ONE PROCEDURE OF FUZZY AHP BASED ON EIGENVALUES
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Abstract: One procedure of fuzzv AHP that is bused on vipenvalues is presented in this paper According ro
expected values of Jussy numbers, one method for determination of fuzzy eigemvalues and eigenvectors is
proposed and used in the method. According 1o this procedure, corvesponding compuder progranm 1§ writien
out, which is used in solving several problems in practice.
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1. INTRODUCTION

The Anaiytic Hierarchy Process (AHP) for choosing factors that are imporiani for decision making (DM)
was proposed by Thomas Saaty (1980}. This is one of the useful methods in multi criteria decision making
(MCDM), which has found wide application in many areas of activities. There is a huge number of
references about AHP. In this process factors are selecied and formulated in a2 hierarchy siructure descending
from one overall goal to criteria and alternatives, as it shown in Fig, 1.

Each level may represent difivrent factors (economical, iechnical. social, etc.) that are evaluated by
experts. It provides an overall view of the complex refationships inherent in a considered situation. It helps
the decision maker to assess whether the issues in each level are the same order of magnitude. so he can
compare such homogeneous elements accurately. As Saaiy {1980} emphasises, “the most effeciive way to
concentraie judgments is to take a pair of elements and compare them on a single property without concern
for other properties or other elements,
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Figare 1; Hierarchical levels

Elements that have a global character are represented a1 the higher levels of the hierarchy. The
fundamental approach of AHP is to decompose a “*big™ problem inlo several smaller problems that are solved
separately 1o determine their priority vectors. According to these values of the separate priority veciors, the
final priority vector of the alternatives is calculated taking into account refationships between hierarchy
levels (Saaty, 1980.19%0).

2. NONFUZZY AHP

In the first Saaty's works is proposed and developed AHP with nonfuzzy (crisp) data on several levels
and many other authors have used this procedure 1o solve diiferent problems of decision making. In ihis
paper is considered the problem of muiticriteria decision making in which given alternatives 4,. A...... 4, are
ranked for prescribed criteria Cy, Ch.....C. One model with three levels for solving these problems is shows
in Figure 1. Level O is related to the overall goal. which includes ranking of altematives and determination of
the best or most appropriate allernative. Level ! encompasses preseribed criteria and level 2 contains
alternatives that are related to these criteria. Unlike of other methods of multicriteria decision making.
relative weights w, of factors £, (7 = 1,2.....k). which in this case are ¢riteria or alternatives. are compared in
dependence on corresponding level. These weighis are assessed usually by the decision making eam.
According to these values is determined the prioriny matrix ¥ = [, 1. with clements

fo=wihw, =120 LA {1
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where 1, and w, are weights of corresponding criteria (' and €, This matrix is known us a recipracal moiriy,
since it has positive entries everywhere and satisfies the reciprocal property

= = 10— L 2wk (2}

This matrix is consistent, becatse the following conditions are satisfied

T N O ) o S P

According to Saaty {1980). necessary and sufficiem condition for consistency is that the principal
eigenvalue A, , of matrix ¥, for the eigenvalue problem

Fw= kw (3
Has value 2g.= £.

To make vector w unique, it is necessary to normalize its elements by dividing each element by their sum

Wowmow, Aw, e w, +obw ) RR20K 4

The values 7. according to Saaty {1580.1990), represents the puirwise comparison of importance of the
factor F, compared to the factor F, at a certain level of the hierarchy. Hence. matrix F is cabled painvise
comparison matriv. As Saaty (1990) emphasizes in a general decision making it is impossible to give precise
values of elements 7, according to formuala (1). but only estimate them, For elicitation of pairwise comparison
judgments of criteria, he proposed fundamental scale of measurements. The difierences o, = f, ~ w,W, cause
inconsistency of the matrix ¥, and its principal eigenvatue is

;‘I:H]\Z k- (S’

To every eigenvalue 7, corresponds eigenvector w, that represents one solution of the system of &
homogeneous linear equations {3). Maximal positive real eigenvalue Ay,, and corresponding eigenvector w
are accepted for further calculation. Since estimated matrix F is not consistent one, Saaty (1990} introduced
consistency index CTand consistency ratio CR for this matrix. that are caleulated by the formulas

CI= g — V-1, {6)

CR=CIRI. 7

R1is called random consisternicy. which depends on the size of matrix k. and its values are given in special
table proposed by Saaiy (1990). If CR < 0.10, ihe estimates of the elements of the vecior w are acceplable.
Otherwise. the consistency of the matrix F should be improved by changing values of some its elements.
taking into account that this matrix must be reciprocal. Saaty’s method is based on calculation of the
maximal eigenvalue and corresponding eigenvector. and hence is known as the eigenvecior method,

3. FUZZY AHP
Some of decision criteria are subjective and qualitative by nature. so the decision maker can not easily
express strengths of his preferences or provide exact pairwise comparison. Hence. the crisp numbers are not
su suitable to express these pairwise comparison values duc 1o their vagueness. Since decision maker's or his
team judgmen:s are uncertain and imprecise, it is much better to give pairwise comparisons as fuzzy valucs
than as crisp ones. To overcome these shortcomings with crisp numbers. the Fuzzy AHP was developed for
solving these problems of multicriteria decision making. The first solution of Fuzey AHP was proposed by
Van Laarhoven and Pedrycz (1983). Buckley (1985) used trapezoidal fuzzy numbers to express pairwise
comparison values. in many papers are used extent analysis. proposed by Chang 11992, 1998} with triangular
fuzzy numbers for handling fuzzy AHP and ranking alternatives.

The triangular fuzzy number. as special type of a fuzzy set over the set of real numbers {real e} X is
shown in Figure 2. Parametric presentation of a triangular fuzzy number Jdatlevela is

A, = [ A, (o)) (83

where dfe)=a +lay, —qla. A te)=a,—ta,—da,)e b<ast, g <a, <q,
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Figure 2 Triangular fuzzy number 4
Triangular fuzzy number is usually Jdeseribed by three characteristic values
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while reciprocal fuzzy number ™ to 1 isforg; >0
Al A=, g dia). (10}
The pairwise comparison judgmenis. that express refaiive imporiance between factors F,and 7, in the

hierarchy. in this work are triangular fuzzy numbers 7, . £, = fy L) s which constitute u fuery

comparison matrix ¥ with elements
Fomcdife do fliRy Jetadiik. (hh
Fuzzy matrix can be expressed. according 10 (9) by three characteristic nonfuzzy matrices
F=(F.F,.F, . (F2)
where, 1aking into account {(9) and (10},
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Some authors have proposed triangular fuzzy numbers for expression of the intensity of importance oi
Saaty’s absoluie scale. [n this paper are used fuzzy numbers

7. B gy ’ s 2 B 3 =(Q. - i.

T=(Llog) T=(x~ay ¥ x+0,)lx=2..8 9=(9-0,.99% oy 20,0, 20 (1h

3.1 Fuzzy eigenvalues and eigenveciors

Since Saaty's AHP method is based on finding eigenvalue and eigenvectors of the fuzzy maifis ¥ at the
corresponding hierarchical Jevel, here is proposed one method (o solve the fuzzy eigenvalue and eigenvecior
problem and find solutions of the system of homogenous fuzzy linear equations

FEW=1OW. {15}
where the sign ® denotes the fuzzy product.

Eiements of the fuzzy matrix F. fuzzy vector % and eigenvalue A are assumed as triangular fuzzy
numbers, that may be described according 10 (%) as

W (Wyw,, Wb ?::=(l,,7«.,,,.).,,> {16

Proposed method is based on the calcularion of expected values of fuzzy numbers and their products.
Expected value £77 1) ofafuzzy number I = (dnia.a,). written in the parametric form (8) and (9). is

£V (A = () + 2, +a,)’ 4. (17

EH S

Expected value of a product of twe fuzzy numbers Astapayaand B=(b.h,.b,) is
o B & .
LUt B) = -;-1-1( ety + cap Yoy + (ut gty + ay )by, +ay, + Dy b, (18)
i2

System of fuzzy linear equation may be wrinten in the form 1,8 & f;z ®\T-3®....(+)_f,ﬁ &ty =000
i=1.2.....k where the sign @ denotes a fuzzy summation.
Expected values of fuzzy products due to (18) are

S - ‘ 3 4 - v . ; ’
&t (f{i ®“',r}:" 1_.,{(2]{1.! +J{y miW gt (jul b Ly ¥ JouMpmymt 2 uty wl (1
s s s I, « . :
LI(A®w,)= -i-;’-i(ﬂ}\, A Wy g b dh g Ay e Ry 2R ey 120

Expected value of the sum of fuzzy numbers is equal to the sum of expected vaiues of fuzzy numbers
A
EV(f, @ }= @0 i=Lluk
1
Introducing in this equations expressions for enpected vatues of the fuzzy products (193 and (20} obtaius
system of linear homogenous equations

Fow; + B

= "
W Wy, =AWy Wy, = Ay, =0 (<1

where are
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Since all values in these equations are nonnegative ones, this system of equations may be decomposed

into three systems, that represent three cigenvalue problems

D
nt

Fpw, - Ay =0. Epywyy - imwm =0. E_'Tuwu " i“w" =0. (23
Solving these three eigenvalue problems are obtained cigenvectors w,, w,, and w, and auxifiary
eigenvalues X,.h,and X, and then requested eigenvalues h.h,, and h, by solving linear equations
2y wh m i byt Ay #hy =i by v 2, =1, Tomeet requirements
W, €W, W, for &SR, <h,. {(24)
calculated eigenvectors wy.w,, and w, should be nermatized according to following formulas
3 i k
Womwh A5, W, T WS, W, W s, A = E:“J'J‘ S = e Wy Sy = ij_“. {25)
pal 11 71

3.2 Steps in the execution of Fuzzy AHP

Fuzzy AHP is carried out in several steps in a similar way as the procedure with nonfuzzy tcrisp
numbers. that will be here briefiy explained.

First step. Define the problens. overall goal that have to be attained. criteria and alternatives.

Second step Define the hierarchy structure from the top fevel thru intermediate levels that contains
criteria and suberiteria to the lowest level, which usually are related to the ahternatives, as it shown in Fig. 1.

Third srep. Formulate the pairwise comparison reciprocal fuzzy matrix C for the criteria (OO by
assessing priority values as fuzzy numbers & = (e, €y o) 120000 F=1,2....0m) using Sagly’s
fundamental comparison scale adjusted to fuzzy values according 1o (14). Express fuzzy matrix € by three
matrices C;.C, and €, according to (13). Solve fuzzy eigenvalue problem C®% = AW . as it described i
previous section, and determine the principal fuzzy eigenvalue 2 =(A; k.2, )and corresponding fuiry
gigenvectors W = (wy.w,.w,) and normalize these vectors by formulas (25) to obtain fuzsy prioriy vectors
of criteria W =(%,.%,,.%,). For the malrix C,, calculate consistency index 7 and consistency ratio CR. 1f
CR <0.10, accept assessed fuzzy elements of pairwaise matrix ¢ and obtained values of the eigenvalues and
cipenveetors. If CR>0.10, improve consistency of the fuzzy matrix £ by changing some of its clements and
repeat procedure until this condition is satisfied.

Fourth step. Formulale pairwise comparison matrices A"/’ relaled to the criterion €, (/= B .

(.‘, A I “f_> e /1,,,

g oAy . ;:{,;;]
= oAy L;i‘(]’ ] ae L‘ll'njl i . = "
Al TS T = i =R or AV (A A AL {26}

Ao lvan vagd .1

Solve fuzzy eigenvalue problem AV' @Y =17 @5, j=12. .m to find fuzzy principal eigenvalues

Timax i

U = 8D AL and fuzzy eigenveciors B = (p)”.pl ol | consistency indices O/ and consistency
ratios CRY' (j = 1,2,..., m) for matrices €)', 1 the consistency ratio CRY > 0,10 change some of assessed
)

(1) 0 P
A o 1]

values &, to obiain satisfactory consistency of this matrix. Normalize vectors §'/ = (pi).p}) ) by

formulas (25} to obiain normalized local priority veciors B0 = (py/ By, . Bi/’) . This procedure is the same as
in the step 3.

Fifth step. Formulate local priority fuzzy matrix #-(P,.P P ). that coniains normalized local priority

; & A Pt £ .

- e sl =Dy et Sl 4 ) Lpethy a3y St
vectors, where By =[5y b By B =P P B b BBy T L

Multiply these matrices from the right by ihe priority veciors of criteria which are deiermined in the third
step respectively

R = 4 = - = = o & i
Wy [ g 300 a1 Wy = [ g s ] » W™ Do geddiyg §
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and obtain vecrors of global priorities g,.g,, avd g,

g)=Pw, :[gl_f'g".,!"--*gnr,li’ s PW,, "“lgl‘nr-g'.‘..m- - E’ g, = Pu"‘f',ﬁ[gl.wgz ‘nv"--.'s'm.ui[ " €273
These vectors constitute fuzzy matrix of global priorities G ={g,g,8.] of alternatives 4, 4x..... A

To every alternative 47 = 1.2,...,m) corresponds approximate triangular fuzzy number

8, =18 Ly &y Pl (28)

Sixth step. Ahernatives A4, are ranked in this siep according to their global priorities that are expressed by
trisngular fuzzy numbers g, . [n the literature exist more proposals for ranking of fuzzy numbers. Here i
used Lee and Le’s (1998) method improved by Cheng (1992).

in this paper, comparison of fuzzy numbers is based on the probability measure of fuzzy events, which i
introduced by Zadeh (1968). Fuzzy numbers are ranked according 1o the generalized fuzzy mean (expecied
value) and generalized fuzzy spread (standard deviation). For the triangular probability distripution of
triangular fuzzy number as a fuzzy event. these vaiues for the fuzzy number g, are caiculated by formulas
{Cheng, 1992

- generalized fuzzy mean (expected value)

AN G- AR - Y SRS TE N I NN t25
- peneralized soread (standard deviation)

1 . 2 2 2 B "
G, = [§6(3grn' + "‘g:.n.' * 3gl'.!r - 4ga,lg:.m - zgrlg.‘.m _45{;.":5{:," )] S 1‘2““‘”7' ('}0)

According to Lee and Li (1998}, a fuzzy number with a higher mean value and at the same Jower spread
is ranked better. However, when higher sean value and at the same time higher spread or lower mean and at
the same time lower spread it is not easy to compare the orderings clearly. Therefore, Cheng (1992) propuased
to rank fuzzy numbers according to coefficient of variation (1,

Cly=0,/ g, =1.20.0m (31)

Fuzzy number or aiternative with smaller C7', is ranked better. and the best ranked alternaiive .4 is
aliernative 4, with minimal CV, For this ranking of fuzzy numbers may be used Chang’s extend analy sis
method (Chang 1992). According to this procedure. authors have developed corresponding computer program
in MATLARB that has been used 10 solve several probiems of ranking alternatives in construction indusiry.

4. A CASE STUDY

Proposed method Fuzzy AHP is applied for choice of the optimal structural reinforced concrete system of
one industrial hall 50.00x 120,00 m. Three alternatives for the structural system are considered:

Alternative -, - Two chord reinforced concrete and steef girder supported by the reinforced concrete
columns: Alternative 4> - Prestressed concrete girder supporied by the reinforced concrete columns:
Alternative 15 — Classical reinforeed concrete struciure.

The criteria used in this example are: 1 - Summary costs of design and construction of the hall. €. -
Costs of the annual maintenance, C; - Necessary time for the construction works in weeks, ¢y -
Technological possibilities of the contractor 1o construct this hatl in the chosen system.

According to the existing data authors have formulated fuzzy priority matrices:

Pairwise comparison fuzzy matrix C for the criteria

0 TS U B

! - .

.i1AT P13
(_‘.‘.: - - 1 - S

27 1 i LB

25 13 3

Pairwise comparison matrices A related to the eriterion €, (=1.2.53.4) ave

foad 3 f1o13 3 [ 1 & 13 Faond 3]
ATEY L AP nET 1 1 EL A3 tila =13t 1 3

Lowos o Bos = . - Bz .

L R SR T |13 137 1| Enaet w2t

Applying mentioned computer program, are oblained principal eigenvalues A =(2,.h,.0,). eigenvectors

w = (W,.W,.w,) for the fuzzy matrix €=(C,.C,.C,) and for local priorities eigenvalues and eigenvectors

e
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RO TSRy B e (B, L for fuzzy masrices AT (j=1.2...5). Principal fuzzy eigenvalues and
consistency ratios CR for matrices C,, and Al are given in Tablel. According to these values are obtained
fuzzy veciors of giobal priorities g, g. and g, and their components as fuzzy numbers g, = (&, s £.m- &u* -
These values are given in Table 2. For these fuzzy numbers are determined generalized fuzzy means
(expected values} g, and coefficients of variations ¥, {for aliernatives 4, (i~ 1,2, 3) using expressions (29} and
(30). According o these values alternatives are ranhed and resuits are given in Table 3

Table 1: Eigenvalues and consistency ratios

e oAl im A0 A
i 3.360 2.663 2 588 25498 2,560
A, 4,008 3mn32 3an? 3002 3.0Mm
A 5.146 3.408 3521 3507 1563
CR £.003 0.004 11,005 0002 —ogped |
Table 2: Veciors of global priorirties
- Altern, Vecfor @@y} 1 Veetorsz, (o0 Yector &, {2, Fxpected value oy, Stand. dev, v, (%)
Ay 0.308 0421 0.621 0.443 1141
1 0.1006 0195 {442 {235 i
A, g.:20 0213 0.37% 2.297.. e ALTR
Table 3: Ranks of allematives
Rank - Adtersative Expest.val, g, Adtsrpative Coefficiont ¥ (%)
i 4, 0.443 A 1141
2 Ay 6.339 1 11.71
3 BT 0.274 ds 11.78

Alternative .1, is the best ranked according to the expecied value gi. = 0.443 and coefficient of variation
I, = 11.41%, This alternative has a discernible advantage over other alternatives. All consistency ratios for
matrices C,, and A'/are CR<0.004<<0.10, s0 that these matrices are consistently assessed. This alternative

is accepted and industrial hall is successfully completed. This problem has been solved by the authors BISITY
mnodified Fuzzy TOPSIS method and obiained similar results (Prascevic & Prascevic 2013).

5. CONCLUSION

The fundamental approach of AHP is to break down a “big” probiem into several problems that are solved
separately to determine their priority vectors. According to these values. final priotity vector of the
alternatives is caiculated taking inio account relationships between hierarchy levels. AHP method has been
widely used for MCDM in the construction industry and project management. Proposed Fuszy AHP method
in comparison with AHP with the crisp data. gives more complete and realistic resuits, especiatiy tor
decision criteria that have qualitative nature,
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