
Bull. Korean Math. Soc. 60 (2023), No. 5, pp. 1253–1263

https://doi.org/10.4134/BKMS.b220643

pISSN: 1015-8634 / eISSN: 2234-3016

CERTAIN PROPERTIES OF THE CLASS OF UNIVALENT

FUNCTIONS WITH REAL COEFFICIENTS

Milutin Obradović and Nikola Tuneski

Reprinted from the

Bulletin of the Korean Mathematical Society

Vol. 60, No. 5, September 2023

©2023 Korean Mathematical Society



Bull. Korean Math. Soc. 60 (2023), No. 5, pp. 1253–1263

https://doi.org/10.4134/BKMS.b220643

pISSN: 1015-8634 / eISSN: 2234-3016

CERTAIN PROPERTIES OF THE CLASS OF UNIVALENT

FUNCTIONS WITH REAL COEFFICIENTS
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Abstract. Let U+ be the class of analytic functions f such that z
f(z)

has real and positive coefficients and f−1 be its inverse. In this paper

we give sharp estimates of the initial coefficients and initial logarithmic
coefficients for f , as well as, sharp estimates of the second and the third

Hankel determinant for f and f−1. We also show that the Zalcman

conjecture holds for functions f from U+.

1. Introduction

Let A be the class of functions f that are analytic in the open unit disc
D = {z : |z| < 1} of the form

(1) f(z) = z + a2z
2 + a3z

3 + · · · ,

let S be its subclass consisting of univalent functions from A, and S+ consists
of functions f from S with representation

(2)
z

f(z)
= 1 + b1z + b2z

2 + · · · , bn ≥ 0, n = 1, 2, 3, . . . .

Note that the Silverman class of univalent functions with negative coefficients,
i.e., with expansion

f(z) = z − a2z
2 − a3z

3 + · · · , an ≥ 0, n = 1, 2, 3, . . . ,

is subclass of S+ since z/f(z) satisfies (2). Also, the Koebe function k(z) =
z

(1+z)2 is in S+.

Further, with U(λ), 0 ≤ λ < 1, we will denote the class of functions f from
A satisfying the condition

(3)

∣∣∣∣∣
(

z

f(z)

)2

f ′(z)− 1

∣∣∣∣∣ < λ, z ∈ D,
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while U ≡ U(1). This class of functions attracts significant interest in the past
decades. The class is intriguing because it doesn’t follow the usual pattern to
embed or be embedded in the class of starlike functions (functions that map
the unit disk onto a starlike region). A collection of the more significant once
can be found in [19, Chapter 12].

If we denote with U+(λ) the class of functions that satisfy (2) and (3), and
additionally U+ ≡ U+(1), then [12] we have the following equivalence

f ∈ S+ ⇔ f ∈ U+ ⇔
∞∑

n=2

(n− 1)bn ≤ 1.

Next lemma makes an extension of the second equivalence.

Lemma 1.1. f ∈ U+(λ) ⇔
∑∞

n=2(n− 1)bn ≤ λ.

Proof. If f ∈ U+(λ), then by definition∣∣∣∣∣
(

z

f(z)

)2

f ′(z)− 1

∣∣∣∣∣ =
∣∣∣∣∣ z

f(z)
− z

(
z

f(z)

)′

− 1

∣∣∣∣∣ =
∣∣∣∣∣−

∞∑
n=2

(n− 1)bnz
n

∣∣∣∣∣ < λ,

z ∈ D. For real z and z → 1 from left, the last inequality gives
∑∞

n=2(n−1)bn ≤
λ.

If
∑∞

n=2(n− 1)bn ≤ λ, then∣∣∣∣∣
(

z

f(z)

)2

f ′(z)− 1

∣∣∣∣∣ =
∣∣∣∣∣−

∞∑
n=2

(n− 1)bnz
n

∣∣∣∣∣ ≤
∞∑

n=2

(n− 1)bn|z|n

<

∞∑
n=2

(n− 1)bn ≤ λ,

z ∈ D, which mens that f ∈ U+(λ). □

In [16] the authors gave sharp bounds of the first five coefficients in the
expansion of f . The result for the case λ = 1 reduces to the following.

Theorem A. Let f(z) = z+a2z
2+a3z

3+ · · · ∈ S+ = U+. Then the following
estimates are sharp

−2 ≤ a2 ≤ 0, −1 ≤ a3 ≤ 3, −4 ≤ a4 ≤ 4

3

√
2

3
, −9

4
≤ a5 ≤ 5.

Let note that for the general class U we haven |an| ≤ n, n = 2, 3, . . .,
independently from the de Branges theorem. Namely, for the functions f from
U , we have

f(z)

z
≺ 1

(1− z)2
= 1 +

∞∑
n=1

nzn−1,

and the rest follows from the Rogosinski theorem ([19, Theorem 3.2.9, p. 35]).
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Further, in [14], the authors proved that for f in the general class U(λ),
0 < λ ≤ 1, |a2| ≤ 1 + λ, and if |a2| = 1 + λ, then f must be of the form

fθ(z) =
z

1− (1 + λ)eiθz + λe2iθz2
.

For the case f ∈ U+(λ) we have the following corresponding result.

Theorem B. If f is given by (1) with (2), and f ∈ U+(λ), 0 < λ ≤ 1, then
−(1 + λ) ≤ a2 ≤ 0 (or 0 ≤ b1 ≤ 1 + λ). Moreover, if a2 = −(1 + λ), then f
must be of the form

(4) fλ(z) =
z

1 + (1 + λ)z + λz2
,

i.e., b2 = λ, and b3 = b4 = · · · = 0,

In this paper we study coefficient problems for inverse functions of functions
in U+(λ), more precisely we will give sharp upper bounds of the leading coef-
ficients and leading logarithmic coefficients of the inverse functions, as well as
estimates of the modulus of the second and the third Hankel determinant.

2. Coefficient estimates

The famous Koebe 1/4 theorem guaranties that each function f from S has
an inverse at least on a disk with radius 1/4. Let the inverse function has an
expansion

(5) f−1(w) = w +A2w
2 +A3w

3 + · · ·

on the disk |w| < 1
4 . By using the identity f(f−1(w)) = w, and representations

(1) and (5), we obtain the following relations:

(6)

A2 = −a2,

A3 = −a3 + 2a22,

A4 = −a4 + 5a2a3 − 5a32.

We now give sharp bounds of A2, A3 and A4.

Theorem 2.1. Let f ∈ U+(λ), 0 < λ ≤ 1, and f−1 is given by (5). Then, the
following estimates are sharp:

(7)

0 ≤ A2 ≤ 1 + λ,

0 ≤ A3 ≤ 1 + 3λ+ λ2,

0 ≤ A4 ≤ (1 + λ)(1 + 5λ+ λ2).

Proof. Since f ∈ U+(λ), 0 < λ ≤ 1, then by definition

f(z) = z + a2z
2 + a3z

3 + · · · = z

1 + b1z + b2z2 + · · ·
,
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where bn ≥ 0, n = 1, 2, 3, . . .. After comparing the coefficients we receive,

(8)

a2 = −b1,

a3 = −b2 + b21,

a4 = −b3 + 2b1b2 − b31,

a5 = −b4 + b22 + 2b1b3 − 3b21b2 + b41,

and by combining (8) with (6),

(9)

A2 = b1,

A3 = b2 + b21,

A4 = b3 + 3b1b2 + b31.

Since a2 is real (so are a3, a4,. . . ), and |a2| ≤ 1 + λ for all functions from
U(λ) (see [20] or [19, Theorem 12.3.1, p. 188]), we receive −(1+λ) ≤ a2 ≤ 1+λ.

From A2 = −a2 = b1, b1 ≥ 0 and a2 ≤ 1 + λ, easily follows the estimate

(10) 0 ≤ A2 = b1 ≤ 1 + λ.

Further, from Lemma 1.1 we have

b2 + 2b3 + 3b4 + · · · ≤ λ,

which implies

0 ≤ b2 ≤ λ,

b2 + 2b3 ≤ λ

(
⇔ b3 ≤ 1

2
(λ− b2)

)
,

b2 + 2b3 + 3b4 ≤ λ

(
⇔ b4 ≤ 1

3
(λ− 2b3 − b2)

)
.

(11)

Combining (10), (11) and (9), we receive

0 ≤ A3 ≤ λ+ (1 + λ)2 = 1 + 3λ+ λ2,

and for A4,

0 ≤ A4 ≤ 1

2
(λ− b2) + 3(1 + λ)b2 + (1 + λ)3

=
λ

2
+

(
5

2
+ 3λ

)
b2 + (1 + λ)3

≤ λ

2
+

(
5

2
+ 3λ

)
λ+ (1 + λ)3

= (1 + λ)(1 + 5λ+ λ2).
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For the sharpness of the upper bounds, for the function fλ(z) defined by (4),
we have

fλ(z) =
z

1 + (1 + λ)z + λz2

= z − (1 + λ)z2 + (1 + λ+ λ2)z3 − (1 + λ+ λ2 + λ3)z4 + · · · ,

i.e., fλ ∈ U+(λ) and

z = f−1
λ (w) = w+(1+λ)w2 +(1+3λ+λ2)w3 +(1+λ)(1+ 5λ+λ2)w4 + · · · .

For the sharpness of the lower bounds it is enough to consider the inverse
function of the function

f(z) =
z

1 + λz4/3
,

where b1 = b2 = b3 = 0. □

Remark 2.2. In [18], the authors obtained the same result, but with an addi-
tional condition

(12)
f(z)

z
≺ 1

(1 + z)(1 + λz)
.

In our proof we didn’t use that condition.

Remark 2.3. From (8) we have a3 = b21 − b2 ≡ ψ1(b1), 0 ≤ b1 ≤ 1 + λ. It is
evident that ψ1(b1) ≥ −b2 ≥ −λ, while maxψ1 = ψ1(1 + λ). But, b1 = 1 + λ
implies b2 = λ, so

ψ1(1 + λ) = (1 + λ)2 − λ = 1 + λ+ λ2.

Similarly, by (8) we have

−a4 = b31 − 2b1b2 + b3 ≡ ψ2(b1),

0 ≤ b1 ≤ 1 + λ, and by using the previous comments,

maxψ2 = ψ2(1 + λ) = (1 + λ)3 − 2(1 + λ)λ = 1 + λ+ λ2 + λ3.

It means that a4 ≥ −(1 + λ + λ2 + λ3). If we use the upper bound for a4
given in [16], then

|a4| ≤ 1 + λ+ λ2 + λ3

for f ∈ U+(λ). It means that the results given in Theorem 3 from [16] are valid
independently of the condition (12).

This is the reason we pose the next conjecture.

Conjecture 2.4. For the functions in the class U+(λ),

|an| ≤
1− λn

1− λ
= 1 + λ+ λ2 + λ3 + · · ·+ λn, n = 2, 3, 4, . . . .

This was proven to hold for the general class U(λ) under the condition (12) in
the cases n = 2, 3, 4 ([13] or [19, Theorem 12.3.2, p. 191].
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In [16] the authors studied the logarithmic coefficients for the class U+ (S+),
and here we will continue and give estimates for the logarithmic coefficients of
the inverse functions of functions in the classes U+(λ). For the logarithmic
coefficients (Γ1,Γ2,Γ3, . . .) we have

log
f−1(w)

w
= log(1 +A2w +A3w

2 + · · · ),

or
∞∑

n=1

2Γnw
n = A2w +

(
A3 −

1

2
A2

2

)
w2 +

(
A4 −A2A3 +

1

3
A3

2

)
w3 + · · · .

From the last relation we get

(13)

Γ1 = 1
2A2 = 1

2b1,

Γ2 = 1
2

(
A3 − 1

2A
2
2

)
= 1

2

(
b2 +

1
2b

2
1

)
,

Γ3 = 1
2

(
A4 −A2A3 +

1
3A

3
2

)
= 1

2

(
b3 + 2b1b2 +

1
3b

3
1

)
,

where we used relations (9).

Theorem 2.5. Let f ∈ U+(λ), 0 < λ ≤ 1. Then

(a) 0 ≤ Γ1 ≤ 1+λ
2 ;

(b) 0 ≤ Γ2 ≤ 1
4 (1 + 4λ+ λ2);

(c) 0 ≤ Γ3 ≤ 1
6 (1 + λ)(1 + 8λ+ λ2),

and all results are sharp.

Proof. The proof is similar to the one of Theorem 2.1. □

Corollary 2.6. For λ = 1 we receive sharp estimates for the inverse function
of functions from U+(1) = U+ = S+;

0 ≤ Γ1 ≤ 1, 0 ≤ Γ2 ≤ 3

2
, 0 ≤ Γ3 ≤ 10

3
.

3. The second and the third Hankel determinant

Another concept, rediscovered few years ago, attracting the attention of
mathematicians working in the field of univalent functions is so called Hankel
determinant Hq(n)(f) of a given function f(z) = z + a2z

2 + a3z
3 + · · · , for

q ≥ 1 and n ≥ 1, defined by

Hq(n)(f) =

∣∣∣∣∣∣∣∣∣
an an+1 . . . an+q−1

an+1 an+2 . . . an+q

...
...

...
an+q−1 an+q . . . an+2q−2

∣∣∣∣∣∣∣∣∣ .
Main interest is to find upper bound (preferably sharp) of the modulus of
Hq(n)(f). The general Hankel determinant is hard to deal with, so the second
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and the third ones,

H2(2)(f) =

∣∣∣∣ a2 a3
a3 a4

∣∣∣∣ = a2a4 − a23

and

H3(1)(f) =

∣∣∣∣∣∣
1 a2 a3
a2 a3 a4
a3 a4 a5

∣∣∣∣∣∣ = a3(a2a4 − a23)− a4(a4 − a2a3) + a5(a3 − a22),

respectively, are studied instead. The research is focused on the subclasses of
univalent functions (starlike, convex, α-convex, close-to-convex, spirallike,. . . )
since the general class of normalised univalent functions is also hard to deal
with. Some of the more significant results can be found in [1–6,8–10,15,21].

In this section we will give sharp bounds of the second and the third Hankel
determinant for the functions in U+(λ) and for their inverse.

Using (8), (10) and (11), after some calculations, we receive

H2(2)(f) = b1b3 − b22,

H3(1)(f) = b2b4 − b23.
(14)

Theorem 3.1. Let f ∈ U+(λ), 0 < λ ≤ 1. Then the following estimates are
sharp:

(i) −λ2 ≤ H2(2)(f) ≤
(
1− λ

2

)
λ
2 ;

(ii) −λ2

4 ≤ H3(1)(f) ≤ λ2

12 .

Proof. (i) First, let note that from (10) and (11), we have b1, b3 ≥ 0 and b2 ≤ λ,
which easily implies

H2(2)(f) = b1b3 − b22 ≥ −b22 ≥ −λ2.

The estimate is sharp due to the function f(z) = z
1+λz2 .

For the upper bound, from (14) we have H2(2)(f) = b1b3 − b22 ≤ b1b3, and
further from 0 ≤ b1 ≤ 1+λ and 0 ≤ b3 ≤ λ

2 (see (10) and (11)) we need to find

max{b1b3}. For b3 = λ
2 (⇒ b2 = b4 = · · · = 0) we have

H2(2)(f) ≤
λ

2
b1.

If we consider the function f defined by

z

f(z)
= 1 + b1z +

λ

2
z3,

then f is in U+(λ) if 1 + b1z +
λ
2 z

3 ̸= 0. Since

z

f(z)

∣∣∣∣
z=1

= 1 + b1 +
λ

2
> 0 and

z

f(z)

∣∣∣∣
z=−1

= 1− b1 −
λ

2
,
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then it is necessary 1 − b1 − λ
2 ≥ 0. In contrary, if 1 − b1 − λ

2 < 0, then for
z = r real in −1 < r < 1, we have

z

f(z)

∣∣∣∣
z=r

= 1 + b1r +
λ

2
r3,

has zero in (−1, 1), i.e., f is not analytic on the unit disk.
The previous condition is also a sufficient one. Namely, for 0 ≤ b1 ≤ 1 − λ

2

and 0 ≤ b3 ≤ λ
2 : ∣∣∣∣ z

f(z)

∣∣∣∣ = ∣∣∣∣1 + b1z +
λ

2
z3
∣∣∣∣ ≥ 1− b1|z| −

λ

2
|z|3

> 1−
(
1− λ

2

)
− λ

2
= 0.

So, 0 ≤ b1 ≤ 1− λ
2 and H2(2)(f) ≤

(
1− λ

2

)
λ
2 . The upper bound is sharp due

to the function f(z) = z
1+(1−λ/2)z+λ/2z3 .

(ii) Similarly as in the proof of part (a), from (14) and (11),

H3(1)(f) ≤ b2 ·
1

3
(λ− b2 − 2b3)− b23

=
1

3
λb2 −

1

3
b22 −

2

3
b2b3 − b23

≤ 1

3
λb2 −

1

3
b22 ≤ λ2

12
.

Also, H3(1)(f) ≥ −b23 ≥ −
(
λ
2

)2
= −λ2

4 , since by (11), b3 ≤ λ−b2
2 ≤ λ

2 . The
functions f(z) = z

1+λ/2z3 and f(z) = z
1+λ/2z2+λ/6z4 show that the estimates

are sharp. □

For the sharp estimates of the Hankel determinant for the inverse of the
functions from U+(λ) we have the following theorem.

Theorem 3.2. Let f ∈ U+(λ), 0 < λ ≤ 1. Then the following estimates are
sharp:

(i) −λ2 ≤ H2(2)(f
−1) ≤ λ(1 + λ+ λ2);

(ii) −λ2

4 ≤ H3(1)(f
−1) ≤ λ3.

Proof. (i) From (9) we have

H2(2)(f
−1) = A2A4 −A2

3 = b1b3 + b21b2 − b22 ≡ ψ1(b1),

where ψ1 is an increasing function of b1, 0 ≤ b1 ≤ 1+λ, and ψ1(b1) ≤ ψ(1+λ).
But, Lemma 1.1, implies b2 = λ and b3 = 0 when for b1 = 1 + λ. So, ψ1(b1) ≤
ψ(1 + λ) = (1 + λ) · 0 + (1 + λ)2λ− λ2 = λ(1 + λ+ λ2), and the result follows.
This upper bound is sharp due to the function fλ defined in (4).

Also, H2(2)(f
−1) ≥ −b22 ≥ −λ2. This bound is also sharp as the function

f(z) = z
1+λz2 shows.
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(ii) For the third Hankel determinant of f−1 we have

H3(1)(f
−1) = H3(1)(f)− (a3 − a22)

3 = b2b4 − b23 + b32,

which is an increasing function of b2 on the interval (0, λ), reaching the max-
imum value on the interval for b2 = λ. At the same moment, due to Lemma
1.1 we receive that b3 = b4 = 0, leading to

H3(1)(f
−1) ≤ λ · 0− 02 + λ3 = λ3.

The function z
1+λz3 shows that this estimate is the best possible.

Also, H3(1)(f
−1) ≥ −b23 ≥ −λ2

4 since from Lemma 1.1, under the condition

bn = 0 for all positive integers n ̸= 3, we receive b3 ≤ λ
2 . This estimate is also

the best possible with an extremal function z
1+λ/2z3 . □

4. Zalcman conjecture

In the early 1970’s Zalcman posed the following conjecture for the class of
univalent functions:

|a2n − a2n−1| ≤ (n− 1)2 (n ∈ N, n ≥ 2).

There is a manuscript by Krushkal ([7]) that uses complex geometry of the
universal Teichmüller space claiming to have proven the conjecture, but this
work is not widely reckognized to be correct. Later, in 1999, Ma ([11]) proposed
a generalized Zalcman conjecture,

|aman − am+n−1| ≤ (m− 1)(n− 1) (m,n ∈ N, m ≥ 2, n ≥ 2),

and closed it for the class of starlike functions and for the class of univalent
functions with real coefficients. The general case is still an open problem.

The Zalcman conjecture for the class U when n = 2 and n = 3 was proven
in [17].

Theorem C. Let f ∈ U be of the form (1). Then

(i) |a2a3 − a4| ≤ 2;
(ii) |a2a4 − a5| ≤ 3.

These inequalities are sharp with equality for the Koebe function k(z) = z
(1−z)2

= z +
∑

n=2 nz
n and its rotations.

We now give direct proof of the Zalcman conjecture for the class U+(λ) for
the cases when n = 2 and n = 3.

Theorem 4.1. Let f ∈ U+(λ), 0 < λ ≤ 1, be of the form (1). Then

(i) −(1 + λ)λ ≤ a2a3 − a4 ≤ 1
2λ;

(ii) |a2a4 − a5| ≤ λ+ λ2 + λ3.

These inequalities are sharp.
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Proof. (i) Using (8) we have

a2a3 − a4 = −b1b2 + b3 ≤ b3 ≤ 1

2
λ,

(where we used Lemma 1.1 or (11)). Also,

−(a2a3 − a4) = b1b2 − b3 ≤ b3 ≤ (1 + λ)λ,

(see Remark 2.3), i.e., a2a3−a4 ≤ (1+λ)λ. The functions fλ and f(z) = z
1+λ

2 z3

show that the result is sharp.
(ii) Using (8) we obtain that

a2a4 − a5 = b21b2 − b1b3 − b22 + b4 ≡ ψ2(b1),

0 ≤ b1 ≤ 1+λ. Since maxψ2 = ψ2(1+λ) = (1+λ)2λ−λ2 = λ+λ2+λ3, then

a2a4 − a5 ≤ λ+ λ2 + λ3.

On the other hand,

a2a4 − a5 ≥ −b1b3 − b22 ≥ −(1 + λ)
λ

2
− λ2 > −(λ+ λ2 + λ3).

The result is sharp due to the function fλ. □
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[16] M. Obradović and N. Tuneski, A class of univalent functions with real coefficients, Bull.

Malays. Math. Sci. Soc. 43 (2020), no. 3, 2875–2886. https://doi.org/10.1007/s40840-

019-00842-5

[17] M. Obradovic and N. Tuneski, Zalcman and generalized Zalcman conjecture for the

class U , Novi Sad J. Math. 52 (2022), no. 1, 173–184.
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