, for the functions f from
U, we have

O S
BRI D SLC

and the rest follows from the Rogosinski theorem ([19, Theorem 3.2.9, p. 35]).
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Further, in [14], the authors proved that for f in the general class U(\),
0< A<, |az] <14 A, and if Jag| =14 A, then f must be of the form
fo(2)

z
T T (1 A)eifz + Aeif2

For the case f € UT(\) we have the following corresponding result.

Theorem B. If f is given by (1) with (2), and f € UT(N), 0 < X\ < 1, then
—(14A) <ax <0 (or0<by <1+ \). Moreover, if aa = —(1 + X), then f
must be of the form

z

4 f—
@ &)= Ty sa
i.e., bzzA, and b3:b4:"'20;

In this paper we study coefficient problems for inverse functions of functions
in UT(X), more precisely we will give sharp upper bounds of the leading coef-
ficients and leading logarithmic coefficients of the inverse functions, as well as
estimates of the modulus of the second and the third Hankel determinant.

2. Coeflicient estimates

The famous Koebe 1/4 theorem guaranties that each function f from S has
an inverse at least on a disk with radius 1/4. Let the inverse function has an
expansion

() FHw) = w+ Agw? + Azw® + -

on the disk |w| < i. By using the identity f(f~!(w)) = w, and representations
(1) and (5), we obtain the following relations:

AZ = —ag,
(6) Az = —asz + 2&%,
A4 = —aq4 + 5&20,3 — 50,%

We now give sharp bounds of As, A3 and Ay.

Theorem 2.1. Let f € UT()\), 0 < XA <1, and f~! is given by (5). Then, the
following estimates are sharp:

0< A <1+,
(7) 0< A3 <1+3N+2%
0< Ay < (T+XN)(1+5X+22).

Proof. Since f € UT(A), 0 < A < 1, then by definition

— 2 3 cee — z
J@) =zt azz+ase 4 = oo
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where b, >0, n=1,2,3,.... After comparing the coefficients we receive,
az = 7b17
a3 = —by + b%,

(8) \
ay = —bg + 2b1b2 — bl’

as = —by + b3 + 2b1bg — 3b3be + b,
and by combining (8) with (6),
As = b,
(9) Ag = by + b3,
Ay = by + 3byby + b3.

Since aq is real (so are as, ag,...), and |az| < 1+ X for all functions from
U(N) (see [20] or [19, Theorem 12.3.1, p. 188]), we receive —(14+A) < ag < 1+A.
From Ay = —as = by, by > 0 and as < 1+ A, easily follows the estimate

(10) 0< Ay =b; <1+
Further, from Lemma 1.1 we have
by + 2b3 + 3bs + -+ - < A,

which implies

OSb2 S)\a
1
< < —(A—
(11) by + 2b3 < A <<:>b3_2(/\ bg)),
1
by + 2bs + 3by < A <<:>b4§ 3(/\—2b3—b2)) .

Combining (10), (11) and (9), we receive
0< A3 <A+ (1+ N2 =1+31+)7%

and for Ay,

0< Ay < =(A=ba) +3(1+A)bg + (1 +N)?

> N> N

5
—|—<2—|—3>\> bo + (14 A)?

2
(1+A)(1+5X+A%).

<5+3)\>>\+(1+>\)3
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For the sharpness of the upper bounds, for the function f)(z) defined by (4),
we have

fa(2)

- 1+(1+i)z+/\22

=21+ N2+ T HFAFA) — (THAF NN

ie., fA €UT(N\) and

z=fH(w) = w+ (1T+ w2+ (1+3A+2A)w® + (1 + N (1 +5A+ 22w + -

For the sharpness of the lower bounds it is enough to consider the inverse
function of the function

z
1o =y
where by = by = b3 = 0. [l

Remark 2.2. In [18], the authors obtained the same result, but with an addi-
tional condition
f(z) 1

(12) > Mol tre)

In our proof we didn’t use that condition.

Remark 2.3. From (8) we have az = b3 — by = 1(b1), 0 < by < 1+ A Tt is
evident that 11(by) > —by > —\, while maxty; = 1 (1 4+ A). But, by = 1+ A
implies by = A, so
Pr(14+N)=(1T+N2=A=1+A+ )\
Similarly, by (8) we have
—Qy4 = bi’ — 2b1by + b3 = Q/JQ(bl),
0 <b; <1+ A, and by using the previous comments,
max e = (1 +A) = (1+A)> —2(1+ M)A =1+ X+ A%+ )%

It means that ay > —(1 + X + A2 + A\3). If we use the upper bound for a4

given in [16], then
lag) < T+ A+ A2+ N

for f € UT(N). It means that the results given in Theorem 3 from [16] are valid
independently of the condition (12).
This is the reason we pose the next conjecture.

Conjecture 2.4. For the functions in the class UT (),

1—A"
\an\él 5 =THAFAZ N+ 4N, n=23,4,....

This was proven to hold for the general class U(N\) under the condition (12) in
the cases n = 2,3,4 ([13] or [19, Theorem 12.3.2, p. 191].
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In [16] the authors studied the logarithmic coefficients for the class U™ (ST),
and here we will continue and give estimates for the logarithmic coefficients of
the inverse functions of functions in the classes U*()\). For the logarithmic
coefficients (I'1,'9, '3, ...) we have

fH(w)

log = log(1 + Ayw + Asw? + --),

or
i QFnU)n = Agw —+ (A3 — ;A%) w2 —+ (A4 — A2A3 —+ ;Ag) w3 “+ .-
n=1
From the last relation we get
Fl = %AQ = %bla
(13) Ty =3 (As — 343) = 5 (b2 + 3b1),
I3 =1 (A4 — AzA3+ £A3) = 1 (b3 + 2b1b2 + 303) ,
where we used relations (9).

Theorem 2.5. Let f € UT(N), 0 < A< 1. Then

(a) 0<Ty < M2
(b) 0 <Ty < L1 4+4x+A%);
() 0<T3< 1+ A)(1+8A+A?),

and all results are sharp.

Proof. The proof is similar to the one of Theorem 2.1. (I

Corollary 2.6. For A =1 we receive sharp estimates for the inverse function
of functions from Ut (1) =UT = 8T;
3 10

0<I <1, 0§F2§§, 0§F3§§-

3. The second and the third Hankel determinant
Another concept, rediscovered few years ago, attracting the attention of
mathematicians working in the field of univalent functions is so called Hankel

determinant H,(n)(f) of a given function f(z) = z + ag2?® + azz® + -+, for
g > 1 and n > 1, defined by

Ay, Ap+1 . An+4q—1
Ap+1 Ap+2 ... An+q
Hy(n)(f) =
An+q—1 Gn4q --- On42¢-2

Main interest is to find upper bound (preferably sharp) of the modulus of
H,(n)(f). The general Hankel determinant is hard to deal with, so the second
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and the third ones,

az a3
BE)H=| 2 * | = ww-a
and
1 as asg
Hs(1)(f)=| a2 a3 a4 :ag(a2a4—a§)—a4(a4—a2a3)+a5(a3—a§),

a3 a4 as

respectively, are studied instead. The research is focused on the subclasses of
univalent functions (starlike, convex, a-convex, close-to-convex, spirallike,. . .)
since the general class of normalised univalent functions is also hard to deal
with. Some of the more significant results can be found in [1-6,8-10,15,21].
In this section we will give sharp bounds of the second and the third Hankel
determinant for the functions in &+ (\) and for their inverse.
Using (8), (10) and (11), after some calculations, we receive

Hy(2)(f) = bibs — b3,
H3(1)(f) = baby — b3.

Theorem 3.1. Let f € UT(N\), 0 < A < 1. Then the following estimates are

(14)

sharp:
() =N < Ha(2)(f) < (1= 3) 35
(i) =4 < Hs()(f) < 33

Proof. (i) First, let note that from (10) and (11), we have by, b3 > 0 and bgy < A
which easily implies

H(2)(f) = bibs — b3 > —b3 > — A%
The estimate is sharp due to the function f(z) = H_ﬁ

For the upper bound, from (14) we have Hy(2)(f) = b1bs — b3 < b1bs, and
further from 0 < by < 1+ A and 0 < by < 3 (see (10) and (11)) we need to find

max{b1b3}. For bs = % (= by=bsy=---=0) we have
A
Hy(2)(f) < Ebl-
If we consider the function f defined by
z A
——=1+b =28
e e

then f is in U (X) if 1+ byz + 323 # 0. Since

z A z A
=14+b+=>0 and =1—-b ——,
f(z) 2=1 P2 f(z) =—1 b2
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then it is necessary 1 — by — % > 0. In contrary, if 1 —b; — % < 0, then for
z=rrealin —1 <7 < 1, we have

z

f(z)
has zero in (—1,1), i.e., f is not analytic on the unit disk.
The previous condition is also a sufficient one. Namely, for 0 < b; <1 — %

andogbggg:

A
=1+bir+ 57“3,

Z=r

A A
” = ’1—1—1)124— 523 >1—bilz| — §\z|3

f(z)
>1—(1—;)—;=0.

So,0< b <1— % and H»(2)(f) < (1 - % % The upper bound is sharp due
to the function f(Z) = m
(ii) Similarly as in the proof of part (a), from (14) and (11),

1 1 2

= —Aby — —b2 — Zboby — b2
3772 g2 3
1 1 A2

< Sy — ob3 <
3 3 12

Also, Hs(1)(f) > —b3 > — ()" = =27, since by (11), by < 2522 < 3. The
functions f(z) TTayas and f (z) = Tra/s g6 Show that the estimates

are sharp. O

For the sharp estimates of the Hankel determinant for the inverse of the
functions from U (\) we have the following theorem.

Theorem 3.2. Let f € UT(X), 0 < XA < 1. Then the following estimates are
sharp:

(1) =A2 < Ha(2)(f71) S AL+ A+ A%);
(i) =2 < Hs(1)(f71) < A%

Proof. (i) From (9) we have
H2(2)(f71) = Ay Ay — Ag =b1b3 + b?bg — bg = wl(bl),

where 17 is an increasing function of by, 0 < b; < 14\, and 91 (b1) < Y(1+N).
But, Lemma 1.1, implies bo = A and bs = 0 when for by = 1+ A. So, 91(b1) <
Y1 +A) = (1+A) -0+ (1+A)2A =22 = X1+ X+ \?), and the result follows.
This upper bound is sharp due to the function fy defined in (4).

Also, Hy(2)(f~1) > —b2 > —)2. This bound is also sharp as the function

f(2) = 13557 shows.
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(ii) For the third Hankel determinant of f~! we have
Hs(1)(f ™) = H3(1)(f) — (a5 — a3)® = baby — b3 + b3,

which is an increasing function of ba on the interval (0, A), reaching the max-
imum value on the interval for b, = A. At the same moment, due to Lemma
1.1 we receive that bs = by = 0, leading to

Hs(D)(f7H <A-0-0%4+ 1% =\°.

The function {55 shows that this estimate is the best possible.

Also, H3(1)(f~1) > —b3 > —’\72 since from Lemma 1.1, under the condition
b, = 0 for all positive integers n # 3, we receive bg < % This estimate is also

the best possible with an extremal function W O

4. Zalcman conjecture

In the early 1970’s Zalcman posed the following conjecture for the class of
univalent functions:

|a'i_a2n—1‘ S (’I’L—l)Q (nENan22)

There is a manuscript by Krushkal ([7]) that uses complex geometry of the
universal Teichmiiller space claiming to have proven the conjecture, but this
work is not widely reckognized to be correct. Later, in 1999, Ma ([11]) proposed
a generalized Zalcman conjecture,

l[aman — amin—1] < (m—=1)n—-1) (m,neN, m>2 n>2),

and closed it for the class of starlike functions and for the class of univalent
functions with real coefficients. The general case is still an open problem.

The Zalcman conjecture for the class U when n = 2 and n = 3 was proven
in [17].

Theorem C. Let f € U be of the form (1). Then

(i) |agas — aq| < 2;
(ii) |agaq — as] < 3.
These inequalities are sharp with equality for the Koebe function k(z) = ﬁ

=z+) . ,n2" and its rotations.

We now give direct proof of the Zalcman conjecture for the class Ut (\) for
the cases when n =2 and n = 3.
Theorem 4.1. Let f € UT(N), 0 < A < 1, be of the form (1). Then
(i) —(14+ M)A < asaz —ag < 2X;
(11) |a2a4 - a5| S A + )\2 + )\3.

These inequalities are sharp.
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Proof. (i) Using (8) we have

1
a2a3 — ag = —biby + b3 < b3 < 5)\,

(where we used Lemma 1.1 or (11)). Also,

(see Remark 2.3), i.e., azag—aq < (14+X)A. The functions fy and f(z) =

—(a2a3 — a4) = blbz — bg é b3 S (]. + )\))\,

-,
1+523

show that the result is sharp.
(ii) Using (8) we obtain that

0<

aga4 — a5 = b%bg — b1b3 — b% + b4 = 1/}2(191)7
by < 1+ Since maxthy = Po(1+A) = (1+X1)2A =A% = A+ A2 + A3, then
a204 — Q5 S)\+)\2+>\3

On the other hand,

aras— a5 > by B3> —(14 )] N> (0 X4 X)

The result is sharp due to the function fy. O
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