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Abstract: Cohesion is defined as the shear strength of material when compressive stress is zero.
This article presents a new method for the experimental determination of cohesion at pre-set angles
of shear deformation. Specially designed moulds are created to force deformation (close to τ-axis)
at fixed pre-set values of angle with respect to normal stress σ. Testing is performed on series of
concrete blocks of different strengths. From the compressive side, cohesion is determined from the
extrapolation of the linear Mohr–Coulomb (MC) model, as the intercept on the shear stress axis.
From the tensile stress side (from the left), cohesion is obtained using the Brazilian test results:
first, indirect tensile strength of material σt

BT is measured, then Mohr circle diagram values are
calculated and cohesion is determined as the value of shear stress τBT on the Mohr circle where
normal stress (σ)t = 0. A hypothesis is made that cohesion is the common point between two tests.
In the numerical part, a theory of ultimate load is applied to model Brazilian test using the angle of
shear friction from the MC model. Matching experimental and numerical results confirm that the
proposed procedure is applicable in numerical analysis.

Keywords: cohesion; angle of shear deformation; Mohr–Coulomb model; induced tensile strength;
concrete samples; Brazilian test; finite element method (FEM)

1. Introduction

In order to describe the deformation behaviour of brittle material, complex issues are discussed for
the Brazilian test and forced shear test. The control of many variables connected with various samples
and testing equipment is a difficult and expensive task aimed to obtain representative stress strain
curves for real material. Concrete, as a brittle material, is inhomogeneous, its mechanical properties
vary even within the same batch, and therefore, the number of measurements must follow any definition
of the material properties where the statistical distribution of the experimental results is performed.
Many authors obtained close mathematical description for the complex deformation behaviour of
a real material in some cases for a specific test [1]. However, the same mathematical model may not be
valid in describing the deformation behaviour under a different set of experimental conditions.

It is widely known that ordinary concrete is a non-homogeneous mixture of Portland cement,
aggregate (gravel and sand), water, and different admixtures. The hardening of concrete is a continuous
and long-lasting process and the compressive strength of the concrete, being the most used and most
important characteristic of the concrete, is standardised as compressive strength at the age of 28 days.
Mechanical properties of concrete may be described as those of brittle ceramic material. It is widely
known that concrete is an anisotropic material and has high compressive and low tensile strength [2].
Therefore, in structural applications, concrete is used as a material mostly subjected to compression [3].
With the increase of the load, concrete exhibits the following behaviour: elastic deformation and plastic
flow in early stages [4], followed by the appearance and propagation of microcracks [5].
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In the Brazilian test (split cylinder test), compression induces tension. Therefore, in modelling such
tests, compression may be described with the mechanics of plastic deformation, while induced reactive
tension may be described with fracture mechanics [6]. The plastic behaviour of concrete was modelled
either as elastic-perfectly plastic material [7] or as elastic-plastic material with strain hardening [8].
Various authors used a large number of different techniques to investigate the microstructure of
concrete, in order to explain plain concrete behaviour, such as SEM [9], various synchrotron radiation
techniques to characterise cement-based material [10], non-destructive techniques (such as X-ray
tomography and ultrasonic imaging) to visualise inclusions in concrete samples [11] and CT scanning
for density profiles’ air pockets distribution [12].

Bazant et al. [13] attempted to estimate the cumulative probability of the concrete sample fail
under a given load. To describe the size effect of cracks in a brittle material, they used the Weibull
statistical model. The paper presented an attempt to combine the reliability theory with fracture
mechanics. There were two phases perceived synergistically: first, crack initiation phase, statistically
calculated (according to the reliability theory), and second, crack propagation phase, calculated as the
energy part (described as fracture nonlinearity).

Some authors tried to understand where the initial microcracks form, by applying moderate
external load to induce microcracks, which formed at the interface between the cement paste and
coarse gravel particles [14]. It is noted that increased load induced the coalescence of the microcracks
into the large macro-cracks.

Kansan and Jirsa [15] indicated that, for the elements subjected to uni-axial compression,
as a function of axial deformation, plastic hardening occurs first, followed by plastic softening.
Chen [16] justified the assumption that concrete can be considered as perfectly plastic material
applicable for certain classes of problems in mechanics. He described the argument as an “idealisation
which contains the essential features of certain material behaviour: the tangent modulus when
loading in the plastic range is small compared with the elastic modulus, and the unloading response
is elastic. Further, the strain level of interest in a problem determines the choice of flow stress.
Thus, in a sense, this perfectly plastic flow stress somewhat represents an averaging work-hardening or
work-softening of the material over the field of flow”. Further illustrations of the above can be found
in the literature [17,18].

In a classic paper, the relationship between compressive and tensile strength [19] is reported on
rocks. Linear fit correlation indicated that one single factor might be of a prime importance in the
fracture process. A suggested factor is the presence of microcracks, which are inherent in most rock
types. In another report, a two-parameters parabolic Mohr criterion model is developed to analyse the
failure modes of rock materials using Brazilian test results [20]. The first parameter is called materials
strength expressed as the ratio m = σt/σc and the second parameter is N = (m + 2 − 2

√
m + a) · σt.

Four failure modes are defined as combination of tensile and shear stress: pure tensile failure, shear
damage, pure shear failure and shear failure under compression. Failure modes, as presented in the
paper by Ma et al. [21], are classified into five categories: tensile failure across and along the weakness
planes, shear failure across and along the weakness planes, and mixed failure.

In a similar paper, cohesion and angle of friction are determined from tensile strength and uniaxial
compression [22]. Presented are empirical equations which correlate compressive strength (σc), tensile
strength (σt), and cohesion (c). For example, 1/m parameter looked as the ratio of σt/σc is expected
to lie in the range from 1/5 to 1/20, with an average value of about 1/10. Test results of compressive
strength, and tensile strength for lightly cemented sand (54% of cement) showed 1/m to be about 1/10.
This paper is based on the referenced article by Piratheepan et al. [23], where cohesion and friction
angle are derived from first principles to be as follows:

c =
σc · σt

2
√
σt · (σc − 2σt)

, φ = sin−1
(
σc − 4σt

σc − 2σt

)
(1)
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Results obtained in the experimental testing of 35 sets of rock specimens, for the predicted value
of cohesion, appear to be more realistic than for the predicted friction angle values. Using linear fit
approximation, the following equation is obtained for cohesion: c = 1.82·σt with correlation factor
R2 = 0.92. Fitting scatter is attributed to heterogeneity in the rock specimens and anisotropy.

Some authors noticed the importance of determining the value of cohesion in order to apply the
Mohr–Coulomb model to different types of concrete and used cohesion parameters to describe the
concrete softening/hardening and accumulative plastic deformations [24–27].

1.1. Brazilian Test

The Brazilian test is described in terms of the contact angle between specimen and loading
plates [28]. The contact angle may affect the shear deformation in a region just under the loading plates,
while tensile stress plays a major role in the centre of the specimen. According to the standard ASTM
D 3967-08, the tensile strength equation is [29]

σBT
t =

2 · Pmax

π ·D · B
(2)

where Pmax is the ultimate load reached during the test, D is the diameter and B is the sample thickness.
As pointed out in the literature [30], it is possible that shear stresses in the contact region reach critical
magnitude and create initial cracks long before the tensile stresses reach their limit in the centre.
In such cases, the most likely place of splitting a disk in the Brazilian test is not diametrical but is on
surfaces indicated with border lines of the loading area.

The Brazilian test is looked at as the tensile stress, but in reality, it is a more complex stress
state. In this paper, it is proposed to look at the Brazilian complex stress state as if it were composed
of pure shear and uniaxial compression. The proposed model is based on illustration reported by
Hobbs for the Brazilian test, in which shear stress state is in the sample region just under the loading
plates. Figure 1 shows block diagrams with the proposed stress state for the Brazilian test for massive
rocks, as composed of pure shear (τ = σt) and added uniaxial compression of σc = 2σt. The radius
for the Mohr circle for pure shear segment is R1 = τ = σt and radius for the Mohr circle of the added
compression is R2 = σc = σt, making the total radius for the Mohr circle for the Brazilian test for rocks
to be R = R1 + R2 = 2σt, as shown in Figure 1b.

The strain distribution of the Brazilian specimen and transition between shear and tensile failure
modes is reported in the paper by Li et al. [31]. A numerical analysis described in this paper showed
that the maximum tensile stress and strain occurs about 5 mm away from the loading points along
the central loading diameter of the 50-mm diameter Brazilian disc. This location corresponds to a
failure mode transition between shear and tensile failure, as shown in Figure 1c; illustration reported
by Hobbs.

A recently published paper showed a new interesting practical test method for determination
of cohesion values of rock materials using double shear jaws [32]. Steel jaws are designed and
manufactured for testing rock materials. Effects of various testing parameters are reported with respect
to induced shear stress failure mechanisms.

Previous standard method of testing the shear strength for intact rock mass [33] is carried out in
special moulds, which enable shear at the desired angle α. Angles at which testing is performed are
30◦, 45◦ and 70◦ with respect to normal stress. However, from the practical point of view, it is extremely
difficult to properly measure samples at 30◦. We made several attempts to test rock samples, but attempts
were not successful: many samples crushed before being tested, either on the edges or any rough
surfaces or planes, at very high values of applied loads. It was decided to avoid the region of testing
over 45◦ with respect to normal stress, and to stay close to the shear stress axis.
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Figure 1. (a) Block diagram showing Brazilian test as composed of pure shear with the radius of
τ = σt and uniaxial compression of σc = 2σt; (b) Mohr circles showing the Brazilian test (blue circle),
pure shear with the radius of τ = σt (red circle) and uniaxial compression of σc = 2σt (green circle).
(c) Transition between shear and tensile failure modes in a solid disk in the Brazilian test (as illustrated
by Hobbs). (d) Block diagram showing the state of shear stress under loading plates.

1.2. Shear Test at Pre-Set Angles

The novelty of this proposed new method is to stay close to τ-axis, to force shear deformation at
80◦ and 70◦ with respect to normal stress σ-axis. It is a simple, efficient procedure for the application
of large size samples of inhomogeneous materials, such as rocks and concrete blocks. The relation
between experimental measurements and parameters such as cohesion and the angle of friction is
straightforward. As indicated in Figure 2, cohesion is obtained by extrapolation of the linear fit points
to obtain intercept with shear stress axis, and the angle of friction is obtained from the linear fit slope.
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Figure 2. Schematic drawing showing shear test at fixed angles with respect to normal stresses (σ),
in order to obtain points for linear Mohr–Coulomb (MC) model.

A presented method for determining shear strength limit in rock mechanics is based on Yugoslavian
standard JUS B7.130 reference [34], with the idea that, for brittle material, it is possible to hold the angle
of shear deformation constant while applying load. New testing moulds were created with angles at
which testing is to be carried out close to the shear stress axis, chosen to be at fixed angles of 80◦ and
70◦ with respect to normal stress, as indicated in Figure 3.
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Figure 3. Experimental setup for shear strength testing: (a) schematic drawings of mould; (b) photo of
experimental setup in the laboratory; (c) photo of failed sample.

The following equations are used to describe normal and shear stress

σ = P · cosα/A (3)

τ = P · sinα/A (4)

where P is the failure force, A is the surface and α is the angle wrt to σ.

2. Materials and Testing

In order to define parameters of different types of concrete, several test batches with different
mixture proportions were performed according to EN 206-1. As a binder, cement type CEM I 42,5 R
(Lafarge BFC, Serbia, according to EN 197-1:2000) was used. In order to test the influence of aggregate
type on concrete parameters, two different types of aggregate were used: concrete type A with crushed
andesite aggregate from “Šumnik” quarry in Raška, Serbia, and concrete type M with natural river
aggregate from river Morava, Serbia. Third concrete type mixture (Mohr–Coulomb (MC)) was prepared
with natural river aggregate and addition of styrene-butadiene latex. Polycarboxylate superplasticising
admixture (PCA) were added to some mixtures in order to achieve predicted strength and designed
Abrams’ cone slump of 18–20 cm. Table 1 shows mixture proportions of different concrete batches.

Concrete was casted in 15 cm cubic moulds. All the mixtures were casted in series of 6 samples:
3 for compressive strength testing (EN 12390-2), and 3 for indirect tensile strength (Brazilian test—EN
12390-6). Testing was performed in the Laboratory for Material Testing at the University of Belgrade,
Faculty of Civil Engineering. Testing equipment used for this experiment is AMSLER hydraulic
load frame, max. capacity of 2500 kN, equipped with two inductive sensors (LVDT) calibrated to



Crystals 2020, 10, 808 6 of 16

1 micron resolution (Schaffhausen, Swicerland). After 28 days, samples were tested on the hydraulic
compression frame of the 200-tons (2000 kN) capacity, synchronised with two inductive sensors (LVDT)
calibrated to 1-micron resolution. Those sensors provide automatic acquisition of data with capacity of
20 to 40 data points per second. The results of the concrete samples are shown in Table 2.

Table 1. Mixture proportion of different concrete batches.

Concrete Mixture (kg per m3) Type A Type M Type MC

Aggregate crushed andesite natural river natural river
A1 A2 A3 M1 M2 M3 MC1 MC2

0–4 mm (45%) 860 845 825 870 845 830 835 820
4–8 mm (16%) 305 300 290 310 300 295 300 290
8–16 mm (39%) 750 735 715 755 730 720 725 710
Cement: CEM I 42,5 R 320 370 420 300 350 400 360 400
Water 160 148 147 165 175 152 180 160
PCA Superplasticizer 1.92 2.96 4.2 - - 3.2 - 3.2
SB Latex (50% dry solid content) - - - - - - 18 20

Table 2. Compressive and indirect tensile strength for concrete types A, M and MC after 28 days.

Concrete Type Compressive Strength (MPa) Indirect Tensile Strength (MPa)

sample 1 2 3 Ave. 4 5 6 Ave.
A1 43.70 44.38 39.62 42.57 3.71 3.16 3.48 3.45
A2 71.11 77.24 72.93 73.76 4.24 4.21 4.73 4.39
A3 86.36 87.73 82.00 85.36 5.10 5.89 5.69 5.56
M1 31.25 30.92 32.52 31.56 3.11 2.92 3.30 3.11
M2 48.67 50.06 45.20 47.98 2.77 2.97 3.30 3.01
M3 68.44 66.89 68.70 68.01 5.12 4.90 5.36 5.13

MC1 37.87 41.24 41.33 40.15 3.05 2.78 3.28 3.04
MC2 64.49 59.60 64.76 62.95 4.65 4.38 4.54 4.52

Two additional series of concrete cube samples were designed and casted, in order to provide input
data for determination of MC parameters for concrete modelling. Concrete mixtures were designed to
represent the concrete of nominal compressive strength of around 30 MPa (labelled MB 30) and concrete
of nominal compressive strength of around 50 MPa (labelled MB 50). Additional concrete mixture as
a representative for high strength concrete was designed, casted and labelled MB100. Concrete mixture
proportions are shown in Table 3.

Table 3. Mixture proportion of concrete batches labelled as MB30 and MB 50.

Concrete Mixture (kg per m3) MB 30 MB 50 MB 100

Aggregate natural river natural river crushed andesite
0–4 mm (44%) 840 810 0–2 mm: 660
4–8 mm (15%) 290 290 2–4 mm: 220
8–16 mm (41%) 780 750 4–8 mm: 620
Cement: CEM I 42,5 R 320 370 700
Water 170 180 210
PCA Superplasticizer - 2.2 21

Eighteen 100 mm concrete cubes were casted of both MB30 and MB 50 mixture: three were used
to determine compressive strength (shown in Table 4).

The remaining fifteen concrete cubes were used for tensile and shear stress data, presented in
Table 5. Due to omission in casting, two samples of MB30 batch were not appropriate for testing,
so thirteen samples were tested. Six samples of MB 100 were casted: two for compressive strength,
and four for shear test (70◦ and 80◦).
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Table 4. Compressive and indirect tensile strength for concrete types MB 30 and MB 50 after 28 days.

Concrete Type Compressive Strength (MPa)

sample 1 2 3 Ave.
MB 30 35.22 36.18 34.62 35.34
MB 50 58.26 61.12 58.48 59.29

MB 100 100.2 97.7 - 99.0

Table 5. Shear test data at fixed angles of 80◦, 70◦ and 60◦ with respect to σ- axis, and tensile test data
for concrete cube samples MB 30 and MB 50.

Concrete Cube Samples Series MB 30 Concrete Cube Samples Series MB 50

Sample Angle Load
(kN)

σ

(MPa) τ (MPa) Ave σ

(MPa)
Ave τ

(MPa)
Load
(kN)

σ

(MPa) τ (MPa) Ave σ

(MPa)
Ave τ

(MPa)

1 80 54 0.94 5.32 47 0.82 4.63
2 80 35 0.61 3.45 0.792 4.46 38 0.66 3.74 0.76 4.33
3 80 47 0.82 4.63 45 0.78 4.43
4 80 46 0.80 4.53
5 70 67 2.29 6.30 96 3.28 9.02
6 70 84 2.87 7.89 2.82 7.75 99 3.39 9.30 3.34 9.19
7 70 94 3.21 8.83 88 3.01 8.27
8 70 85 2.91 7.99 108 3.69 10.15
9 60 144 7.20 12.47 183 9.15 15.85

10 60 101 5.05 8.75 6.60 11.43 107 5.35 9.27 7.51 13.01
11 60 151 7.55 13.08 157 7.85 13.60
12 60 154 7.70 13.34
13 BT 52 3.31 36 2.29
14 BT 43 2.74 2.78 48 3.06 2.97
15 BT 36 2.29 56 3.57

3. Experimental Data

Tests of shear strength through mass were carried out on numerous cubic samples. Dimensions of
the samples were 100 × 100 × 100 mm. With values determined for σ and τ, a graph of strength limit
state is made, approximated to straight line, whose inclination determines the value of the internal
friction angle, and the intersection with ordinate defines the value of cohesion c.

The new shear test method is applied for testing concrete blocks as an example of brittle material.
Concrete is a material with complex function of many input variables associated with its components
(such as type of cement and aggregate, chemical composition, particle size distribution, etc.) [35].
The tensile strength of most concrete types generally does not exceed 10% of the corresponding
compressive strength [36]. As indicated in the referenced paper by O’Neil, compressive strength for
conventional concrete is generally less than 40 MPa. Concretes designed with compression strength of
41.4 MPa or greater are known as “high-strength”.

In this paper, an attempt is made to create concrete series with designed values for compressive
strength, and to determine the dependence of tensile strength, and of cohesion. A series of indirect
tensile strength (Brazilian test) was performed on concrete series type A, M, MC, MB30, MB50, MB100.
Sets of these tests are shown in the Figure 4.

Table 6 presents the summary of experimental data for concrete series made using different
input parameters such as aggregate material. For example, concrete series M is created using grain
aggregate from the Morava river in Serbia. Looking at the data presented for concrete series M1 and M2,
compressive strength increased from 31.5 MPa to 48 MPa with no significant change in tensile strength
at around 3 MPa. Figure 5 shows functional dependence for all samples from Table 6, tensile strength
being a function of designed compressive strength.



Crystals 2020, 10, 808 8 of 16Crystals 2020, 10, x FOR PEER REVIEW 8 of 16 

 

  

  
Figure 4. Experimental setup for induced tensile load capacity in a concrete sample. 

Table 6 presents the summary of experimental data for concrete series made using different 
input parameters such as aggregate material. For example, concrete series M is created using grain 
aggregate from the Morava river in Serbia. Looking at the data presented for concrete series M1 and 
M2, compressive strength increased from 31.5 MPa to 48 MPa with no significant change in tensile 
strength at around 3 MPa. Figure 5 shows functional dependence for all samples from Table 6, tensile 
strength being a function of designed compressive strength. 

Table 6. Average compressive and tensile strengths for different concrete series. 

Concrete Series Compressive Strength 
(MPa) 

Tensile Strength 
(MPa) 

M1 31.56 3.11 
MC1 40.15 3.04 
A1 42.60 3.45 
M2 47.97 3.01 

MC2 62.95 4.52 
M3 68.01 5.13 
A2 73.76 4.39 
A3 85.36 5.56 

 
Figure 5. Relationship between compressive and tensile strengths for concrete series presented in 
Table 1. 

The presented linear fit is showing an intercept at 1.22 MPa and a small gain of only 0.05 with a 
large spread of experimental data indicated with correlation function of only 0.85. In fact, it is a 
difficult assignment to create a recipe for concrete series with designed values for both compressive 
and tensile strengths. As mentioned previously, Hobbs showed linear dependence between 
compressive and tensile strengths for massive rocks: compressive strength increased four times going 

Figure 4. Experimental setup for induced tensile load capacity in a concrete sample.

Table 6. Average compressive and tensile strengths for different concrete series.

Concrete Series Compressive Strength (MPa) Tensile Strength (MPa)

M1 31.56 3.11
MC1 40.15 3.04
A1 42.60 3.45
M2 47.97 3.01

MC2 62.95 4.52
M3 68.01 5.13
A2 73.76 4.39
A3 85.36 5.56

Crystals 2020, 10, x FOR PEER REVIEW 8 of 16 

 

  

  
Figure 4. Experimental setup for induced tensile load capacity in a concrete sample. 

Table 6 presents the summary of experimental data for concrete series made using different 
input parameters such as aggregate material. For example, concrete series M is created using grain 
aggregate from the Morava river in Serbia. Looking at the data presented for concrete series M1 and 
M2, compressive strength increased from 31.5 MPa to 48 MPa with no significant change in tensile 
strength at around 3 MPa. Figure 5 shows functional dependence for all samples from Table 6, tensile 
strength being a function of designed compressive strength. 

Table 6. Average compressive and tensile strengths for different concrete series. 

Concrete Series Compressive Strength 
(MPa) 

Tensile Strength 
(MPa) 

M1 31.56 3.11 
MC1 40.15 3.04 
A1 42.60 3.45 
M2 47.97 3.01 

MC2 62.95 4.52 
M3 68.01 5.13 
A2 73.76 4.39 
A3 85.36 5.56 

 
Figure 5. Relationship between compressive and tensile strengths for concrete series presented in 
Table 1. 

The presented linear fit is showing an intercept at 1.22 MPa and a small gain of only 0.05 with a 
large spread of experimental data indicated with correlation function of only 0.85. In fact, it is a 
difficult assignment to create a recipe for concrete series with designed values for both compressive 
and tensile strengths. As mentioned previously, Hobbs showed linear dependence between 
compressive and tensile strengths for massive rocks: compressive strength increased four times going 

Figure 5. Relationship between compressive and tensile strengths for concrete series presented
in Table 1.

The presented linear fit is showing an intercept at 1.22 MPa and a small gain of only 0.05 with a
large spread of experimental data indicated with correlation function of only 0.85. In fact, it is a difficult
assignment to create a recipe for concrete series with designed values for both compressive and tensile
strengths. As mentioned previously, Hobbs showed linear dependence between compressive and
tensile strengths for massive rocks: compressive strength increased four times going from limestone
to sandstone (6000 lb/in2/41.37 MPa to 24,000 lb/in2/165.48 MPa), tensile strength increased 3.7 times
(2600 lb/in2/17.93 MPa to 9500 lb/in2/65.50 MPa).

Nevertheless, concrete is a more heterogeneous material in comparison to rocks, with a complex
structure, and therefore, the increase in compressive strength does not provoke the increase in tensile
strength. Attempts to make a correlation between compressive and tensile strengths for concrete are
reported [37,38]. Empirical equations for tensile strength as function of compressive strength ranged
from σt = 0.6 ·

√
σc to σt = 0.2 · (σc)

0.7 while American Concrete Institute Committee reported [39]
σt = 0.59 ·

√
σc in the range for compressive strength between 21 and 83 MPa. Further attempts at
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making systematic correlation between compressive strength and tensile strength of ultra-high strength
concrete are made on 284 splitting test specimens and 265 flexural test specimens [40]. Test results
showed, and a regression analysis carried out on all those samples suggested, new empirical equation
for tensile strength of ultra-high strength concrete as function of compressive strength σt = 0.8 ·

√
σc.

Two additional series of concrete cube samples are designed and produced, one with a mixture for
nominal compressive strength of 30 MPa (designated MB 30) and a second series of concrete cubes with
nominal compressive strength of 50 MPa (designated MB 50). Tensile test data and shear stress data
are presented in Table 5.As shown in Table 5 and Figure 6, concrete blocks designed with significant
increase in compressive strengths from 30 MPa to 50 MPa (67% increase) showed no significant change
in tensile strengths at 3 MPa, with cohesion values following trend of tensile strength and staying
flat at 4 MPa. This means that process parameters, which showed significant effect on compressive
strength, did not have an effect on tensile strength and cohesion. The presented results showed a
strong argument towards the importance of measuring cohesion directly, to avoid making empirical
functional dependence between σc and σt and then making a prediction about cohesion.
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cohesion from the Mohr–Coulomb model.

The Mohr circle approach is used to look at functional dependence between tensile strength and
cohesion for concrete. Since cohesion is inherent in materials property, it is a common point regardless
of whether it is determined from the right side as intercept of the linear fit at σc = 0, or from the left
side as the value on the Mohr circle at σt = 0. In this report, proposed is the stress diagram for the
Brazilian test for concrete samples, as if it were composed of pure shear with radius R1 (R1 = τ = σt)
and additional compressive stress with radius R2 (R2 = σc = σt/3), as presented in Figure 7. Therefore,
overall radius for the Mohr circle for the Brazilian test for concrete samples is R = R1 + R2 = σt + σt/3.Crystals 2020, 10, x FOR PEER REVIEW 10 of 16 
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The calculated Mohr circle showed remarkably good matching with experimental data for concrete
series MB-30 and MB-50 (σt = 3MPa and c = 3.9 MPa). Furthermore, in another example for the
very high strength concrete with 100 MPa compressive strength (and in accordance with linear fit
presented in Figure 8b), for the tensile strength of σt = 6 MPa, the proposed Mohr circle model makes
cohesion c = 7.7 MPa. This value is again a very good match with experimental measurements of
cohesion at 7.6 MPa, as shown in Figure 8b. Therefore, preliminary observations showed that functional
dependence between tensile strength and cohesion for concrete samples as proposed with Mohr circle
with radius R = R1 + R2 = σt + σt/3 showed remarkably good match with experimental data for
concrete samples, with compressive strengths of 30 MPa, 50 MPa and 100 MPa. Again, it is important
to point to the fact that, in this paper, only preliminary observations have been presented, while a more
systematic study with increased sample size is needed in order to confirm the proposed correlation
between cohesion and tensile strength in concrete.
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Figure 8 shows that new method is applicable for testing the wide range of materials, such as
light concrete blocks, “Ytong” with compressive strength of only 3 MPa, to the very high compressive
strength concrete of 100 MPa. Cohesion value measured for Ytong blocks is 0.55 MPa, while cohesion
for very high strength concrete blocks is 7.55 MPa.

4. Numerical Modelling

For homogeneous materials like rocks, angle of internal friction is its inherent materials property.
However, angle of internal friction for inhomogeneous materials like plain concrete is not its inherent
property, but varies with process parameters. Even within one series, it may vary from batch to batch.
As shearing force is greater than cohesive force, microcracks are formed, then angle of internal friction
is first related to the resistance to crack propagation between grains and second to shear frictional (SF)
resistance of cracked concrete to sliding [41,42]. From the process point of view, friction angle is a
complex function of many variables associated with grain particle size, its material structure, chemical
composition, anisotropy, porosity, etc.

For the numerical modelling, angle of internal friction is obtained from the bearing capacity model.
From the theory of limit analysis (Citovich [43] and Nielsen and Hoang [44]), bearing capacity may be
expressed as:

q =
π · c

1 + (φ− π/2) · tanφ
(5)

Starting from the known experimental values for bearing capacity q and cohesion c, it is possible
to calculate the angle of internal friction. From concrete mixtures used in this paper, the friction
angle obtained is of 36◦. As reported in Reference [39], measured values for friction coefficient varied
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between 0.6 and 0.7 (angles are 31◦ and 35◦). The report is based on Eurocode 2 [45], for concrete
series with interface roughness from smooth to rough. Therefore, the value for angle of friction of 36◦

is reasonable.

Analysis of Concrete Splitting Tests

Non-linear analysis of the problem was performed using the incremental finite element method
(FEM). The basic equations of the incrementally iterative procedure with the applied algorithm for
the integration of constituent equations, used in this paper, are given in Reference [1]. Integration
of elastoplastic constitutive relations is done with return mapping algorithm, as described by Simo
and Ortiz [46].

The constitutive equations are implemented in the discrete finite element (FE) code, especially
developed for the PhD thesis [47]. This code was used for the calculation of the squared or
cylindrical sample bearing capacity, exposed to the Indirect Tensile Test. Simulation is done by
displacement-controlled method. As presented in the Figure 9a, thanks to double symmetry of the
sample, it was possible to perform the numerical analysis for the one quarter, with constant strain
triangular elements under plane strain conditions. The dimension of the loading plate was b/2 = 6 mm,
and the dimensions of the model are D/2 = 50 mm. The number of triangular finite elements is 5000
(50 × 50 × 2) for modelling one quarter of the concrete block. Boundary conditions are shown on
Figure 9b (at the left side and at the bottom).

Crystals 2020, 10, x FOR PEER REVIEW 11 of 16 

 

batch to batch. As shearing force is greater than cohesive force, microcracks are formed, then angle 
of internal friction is first related to the resistance to crack propagation between grains and second to 
shear frictional (SF) resistance of cracked concrete to sliding [41,42]. From the process point of view, 
friction angle is a complex function of many variables associated with grain particle size, its material 
structure, chemical composition, anisotropy, porosity, etc. 

For the numerical modelling, angle of internal friction is obtained from the bearing capacity 
model. From the theory of limit analysis (Citovich [43] and Nielsen and Hoang [44]), bearing capacity 
may be expressed as: 

( ) φ⋅π−φ+
⋅π=

tan21
cq  (5) 

Starting from the known experimental values for bearing capacity q and cohesion c, it is possible 
to calculate the angle of internal friction. From concrete mixtures used in this paper, the friction angle 
obtained is of 36°. As reported in Reference [39], measured values for friction coefficient varied 
between 0.6 and 0.7 (angles are 31° and 35°). The report is based on Eurocode 2 [45], for concrete 
series with interface roughness from smooth to rough. Therefore, the value for angle of friction of 36° 
is reasonable. 

Analysis of Concrete Splitting Tests 

Non-linear analysis of the problem was performed using the incremental finite element method 
(FEM). The basic equations of the incrementally iterative procedure with the applied algorithm for 
the integration of constituent equations, used in this paper, are given in Reference [1]. Integration of 
elastoplastic constitutive relations is done with return mapping algorithm, as described by Simo and 
Ortiz [46]. 

The constitutive equations are implemented in the discrete finite element (FE) code, especially 
developed for the PhD thesis [47]. This code was used for the calculation of the squared or cylindrical 
sample bearing capacity, exposed to the Indirect Tensile Test. Simulation is done by displacement-
controlled method. As presented in the Figure 9a, thanks to double symmetry of the sample, it was 
possible to perform the numerical analysis for the one quarter, with constant strain triangular 
elements under plane strain conditions. The dimension of the loading plate was b/2 = 6 mm, and the 
dimensions of the model are D/2 = 50 mm. The number of triangular finite elements is 5000 (50 × 50 × 
2) for modelling one quarter of the concrete block. Boundary conditions are shown on Figure 9b (at 
the left side and at the bottom). 

 
 

 
(a) (b) 

Figure 9. (a) Schematic drawing showing square test arrangement and (b) model for Finite Element 
numerical analysis, where the width and height D/2 = 50 mm, with b/2 = 6 mm. 

Figure 9. (a) Schematic drawing showing square test arrangement and (b) model for Finite Element
numerical analysis, where the width and height D/2 = 50 mm, with b/2 = 6 mm.

Compressive load from the bearing plate was applied to the concrete sample. Compression
induced reactive tensile force is perpendicular to the direction of the compressive force. Curves for
reactive load versus displacement for concrete series are shown in Figure 10 for selected concrete series.
As presented, all curves showed a similar trend: phase 1—initial elastic behaviour, phase 2—plastic
deformation followed by sharp bend, phase 3—change in slope until the final failure. Parameters used
for simulation are ν = 1/9 and ϕ = 36◦.

The comparison between bearing capacities, i.e., measured maximum indirect tensile load and
load calculated using numerical data from MC model, is shown in the Table 7. Bearing capacities
showed a remarkably good correlation with a small difference from 2 to 4%.

Figure 11 shows yielding contours development for concrete series MB-30. The top left figure
shows profile under displacement of 0.015 mm. Initially, the plastic zone developed right next to
the edge of the bearing plate, as shown in the first profile. For the bearing plate displacement of
0.017 mm, plastic domains and the failure zone increased and became arc like shape, to reach the
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reflected boundary on the left. At the displacement of 0.036 mm peak load is reached, plastic zone
went deeper down. With further displacement, the plastic zone spreads in the elastic region under
the bearing plate, load decreased and the end of testing occurred. Observation is similar to schematic
Figure 11 c, where shear fracture occurs under the bearing plate. Load bearing capacity and fracture of
the sample are reached at the same point.
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Table 7. Summary of experimental and numerical results for ultimate load for concrete series.

Experimental Numerical

Sample Series Pmax (kN) σt (MPa) E (GPa) c (MPa) P*max (kN) ∆ (%)

MB 30 44.0 2.8 31 3.9 44.85 1.9
MC 2 70.7 4.5 41 6.0 73.50 4.0
M 3 80.1 5.1 43 6.8 83.03 3.7

MB 100 89.5 5.7 45 7.6 92.85 3.8

Pmax—Measured value; P*max—Calculated value.

For the performed FEM analysis of concrete split cylinder test, Chen [2] used Drucker–Prager
plasticity model. It was observed that initial crack started to form at the edge of the loading plate.
Following the development of the initial crack, the bearing plate was pushed down into the concrete
sample. Consequently, changes in distribution and ratio between horizontal and vertical stresses
in their profiles appeared. When the crack reached the reflected boundary, the fracture point was
reached. Diagram of the deformations presented in Figure 10 shows similarities with the modes of
failure calculated using linear dynamic analysis presented in Reference [48]. According to the linear
theory equations, this express the relationship between vertical and horizontal stresses and vertical
diameter of the cylinder—the value of the compressive stress is high in the vicinity of the loading point,
while the value of the tensile stress is high along the vertical centreline of the cylinder. As a result of
the linear dynamic analysis, crack initiation started to develop at the cylinder centre. However, results
of the non-linear dynamic analysis, indicated first crack propagation at the point of approximately
0.2·D (D = diameter of the cylinder). A further development of the crack appeared along the vertical
centreline, in both directions, toward the top and bottom surfaces.
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The main advantage of the presented FEM model is that it uses only four material parameters in
nonlinear material analysis: Young’s modulus E, Poisson’s ratio ν, cohesion c and angle of internal
friction, ϕ. Load deformation curves obtained with FEM model showed remarkable matching with
test results. It confirms that the proposed method is applicable in numerical analysis.
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5. Conclusions

This paper presents a new method of experimental approach to the cohesion determination from
the shear stress axis with tests at pre-set values of the deformation angle. Specially designed moulds
are used for testing deformation of material at pre-set low values of the shear angle. Measurements
were performed on a series of samples and statistical analysis were applied on experimental results
in attempt to average material’s deformational behaviour. Experimental cohesion is the common
value between indirect tensile test and forced shear test. Starting with the measured values for
bearing capacity and cohesion, friction angle is determined. An application of the Mohr–Coulomb
model for numerical analysis was performed. Data obtained from the calculations were compared
to representative experimental measurements. There was a good fit between experimental data and



Crystals 2020, 10, 808 14 of 16

numerical modelling. These results confirm that the proposed procedure, using only four material
parameters, is applicable in numerical analysis and modelling of concrete.
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