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Abstract

The multiparameter procedure of semiconductor quantum well profile optimization, using the supersymmetric quantum
mechanics, is described and explored. The method generates families of isospectral potentials that depend on a specifie
number of scalar parameters, which are then varied so to maximize the desired property of the system, in this case the nonlinea
susceptibility xéz) which gives rise to the optical rectification. The merits and limits of the multiparameter procedure are
discussedd 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction relevant states, and also by tailoring the wave func-
tions so that the (combinations of) matrix elements rel-
Intersubband optical transitions in quantum well €vantfor this particular effect are maximized [1]. This
(QW) structures are continuously attracting the re- IS Particularly important for higher order nonlinear
search attention in the last two decades. Due to con- Processes. Optimization of simple stepwise-constant
siderable values of dipole transition matrix elements Profiled QWs has been considered quite some time
the QWs have quite remarkable linear and nonlin- 290 [2], while the optimization of continuously graded
ear optical properties. Various effects in QWs may be structures required more sophisticated techniques like
enhanced by suitably tailoring their electronic struc- 1€ Supersymmetric quantum mechanics (SUSYQM)
ture (“band structure engineering’). A particular effect @nd the inverse spectral theory (IST), e.g., Ref. [3].
may be grossly enhanced by achieving the resonancePreviously, however, these methods have been em-

conditions, i.e., appropriate spacings between the mostP!0yed only for single-parameter optimization, i.e., the
QW profile was controlled via a single scalar parame-

ter. In this Letter we develop a multiparameter pro-
" Corresponding author. cedure, and apply it to the problem of optimizing the
E-mail addressmilanovic@kiklop.etf.bg.ac.yu (V. Milanog). QW profile so to maximize the optical rectification co-
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efficient. Our aim is to explore to what extent the in-
creased versatility of the potential tailoring leads to an
improvement of the final optimized design of the po-
tential.

2. Theoretical considerations

An electric fieldE(t) = EgcoSwr) incident on the
QW induces the polarization response:

. 2 .
P@) = eo(Xél)EoeX[X]wt) + Xéw)Eg expi2jwt)
+xPEP) +ce, (1)

where ¢g is the dielectric susceptibility of vacuum
andx\ is theith order susceptibility at frequenay.
Considering th@-doped semiconductor QWSs, and the
incident photon energies well below the band gap, the
polarization response is predominantly determined by
intersubband transitions, between the quantized state
within the conduction band. The optical rectification is
described by thqéz) term, which, under the resonance
conditions w = E» — E1, whereE1 » are energies of
the two quantized states involved) reads [2]

X(Z) _ €3T1T2
O 7 2¢oh?

wheres1o = (1]z]1) — (2|z|2) is the (difference of) per-
manent dipole momentg,12 = (1]z]2) the transition
dipole moment,N; and N2 the electron densities in
states 1 and 2 per unit well surface, whilg and 7»
denote the diagonal and off-diagonal relaxation times
in the Liouville equation (describing the state lifetime
and the transition linewidth, respectively). The quanti-
tiesN1— N>, T, and to some exterfy are nottoo sen-
sitive to the QW profile, and the maximization )@f)
essentially reduces to the maximization of the product
I1 = Mizﬁlz.

For the initial potential we here choose the Péschl-
Teller potential, since much of the work can then be
done analytically. It reads

Uo
costf(az)’
the bound states of which are known analytically [4]:

(N1 — N2) o812, (2

U(z)=— 3)

A

Ei= IB(S—i)Z, i=0,12,..., (4)

S
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where

2 _
1+ 4Ugﬁ Ja2 —1 )

and B = 2m*/h?. The parametess determines the
number of bound statep, supported by this poten-

tial:
_[141ngSs], S¢N,
NB_{S, SeN, ©

whereN = {1, 2, 3, .. .}. The eigenfunctions for these
states are also known analytically [4], though the cor-
responding expressions will not be reproduced here.
By choosing appropriate values of the parameters
andUp one can tailor the potential to support exactly
the required number of bound states, and set the spac-
ing between two specified states.

We transform this potential according to the ex-
pressions given, e.g., in Refs. [3] and [5]. By delet-
ing and restoring a bound state at enefyy with the

S =

eigenfunctionyy, via SUSYQM, we derive a single-
parameter family of isospectral potentidlss (i, z)

[5]:
|:)»k+ / w,?dz},

A ¢ (—1,0). (7)

Noteworthy, for symmetrid/ (z) it suffices to varyr,
over positive values only, since the situation is just
spatially reversed for negative values. The solution
to the Schrddinger equation with a constant effective
massn* and the potential/ss (A, z),

2d2 In

Uss(he,2) =U(z) — —
ss(ho2) =U(2) = = 422

dzwi 2m*
2 + ?[Ez — Uss (i, Z)]Wi () =0, (8)
is the set of normalized wave functions given by
Vi (z)
Viss(he, 2) =¥i(@) - ————5—
iSS Ak i )Lk‘f'f:oo I/IkZdZ

XfWi(Z)Wk(Z)dz, i #k, 9)

Vi (2)
Mo+ [ WEdD

Yrss (i, 2) =V A (e + 1)

i=k.

(10)
Iterative application of the above expressions will
bring in more free parameters, one at a time. In effect,
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Fig. 1. The initial P6schl-Teller potential (z) with four bound states and the corresponding wave functignsquared (dashed lines), and
the isospectrally transformed potentia s (z) with the corresponding wave functionssg, obtained with values of the transform parameters

given in the figure (solid lines).

usingUss and one ofy; ss(Ak, z) instead ofU (z) and

Vi (2) in Eq. (7), which corresponds to deleting and
restoring a state af; of the potentialUss (A, z), we
derive the two-parameter family/ss(Ax, A, z), etc.
All these potentials are isospectral.

3. Numerical results and discussion

Numerical calculations were performed starting
with GaAs based QWsn(* = 0.067) with 2, 3, or
4 bound states, with parametarsand Uy chosen,
via Egs. (4)—(6), so that the levels spacing:1o =
116 meV (the CQ laser radiation). Thus, for the 2-
level QW we have setr = 0.264 nnt! and Up =
232 meV, obtainingEp = —1547 meV andE; =
—387 meV; for the 3-level QW = 0.206 nntt
andUg = 2784 meV, with Eg = —2088 meV, E1 =
—92.8 meV, andE2 = —23.2 meV, for the 4-level
QW, o = 0.174 nnt! and U = 3314 meV, with
Eo = —2651 meV, E1 = —1491 meV, E; =
—66.3 meV, andE3 = —16.6 meV. Out of these states,

but any of them may be used as factorization states
in course of tailoring the initial potential.

Next we do the SUSYQM transform(s), as de-
scribed in the preceding section, and find the poten-
tials Uss (A, z), wherei € {0, 1}, for the 2-level QW,
Uss(ri, Aj,z), wherei, j € {0,1,2}, i # j, for the
3-level QW, andUss(A;, A}, Ak, 2), Wherei, j k €
{0,1,2,3},i # j #k, for the 4-level QW, as well the
corresponding wave functions, Egs. (9) and (10).

The influence of the parametgf on the potential
shape may be analysed from Fig. 1. Here we have
a 4-level QW, withAE19= 116 meV, in its original
form and as transformed by deleting and restoring
states afy, k =0, 1, 2. The parameters, appearing
in this process start influencing the potential profile
only when they become small (i.e., the potential is
simply reproduced in the limith — +o00). As a
particular .y — 0, however, the potential becomes
considerably distorted from the original one (the same
applies to the limito; — —1, if A is taken to be
negative. This happens in such a way that it is the
state atE;, which is mostly affected, its wave function
becoming increasingly confined to the local “pit” of

if more than two, only the lowest two states (labelled the potential, emerging, moving away, and becoming
as 0 and 1) are relevant for the process of interest, deeper wheni; decreases. At the limiting value
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Fig. 2. The initial Poschl-Teller potential with two bound states and wave functions (dashed), and the corresponding SUSYQM partner
quantities (solid lines), obtained for the parametgwhich maximizes the value dff = ,4%2512.

A = 0 the shift of this wave function becomes infinite, of I7. Indeed, we find that the optimal potential may
which is equivalent to complete deletion of this state. be generated with infinitely many combinations of
Therefore, among the permanent dipole moments, A1, A2, A3, and A4, the mutual difference being just
has a drastic influence dh|z|k), though it also affects  that such potentials are translated alongiteis by
somewhat the other (“nonparametrized”) states, which different amounts, which has no physical significance.
experience a limited shift in the opposite direction, Therefore, varying a smaller number of parameters
and decreasing their amplitudes in the region where (even if more are available) is practically enough
Yrss peaks. Consequently, the differencég|k) — for optimization. However, the choice of which of
(¢]z]€) will increase, but the transition dipole moments them are to be varied is not quite trivial — the final
that involve the statek will decrease, because of results may depend on this choice, as we demonstrate
the decreasing overlap of the corresponding wave below.
functions. The producil = ;&2512 will therefore be To find the efficiency of the optimization procedures
small for 1y — 0, and it was also small (or zero, for with reduced number of parameters, in Fig. 2 we
symmetric initial potential) before any deformation display the initial 2-level P6schl-Teller potential and
was made, so it is clear there must be an optimum its optimized transformed partnérss(io, z) which
for some “intermediate” value of;. When a new maximizes IT (to IT(k9) = 13.54 nn?, for ig =
parameter is introduced and varied, the way it affects 0.266). The opposite directions of the wave functions
“its own” and “other” states repeats, but the total effect shifts are clearly visible in Fig. 2. The same value
upon the combination of matrix elements may not be of IT was also obtained by varying; only, not
quite obvious. A2, the optimal value now being; = 0.0463, and
This type of behaviour may be seen from Figs. 1-4. the same result also was reproduced in the two-
With this in mind, it should be clear that introducing parameter procedure, fap = 0.48 andi; = —1.58.
more parameters than is the number of relevant statesThe dependence of the produff on Ag in this
(provided the QW enables it, by supporting enough system is given in Fig. 5, and that for the individual
states) may not bring in any improvementin the value componentsy12 andsso, in Fig. 6.
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Fig. 3. Same as Fig. 2, but for the potential with three bound states, and two parameters are involved.
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Fig. 4. Same as Fig. 2, but for the potential with four bound states, and two parameters are involved.

In Fig. 3 we give the initial 3-level Péschl-Teller less effective, giving7 = 11.17, 11.64, and A2 nn?
potential and its optimized transformed partner for Ao = 0.068, 11 = —1.27, and A2 = 0, respec-
Uss(ro, A2, z) which maximizesIT (for 1o = 0.062 tively. Therefore, the 2-parameter procedure improves
and i, = —4.4). Here we found that the variation of the result of the 1-parameter procedure by (practi-
Lo and, gives the best resulf] = 12.98 nn¥), while cally significant)=10%. By varying all the three para-
varyingio andi1, or A1 andaz delivered only slightly meters, however, no further improvement was made.
smaller I7T (12.92 and 158 nnv, respectively). On The dependenceH (Lg), §12(Ao), and u12(rg), for
the other hand, varying just a single parameter was i, = —4.4, are given in Figs. 5 and 6.
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Fig. 5. The dependence o6f = /4%2812 on the parameter(s) used in optimization of wells with two (solid), three (dashed) and four (dotted)

bound states.
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Fig. 6. Same as in Fig. 5, but for the individual matrix eleméatsand j112.

In Fig. 4 are displayed the initial 4-level Péschl- the largest valudl (A1 = 0.28 A3 =0) =12.78 nnv.
Teller potential and its optimized transformed partner This implies that the optimized potential in fact
Uss(r1, A3,2). The best result obtained with the 3- supports three bound states, the fourth one being
parameter optimization here was(io = 1.80, A1 = deleted (becausks = 0). The results of a few other
—1.28 Ap = —1.92) = 12.72 nn?, but this turned out 2-parameter procedures werg(io = 0.029 11 =
to be slightly less than what was obtained in the —2.0) = 12.60 nn¥, [T1(io = 0.061 A1 = —4.4) =
2-parameter procedure witkty and A3, which gave 12.70 nn?, to mention those with almost as good
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results. Single-parameter procedures withand A3
delivered significantly smaller valuegi(l; = 0) =
7.21 and[1(A3 = 0) = 0.82 nn?, but the other two
were quite goodiT(rAo = 0.78) = 11.73 (same as the
2-parameter procedure witty andi3) and IT(A1 =
—1.27) = 1126 nn?. The dependencedI(i1),
812(A1), andu12(r1), for A3 =0, are given in Figs. 5
and 6.

From the above results we conclude that it is essen-

tial in the optimization procedure to vary at least one of
the parametersi or A1) that correspond to “active”
states. Variation of other parameters may help im-
proving the final result, though not very much, while
varying only the parameters corresponding to “inac-
tive” states leads to highly underoptimized results. Fi-
nally, we note that introducing even more parameters
by multiple deletion and restoring of the same state
also did not give any improvements.

4. Conclusion

The multiparameter SUSYQM-based method of op-
timizing the QW potential shape was proposed. It

G. Todorove et al. / Physics Letters A 279 (2001) 268-274

starts with an rather arbitrarily chosen initial potential
(just satisfying the resonance conditions) and modi-
fies its shape isospectrally, in a manner controlled by a
number of free scalar parameters. These are varied to
find the QW profile which maximizes the property of
interest. The method was explored on the example of
maximizing the second order nonlinear susceptibility
relevant for the optical rectification. Finally, the guide-
lines for this procedure are given.
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