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SUMMARY

The choice of objects for maintenance and reconstruction using Fuzzy AHP (Analytic Hierarchy

Process) method will be presented in this paper. This method, as one of the efficient methods for
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PRIMENA RASPLINQTE (FUZZY) AHP METODE ZA IZBOR
OBJEKATA ZA ODRZAVANJE | REKONSTRUKCLIU

REZIME

Izbor objekata za odrZavanje j rckonstrukeiju, koristedi Rasplinutu (Fuzzy) metodu Analititkog
hijerarhijskog procesa (AHP) biti ée prikazan u ovom radu, Ova metoda, kao Jjedana od efikasnih
metoda za videkriterijumsko donosenje odluka (MKDO), ce biti ukratko izloZena, Posto su u ovim i
drugim slignim problemima relevnatni ulazni podaci i parametri najéelce velitine koje se ne mogu
precizno odrediti, to se one u ovom radu izrazavaju pomocu trouglastih rasplimuih (fizzy) brojeva.
Autori su prema ovoj proceduri razvili odgovarajuéi radunarski program, koji je nekoliko puta big
koridéen u praksi, i jedan primer izbora mostovskil konstrukeija za rekonstrukefju na osnovy
procenjenog rizika tokom eksploatacije ¢c biti prikazan u ovome radu,

KLJUCNE RECi: AHP metod, Odrzavanje i rehabilitactja, Procena rizika
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INTRODUCTION

The Analytic Hierarchy Process (AHP), as one of important methods for multicriteria decision
making (MCDM), was proposed by Thomas Saaty (Saaty, 1980). In this process factors are selected
on different levels in a hierarchy structure descending from one overall goal to criteria and
alternatives, as it shown in Fig. 1.
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Figure |. Hierarchical levels
Slika 1. Hijerarhijski nivoi

Each level may represent differcnt factors {economical, technical. social, ctc.) that should be evaluated
by experts. It provides an overall view of the complex relationships inkerent in a considered situation.
It helps the decision maker to assess whether the issues in each level are the same order of magnitude,
5o he can compare such homogeneous elements accurately,

Elements that have a global character can be represented at the higher levels of the hierarchy. The
fundamental approach of AHP is to decompose a “big" problem into several smaller problems that are
solved separately to determine their priority vectors. At each level the elements that concerns to the
criteria and alternatives are arranged in so called comparison priority matrices. Unlike other methods
of MCDM. here is not necessary to know the exact numerical values of the factors being considered. It
is enough to assess a good value of its comparisons or guotients. For these matrices are calculated
separate priority vectors for criteria and alternatives, and then the final priority vector for ranking
alternatives (Saaty, 1980, 1991). ishizaka {2012) has developed method with clusters and pivots for
larger number of alternatives and high number of judgments in the comparison matrix. The AHP
method with crisp {non fuzzy), and fuzzy numbers is explained in the our previous works (Pra3gevic
and Pradevic, 2012,2015), and here will be given necessary final formulas and procedure for solving
this problem.

FUZZY AHP

Some of decision criteria are subjective and qualitative by nature, so the decision maker cannot easily
express strengths of his preferences or provide exact pairwise comparison. Hence, the crisp numbers
are not so suitable to express these pairwise comparison values due to their vagueness. Since decision
maker’s or his team judgments are uncertain and imprecise, it is much better to take painvise
comparisons as fuzzy values than as crisp ones. To overcome these shortcomings with crisp numbers,
the Fuzzy AHP was developed for solving these problems of multicriteria decision making. Many
authors have used triangular fuzzy numbers to express these imprecise values.
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Triangular fuzzy number and fu rigrity matrix

A triangular fuzzy number, as special type of a fuzzy set over the set of real numbers (real line) R, is
shown in Figure 2.
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Figure 2. Triangular fuzzy number A
Slika2. Trouglasti rasplinutj broj

A membership function of the triangular fuzzy number is

H(x)=0, for x Sa; and x 2aq, :
#xy=(x a)la, a} fora; <xsa,: (n
#x)=(a, x)a, ay) fora, <x<a,.

A triangular fuzzy number is usually described by three characteristic values ar, &, and a, that are real
numbers.

A =(ap.ay. ay). a; Za,, <a,. @)
Parametric presentation of a triangular fuzzy number 4 at level o is

Aq =[4(a), A, la)), (3)
Where

dfle)=a ta, apa, Afa)=a, (a, ayle, 0<e <, (4)
Reciprocal fuzzy number 4™ to 4 is fora, > 0 is

A =V A=[1 4 (), )] 4(a)]. ' (5)

A" =[l/a,. 1/a,], fora=0and 4" =[l/a,.1/a,) fora=1.

Reciprocal triangular fuzzy number is usually presented in the form
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A'=Q/a,1la,, /a). (6)

The pairwise comparison judgments, that express relative importance between factors F, and F, in the
hierarchy, in this work ate triangular fuzzy numbers f,

Sy =Wy Sy Sipae) {7
which constitute a fuzzy comparison matrix T with elements
Jp=WFy i=12 ki j=12, k& (8
Fuzzy matrix can be expressed, according to (7) by three characteristic non fuzzy matrices
F=(F,F,.F,), (9)

where, taking into account (7} and (8)

t -fiZJ jik,l 1 fIZ,m flk,m 1 fl’.',xr .fi]t.u
1/ 1 1/ 1 1/ i
F = iz Jakg o Ham Sim E, = Sy Sk L
lfj]k_" lffzk_,, 1 ”fik,m lff-_;k_m 1 Uf,“ l/fzk_; 1

Some authors have proposed triangular fuzzy numbers for expression of the intensity of importance on
Saaty’s absolute scale (Saaty,1980). In this paper are proposed and used fuzzy numbers

[=(Lla,), F=(¥—0yx xbay), ¥=2,..8, 9=(9-0,,9.9);a,20,e, >0 (11)
Fuzzy eigenvalues and eigenvectors

Since Saaty’s AHP method is based on finding the eigenvalue and eigenvectars of the fuzzy matrix ¥
at the corresponding hierarchical level, authors of this paper have proposed one method for solving the

fuzzy eigenvalue and eigenvector problem and finding solutions of the system of homogenous fuzzy
linear equations (Pra$¢evi¢ and Praitevic, 2015)

FOW=A®W, (12)
where a sign ® denotes the fuzzy product.

Elements of the fuzzy matrix F, fuzzy vector W and the eigenvalue X are assumed as triangular
fuzzy numbers, that may be denoted according to {2) and (7} as

W= (W, W W)y A4 =(4. 4, 4,). (13)

Thvondv oo ledlandarainadceadnithinnbad
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The proposed method is based on the calculation of expected values of fuzzy numbers and their
products, Expected value £V (A4} of a fuzzy number A= {a, a, a,), written in the paramettic forms

(4) is (Chanas, 2001)
. I
EV(A)=1/2[[4{c)+ 4,(x)]da

Substituting 4,(c} and 4,{c} by expressions (9) after integration obtains
(14)

EV{(d)=(a, +2a,+a,}/4.
As it shown in the previous author's work (Prascevic and Prascevic, 2015) the fuzzy eigenvalues
problem (12} is transformed to the solution of next non fuzzy {crisp) eigenvalue problem

-F.Iw! * Fr:'l“"'nu +F:r“’u = ’T(“’! # Im“"m & Iu Wos (15)

F=2F+F,, ¥,=F+4F,+F, T, =F,+2F,. {16)
Since all the values in these equations are nonnegative ones, this system of equations may be
decomposed into three systems, which represent three crisp eigenvalue problems
Fiwy =% Eow, =Wy (7

Ew; =0wp,  FuyWy = hpWi,

By solving these three eigenvalue problems, eigenvectors w,, w,, and w, and auxiliary cigenvalues

X,.h, and X, are obtained and then the requested eigenvaluesA,, A, and &, by solving linear equations
(18)

22’! & Am =4, ’ll 4, + A, = Im- llm + 2’?'” = 'T'u

the calculated eigenvectors wy, Wi

To meet the requirements W, £ W, <w,_ for A <4, =4,
and w, should be normalized according to the following formulas
(19)

W, =w, A AsA,), W=w,ls,, W,=wd sA,)

where
& k
Sm = Z “’j,m’ SH = Z “’j.l’f'
T = (20

[3
Sr =z“’].f’

=]

Steps in the execution of Fuzzy AHP
Fuzzy AHP is carried out in several steps in a similar way as the procedure with non fuzzy (crisp)

numbers that will be briefly explained here.
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The first step. Define the probiem. the overall goal that have to be attained, the criteria and
alternatives,

The second step. Define the hierarchy structure from the top level through intermediate levels that
contains the criteria and sub criteria to the lowest level, which are usually related to the alternatives, as
it shown in Figure 1.

The third step. Formulate the pair-wise comparison reciprocal fuzzy matrix C for the criteria
CLCa.. .Gy by assessing the priority values as fuzzy numbers Z, =€y 10 Cy s Oy Y= 1200
J=L2,....n) using Saaty's fundamental comparison scale adjusted to fuzzy values according to (11),
Express the fuzzy matrix C by three matrices G,C,,and C, according to (9). Solve the fuzzy

eigenvalue problemC®W = AW, as it described in the previous section, and determine the principal
fuzzy eigenvalue A =(A; A, A, )and the corresponding fuzzy eigenvectors W =(w,,w,,w,) and
then normalize these vectors by formulas (19} and (20) to obtain the fizzy priority vectors of criteria
W= (W,.W,,W, ).

For the matrix C,, calculate the consistency index C7 and consistency ratio CR. If CR < 0.10. accept
the assessed fuzzy elemenis of the pairwaise matrix € and obtained eigenvalues and eigenvectors. If
CR>0.10, improve consistency of the fuzzy matrix € by changing some of its elements and repeat the

procedure until this condition is satisfied. This index and ratio are explained In previous works
{Saaty,1980, Prascevic and Prascevic, 2013 and others),

The fourth step. Formulate the pairwise comparison matrices for the alternatives A related to the
criterion C, (f = 1,2,.... 1)

=04} =01
1 92 v gy

o 1) i &
Ao [ 1a3 Ty, orA(”=(A$“-AH’sAL”)

2n

L) =1
l "'alm V B3y

1

Solve the fuzzy eigenvalue problem AV @§!) =it @ptn, J=L2..m 10 find the fuzzy principal

eigenvalues A = (W A AU and the fuzzy eigenvectors 5" = (p{*". p*, V) . consistency

indices C' and consistency ratios CRY for matrices AL, G=12..... m). If the consistency ratio is
CRY > (.10, change some of the assessed values &

"
matrix. Normalize vectors 57 = (pf?, pls %.p{/") by the formulas (19) and {20) to obtain normalized

. 10 obtain the satisfactory consistency of this

local priority vectors p') = (5", 4" 54/"). This procedure is the same as in the step 3.

The fifth step. Formulate local priority fuzzy matrix P = (P,.P,.P,). that contains normalized local
priority vectors, where
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1} —=(2 = aa g ] — o
o= 52 B, Ry =0 B B L B = B BT (22)

Multiply these matrices from the right by the priority vectors of the criteria respectively, which are
determined in the third step

wl =, [“'IJ' WZJ L -‘T'n.l]r'wm = WI.m WZ,M Wn.m]r' Wu = Tr’l.a WZ.u Wn.u]r'
zzd obtain vectors of global priorities g;.8,, and g,

g =Pw; = Igu &2y - gm,!lr ,
Em = PpW,y = [gl,m Eam gm.m]T- (23)
g, =P,W, = Lgl,u 8y e gm,u]r-

These vectors constitute fuzzy matrix of global priorities G =[g;g,,g,] of alternatives 4, As,..., 4n.

For every alternative A, (i = 1,2,....n), elements of these vectors are expressed by the corresponding
zpproximate triangular fuzzy numbers

é: = (gr,h gr,m’ Ew ); i= ]’2""”"' (24)

The sixth step. Alternatives 4, (=1,2,....n) are ranked in this step according to their global priorities
that are expressed by triangular fuzzy numbers & . There are in the literature more proposals for
vanking of fuzzy numbers, Here, is used Lee and Le's (1988) method improved by Cheng (1992).

In this paper, comparison of the fuzzy numbers is based on the probability measure of fuzzy events,
which was introduced by Zadeh (1968). The fuzzy numbers are ranked according to the generalized
fuzzy mean (expecied value) and generalized fuzzy spread (standard deviation). For the triangular
probability distribution of the triangular fuzzy number as a fuzzy event, these values for g, are

caleulated by the following formulas (Cheng. 1992):

o generalized fuzzy mean (expected value)
g.=(g,+28.,+8.,)/4 i=12,..m; 25)

» generalized spread (standard deviation)

i ) 2 a 3G
G, = [E[-)- (3g:-.f +4g;:m +Jg5u '_4gr.fg:,nr - 2gt.n'gr.m - 4gl.mgr.rr )]” s i=12,,m. (26)

According to Lee and Li {1998). a fuzzy number with a higher mean value and at the same time a
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lower spreed s remked better, Due to some shoricoming of this ranking, Cheng (1992} proposed to
reak fuzzy numbers according to the coefficient of variation cl,

CV,=c,/g,, i=12,..m. (27)

A fuzzy number or an alternative with a smalier CV, is ranked better, and the best ranked alternative A4
is alternative 4, with minimal CV,

In this paper is proposed and used formuia for ranking of aiternatives on the basis of the modified
expected value

Eime S Bre ~kptr, =12, 01 k,,=0.50 - 1.50. {(28)

In the literature exist many proposals for ranking fuzzy numbers. One of very efficient methods is
proposed by Chang (1996), based on his exrend analysis.

According to this procedure, the authors have developed a corresponding computer program Figzp
AHP in MATLAB, which has been used to solve several problems of ranking alternatives in the
construction industry.

EXAMPLE

This example, which is related to bridge risk assessment, is taken from papers written by Wang and
Ehiang (2003,2007), where this problem is solved by Fuzzy TOPSIS method. In the example are
considered five bridge structures BS,,BS:,....BSs which represent  altematives A,.45,....4;5. All
consequences and probabilities of the risk events are assessed on the base of evidence and engincering
Jjudgment by three experts against four criteria: safery (C)), Junctionality (Cs), sustainability (C) and
envinronment (Cy). The coefTicients of significance of alternatives are also assessed by the experts,
These values are assessed as linguistic and numeric variables that are finally transformed into triangular
fuzzy numbers. The goal is to determine the levels of risk of the destruction of structures and rank them
for reconstruction according to this level,

According to given values in the mentioned papers, authors of this work have formulated comparison
fuzzy matrices for these criteria C‘=(C,,C,,,,C,,) and for the alternatives related to the criteria C,
/=1,23.4.

{1, 1.1} (093,133, 173) (160, 2,00,2.40} (2.60, 3.00, 3 40)

&o (0.58, 0.76, 1.08) (LLn {100, 1.40,1.80) {1.93,2.00, 273)

(042,050, 0.63) (0.56, 0.71,1.00) (LLN (127, 1.67, 2.07)
(0.29, 0.33,038) (0.37, 0.43, 0.52) (047, 060, 0.79) (LD

AW _ (A4, A,‘,;”, A:;”)

etiyt Py



71

{LLD (1.00,1.00.1.30) ().07,1.37, 1.67) (8.70,9.00,9.30) (8.70,9.00, 5.30)
{1.00, 1.00,1.30) {LLL) (1.07,1.37, 1.67) (2.70,9.00,9.30) (8.70,9.00, 9.30)
A" = (0,60, 0.73, 0.93) (0.60,0.73, 0.93) (LLD (8.70,9.00,9.30) (8.70,9.00, 9.30)
011,011,011, (0.1L011L0.11) (0.11,0.11,0.11), (LL1) (1.00,.1.00,1.30)
(011,011,011, (0.11,0.1L, 0.1, (0.1LDO.IL 011 (1.00,1.00,1.30). LLD
(LD {0.68,0.86,1.16) (0.68, 0.86,1.16)  (0.68,0.86,1.16)  (8.70, 9.00, 9.30)
(0.86, 1.16 1.46) (L1 (1.00,1.10,1.30)  (1.00.1.00,1.00.1.30) (8.70, 9.00, 9.30}
A =1 (0.86,1.16,1.46)  (100,1.00, 1.30) (LLD (1.00,1.00,1.30) (8.70,9.00,9.30) |,
(0.86,1.16.1.46), (1,00, 1.00,.1.30) (1.00, 1.00, 1.30), (LLD (8.70,.9.00, 9.30)
(0.1, 011, 0.11), (011 0.1L 010, (011, 011011 (0.11,0.11, 0.10). (LLY
(LL1) (1.00,0.86,1.16) (1.00,0.86,1.16)  (0.65, 0.86, 1.16) {0.50, 9.00, 9.30)
{1.00,1.16,1.46) (LL1) (1.00,1.00,1.30) (0.65,1.00,1.00,1.30)  (0.50, 9.00, 9.30}
A 2| (1.00,1.16,146) (100, 1.00, 1.30) L0 {0.65,1.00, 1.00,1.30)  {0.50, 9.00, 9.30}
(0.94,1.16.1.46), (0.94,1.00,.1.30) (0.94,1.00,1.30), (LD {0.60, 9.00, 0,9.30)
(1.40,1.70, 2.00), (1.40,1.70.2.00), (1.40,1.70,2.00)  {1.07.1.37.1.67). (L1L1)

Applying computer program Fuzzy AHP, developed by the authors., for every alternative A4,
(=1.2,...,5) are obtained triangular fuzzy numbers g, =(g,,. g, . £..,} 85 its global priorities, and then

calculated comresponding generalized expected values g,,, generalized standard deviations o, and

coefficients of variations C1) according to expressions (27), (28) and (29) respectively. These values
are given in the next table.

Table 1. Characteristic global priority values
Tabela 1. Karakteristicne vrednosi globalnog prioriteta

Alternative(Al) 0.2050 0.2614 0.3581 0.2715 0.0246 0.0%07
Alternative (A2) 0.2075 0.2628 0.3592 0.2731 0.0244 0.0894
Alternative (A3} 0.1755 0.2205 0.2988 0.2288 0.0198 0.0867
Alternative(Ad4) 0.1150 0.1492 0.2105 0.1560 0.0154 0.0988
Alternative (A5} 0.0815 0.1060 0.1474 0.1102 0.0106 0.0961

Table 2, Ranking of alternatives

Tabela 2. Rangiranje alternativa
Rank Alternative Expected Standard Modified exp.
value g,, deviat.o, value g

1 Altern. (R2) 0.2715 0.0244 0.2365
2 Altern. (Rl) 0.2731 0.0246 0.2345
3 Altern. (R3) 0.2288 0.0198 0.1991
4 Altern.(Ad4) 0.1560 0.0154 0.1329
S Altern. (A5) 0.1102 0.0106 0.0944
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The risk levels of considered alternatives 4, are triangular fuzzy numbers with maximal posibilitywith
expected values g, (i=1.2.....5). The risk at every alternative may take value from g,; 1o g,,. with

different possibility xand minimal possibility »=1.00 for & In this case alternatives 4,=8S, and
Ay=BS, have similar and bigger risk in comparison with other alternatives, Available amount of money
for the maintenance of bridges may be distributed according 1o expeted values of risk. as it shown inte
previous authors work (Prascevic and Prascevic, 201 1).Very similar results of ranking these
alternative were obtained in that paper.

CONCLUSION

Fuzzy AHP method. enables more complete and flexible modeling of the multiple criteria decision
making problems then by the Crisp AHP method. In Fuzzy AHP can be introduced comparisons of
imprecise input factors for the chosen criteria and alternatives. Unlike other methods of MCDM, here
is not necessary to know the exact numerical values of the factors being considered. It is enough to
assess a good value of its comparisons or quotients. This method. like ¥ uzzy TOPSIS method. may be
successfully used for ranking alternatives and optimally deliver investments on projects, optimal risk
assessment of different type of objects, optimal choice of objects for reconstruction, choice of
appropriate contractor on lendering procedure and in many other cases of multiple criteria decision
making. It is recommendable in the practice for MCDM to use and compare several methods,
especially when difference between two or more alternatives is not significant.
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