
1. Introduction
Saturated hydraulic conductivity Ksat is the basic and the most important hydraulic property of the porous medium 
essential for modeling and designing variety of structures and systems that are based on the interaction between 
water and porous media. In the field of contaminant transport and agronomy Ksat is used for water-solute trans-
port and crop growth models (e.g., Clemente et al., 1994; Randelovic et al., 2016; Smith et al., 1995; Stanić 
et al., 2017; van Dam et al., 1997), while in hydrology it is used for different kinds of rainfall-runoff models 
(dos Santos et al., 2021; Sheikh et al., 2010). It is also the key parameter for designing irrigation and drainage 
systems, wells, infiltration fields (Ellafi et al., 2021; Islam et al., 2017; Zhuang et al., 2022), etc., but also variety 
of Nature Based Solutions (green roofs, biofilters, constructed wetlands, etc.) relying on the infiltration process 
for treating stormwater and reducing flooding in urban areas (Beach et al., 2005; Beryani et al., 2021; Bouzouidja 
et al., 2021; Lancheros et al., 2017; Pedescoll et al., 2009; Peng et al., 2020; Saxton & Rawls, 2006). In many 
of the mentioned fields the water flow can be both saturated and unsaturated, and hence is described through 
Richards equation (Richards, 1931) which commonly uses different mathematical functionalities between Ksat 
and soil water content or soil matric potential (Burdine, 1953; Mualem, 1976, etc.) that need to be defined.

For direct measurement of Ksat it is possible to apply both field and laboratory methods. Field tests (Reynolds & 
Elrick, 1991; Reynolds et al., 2000) are usually robust, fast, easy to perform and to replicate (Bagarello et al., 2004), 
and very convenient for determination of Ksat for natural, especially structured soils, while avoiding disturbing 
their macrostructure and functional relationship with surrounding soil (Bouma, 1982). On the other hand, labo-
ratory tests are particularly important for different types of porous materials used for building constructions that 
interact with water. The two well established methods in engineering practice are the constant head permeability 
test and the falling head permeability test—Klute (1986), Dirksen (1999), Das (2002), Reynolds et al. (2002), 
ISO/TS 17892-11 (2004), ISO/FDIS 17312 (2005), and NEN5789 (2005), etc., where different variations of both 
methods can be found in literature (Diminescu et al., 2019). Standard constant head permeability test assumes 
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measuring the outflow from the porous sample under different fixed water pressure heads, where the highest 
ones can be imposed even by applying centrifugal force (Nimmo & Mello, 1991). Commonly, Ksat is determined 
by fitting Darcy's linear law with experimental data, while in case of highly permeable materials where high 
velocities occur even at small water head gradients causing deviation from linear regression, it is necessary to 
apply a more general Forchheimer's quadratic law (Forchheimer, 1901). Hence, besides Ksat it is also necessary to 
determine Forchheimer's coefficient β whose contribution is insignificant at small velocities  in Darcy linear flow 
regime (Eck et al., 2012). On the other hand, the falling head permeability test assumes progressive drop of the 
initially imposed water head due to filtration through the porous material, where Ksat is determined based on the 
two selected values of water head and the corresponding times (Das, 2002; FprEN 12697-19:2019 E, 2019). The 
analytical expression describing this test assumes the pressure and gravity forces imposing the water flow through 
the sample are in equilibrium with the resistance force of the sample described through Darcy's linear law.

The constant head permeability test is more applicable on porous materials of higher permeability, while the 
falling head permeability test is more convenient for less permeable materials when the drop of water head is 
less rapid, and hence easier to monitor. As shown in Sandoval et al. (2017) on the example of highly pervious 
concrete, the falling head test underestimates Ksat values compared to the constant head test. Nevertheless, both 
tests are facing certain limitations when applied to highly permeable materials of large sizes. In the constant head 
test a significant water discharge needs to be maintained due to large contact area between the porous sample 
and  the water, and hence it is recommended to recirculate the water as done in Nijp et al.  (2017). Mariotte's 
bottle is another elegant and sophisticated method for controlling the water pressure head but is less convenient 
for highly permeable samples of large cross-sectional area because the bottle must be of a significant volume. 
On the other hand, the falling head test faces certain fundamental methodological limitations in case of highly 
permeable materials. First, due to high-velocity flow through the porous sample (Hassanizadeh & Grey, 1987) it 
is necessary to account for Forchheimer's quadratic law as done in Eck et al. (2012) for the purpose of developing 
an analytical solution for drainage behavior of slightly inclined highway pavements. Second, due to rapid change 
of water flow during the test, it is necessary to account for the inertia describing the acceleration of the fluid mass, 
which is ignored in the conventional approach. Also, for laboratory setups containing pipes of smaller diameters 
it is necessary to account for the friction force opposing the water flow.

This paper presents a new approach for determination of the water permeability of saturated porous medium 
from the continuous measurements of water level change in two connected reservoirs with a porous sample in 
between, which creates a resistance. If the porous sample is highly permeable, the two water levels approach each 
other through damped oscillations around the equilibrium state that are caused by the inertia of the fluid mass. 
To describe this phenomenon, a new semi-analytical solution considering the acceleration of the fluid mass and 
the high-velocity flow through the laboratory setup and the porous sample (Forchheimer's law), is proposed 
here. This approach has been tested on four lightweight pervious concrete pavers of 0.2 m × 0.2 m × 0.06 m 
and expected saturated hydraulic conductivity of approximately 0.01 m/s for porosity between 0.20 and 0.25, 
according to Brite/Euram Report (1994). To validate the results obtained, they are compared with the results of 
the constant head permeability test performed on the same paver samples by means of the specially designed 
modular laboratory setup. Finally, to emphasize the impact of inertia and Forchheimer's high-velocity flow in 
case of highly pervious materials, the presented semi-analytical solution is compared with the conventional fall-
ing head permeability approach.

2. Methodology
2.1. Derivation of a New Semi-Analytical Expression

High-velocity flow through a saturated porous medium is described by means of Forchheimer's law 
(Forchheimer, 1901):

∆𝐻𝐻imp

∆𝐿𝐿
=

1

𝐾𝐾sat

𝑣𝑣𝑠𝑠 + 𝛽𝛽𝑣𝑣𝑠𝑠
2 (1)

where 𝐴𝐴
∆𝐻𝐻imp

∆𝐿𝐿
 is the pressure head gradient [−] equal to the ratio between the water pressure head ∆Himp [L] 

governing the flow through the porous sample and sample's thickness ∆L [L], vs is the water flux through the 
sample [L/T], while Ksat and β are the saturated hydraulic conductivity [L/T] and Forchheimer coefficient [T 2/L 2], 
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respectively, both describing the material's water permeability. Equation 1 shows Darcy linear behavior at small 
vs, while it deviates from it as vs increases. The boundary between dominantly linear and quadratic behavior can 
be roughly estimated either from the specific value of Reynolds number (order of 10) depending on the char-
acteristic particle diameter, as suggested in some earlier studies (Bear, 1972), or based on the critical value of 
Forchheimer's number as proposed in Zeng and Grigg (2006).

To experimentally determine values of Kf and β for highly permeable materials of large cross-sectional area, the 
timesaving two-reservoir test is conducted. Figure 1 illustrates the two-reservoir laboratory setup where water 
flows from Reservoir 1 (cross-sectional areas Ac,1 [L 2]) on the right-hand side to Reservoir 2 (cross-sectional 
areas Ac,2 [L 2]) on the left-hand side, while passing first through the pipe of length Lp [L] and cross-sectional area 
Ap [L 2], and then through the porous sample of thickness ∆L [L] and cross-sectional area As [L 2]. Two water levels 
Π1,t and Π2,t are met at the equilibrium state Πequil after damped oscillations (see Figure 1) driven by the conser-
vation of the momentum, where the amplitude of oscillations depend on the resistance force opposing the flow.

This phenomenon can be described by means of two equations: the water balance equation and the momentum 
equation. The first one defines water flow Qt [L 3/T] as the change of Π1,t and Π2,t in time:

𝑄𝑄𝑡𝑡 = −
𝑑𝑑Π1,𝑡𝑡

𝑑𝑑𝑡𝑡
𝐴𝐴𝑐𝑐,1 =

𝑑𝑑Π2,𝑡𝑡

𝑑𝑑𝑡𝑡
𝐴𝐴𝑐𝑐,2 (2)

where index t describes variation in time. Due to oscillations of water levels, Qt changes the sign depending on 
the flow direction, where Qt is positive when Π1,t decreases and Π2,t rises, while otherwise it is negative. Since 
Ht = Π1,t − Π2,t (see Figure 1), Qt can be expressed from Equation 2 as following:

𝑄𝑄𝑡𝑡 = −
𝑑𝑑𝑑𝑑𝑡𝑡

𝑑𝑑𝑡𝑡
𝐴𝐴𝑒𝑒 (3)

Figure 1. Schematic of the two-reservoirs test.
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𝐴𝐴𝑒𝑒 =
𝐴𝐴𝑐𝑐𝑐1𝐴𝐴𝑐𝑐𝑐2

𝐴𝐴𝑐𝑐𝑐1 + 𝐴𝐴𝑐𝑐𝑐2

 (4)

where Ae is the equivalent cross-sectional area [L 2].

The momentum equation relies on Newton's Second Law defining the change in momentum per change in time 
(mass multiplied with acceleration = velocity change in time) as a difference between the driving force (water 
pressure and gravity) governing the flow and the resistance force opposing the flow. Since force is a vector, to 
avoid summing up vectors along the complex flow path, it is convenient to divide the laboratory setup from 
Figure 1 into sections of constant direction and geometry, and then to deal only with vector intensities (scalars). 
Hence, the momentum equation in scalar form is written between consecutive sections A-B, C-D, E-F, and G-H 
(see Figure 1), respectively:

𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑐𝑐1(Π1,𝑡𝑡 − Π11,𝑡𝑡) − 𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑐𝑐1∆𝐻𝐻11,𝑡𝑡 = 𝑚𝑚𝑤𝑤,𝑐𝑐1

𝑑𝑑𝑑𝑑𝑐𝑐1,𝑡𝑡

𝑑𝑑𝑡𝑡
 (5a)

𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑝𝑝(Π11,𝑡𝑡 − Π12,𝑡𝑡) − 𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑝𝑝∆𝐻𝐻1,𝑡𝑡 = 𝑚𝑚𝑤𝑤,𝑝𝑝

𝑑𝑑𝑑𝑑𝑝𝑝,𝑡𝑡

𝑑𝑑𝑡𝑡
 (5b)

𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑠𝑠(Π12,𝑡𝑡 − Π22,𝑡𝑡) − 𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑠𝑠∆𝐻𝐻2,𝑡𝑡 = 𝑚𝑚𝑤𝑤,𝑠𝑠

𝑑𝑑𝑑𝑑𝑠𝑠,𝑡𝑡

𝑑𝑑𝑡𝑡
 (5c)

𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑐𝑐2(Π22,𝑡𝑡 − Π2,𝑡𝑡) − 𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑐𝑐2∆𝐻𝐻22,𝑡𝑡 = 𝑚𝑚𝑤𝑤,𝑐𝑐2

𝑑𝑑𝑑𝑑𝑐𝑐2,𝑡𝑡

𝑑𝑑𝑡𝑡
 (5d)

In Equations 5a–5d the first term on the left-hand side represents the water pressure and gravity force (driving 
force) defined through the water level differences [L] at section ends, where Π11,t and Π22,t are the water heads 
[L] at the bottom of Reservoirs 1 and 2, respectively, while Π12,t is the water head [L] just below the sample. 
The second term in Equations 5a–5d is the resistance force opposing the flow, where ∆H1,t, ∆H11,t and ∆H22,t 
are the energy losses in length units [L] due to friction along the pipe and Reservoirs 1 and 2, respectively, 
while ∆H2,t is the energy loss [L] due to impedance of the porous sample. Finally, the right-hand side in all four 
equations describes the change in momentum per change in time, where mw,c1 and mw,c2 are the fluid masses in 
Reservoirs 1 and 2, respectively, mw,p and mw,s are the fluid masses in the pipe and in the sample, respectively, 
while vc1,t [L/T], vc2,t [L/T] and vp,t [L/T] are the water fluxes in the corresponding sections (vs,t is as in Equa-
tion 1, ρw is water density [M/L 3] and g is the acceleration of gravity [L/T 2]). After substituting mw,c1 = ρwAc1Π1,t, 
mw,c2 = ρwAc2(Π2,t − ∆L), mw,p = ρwApLp and mw,s = nρwAs∆L, where n is sample porosity [−], into Equations 5a–5d, 
together with 𝐴𝐴 𝐴𝐴𝑐𝑐1,𝑡𝑡 =

𝑄𝑄𝑡𝑡

𝐴𝐴𝑐𝑐1

 , 𝐴𝐴 𝐴𝐴𝑐𝑐2,𝑡𝑡 =
𝑄𝑄𝑡𝑡

𝐴𝐴𝑐𝑐2

 , 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝𝑝𝑝 =
𝑄𝑄𝑝𝑝

𝐴𝐴𝑝𝑝

 , and 𝐴𝐴 𝐴𝐴𝑠𝑠𝑠𝑠𝑠 =
𝑄𝑄𝑠𝑠

𝐴𝐴𝑠𝑠

 , the following is obtained:

(Π1,𝑡𝑡 − Π11,𝑡𝑡) − ∆𝐻𝐻11,𝑡𝑡 =
Π1,𝑡𝑡

𝑔𝑔𝑔𝑔𝑐𝑐1

𝑑𝑑𝑑𝑑𝑡𝑡

𝑑𝑑𝑡𝑡
 (6a)

(Π11,𝑡𝑡 − Π12,𝑡𝑡) − ∆𝐻𝐻1,𝑡𝑡 =
𝐿𝐿𝑝𝑝

𝑔𝑔𝑔𝑔𝑝𝑝

𝑑𝑑𝑑𝑑𝑡𝑡

𝑑𝑑𝑡𝑡
 (6b)

(Π12,𝑡𝑡 − Π22,𝑡𝑡) − ∆𝐻𝐻2,𝑡𝑡 =
𝑛𝑛∆𝐿𝐿

𝑔𝑔𝑔𝑔𝑠𝑠

𝑑𝑑𝑑𝑑𝑡𝑡

𝑑𝑑𝑡𝑡
 (6c)

(Π22,𝑡𝑡 − Π2,𝑡𝑡) − ∆𝐻𝐻22,𝑡𝑡 =
Π2,𝑡𝑡 − ∆𝐿𝐿

𝑔𝑔𝑔𝑔𝑐𝑐2

𝑑𝑑𝑑𝑑𝑡𝑡

𝑑𝑑𝑡𝑡
 (6d)

By summing Equations 6a–6d, the following is obtained:

𝐻𝐻𝑡𝑡 −
(

∆𝐻𝐻𝑓𝑓𝑓𝑡𝑡 + ∆𝐻𝐻imp𝑓𝑡𝑡

)

= 𝐼𝐼𝑡𝑡 (7)

where ∆Hf,t  =  ∆H1,t  +  ∆H11,t  +  ∆H22,t, ∆Himp,t  =  ∆H2,t is like in Equation  1, while 𝐴𝐴 𝐴𝐴𝑡𝑡 = 𝑐𝑐𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡

𝑑𝑑𝑡𝑡
 and 

�� =
Π1,�
���1

+ Π2,�−∆�

���2
+ ��

���
+ �∆�

���
 . Note that ct is a function of time when Ac1 ≠ Ac2, while its value is constant 

for Ac1 = Ac2 due to conservation of the fluid length in Reservoirs 1 and 2 (Π1,t + Π2,t = const). The case where 
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Ac1 = Ac2 = Ap = As relates to the laboratory setup with uniform cross-sectional area (something similar to the 
U-shaped pipe), while in case of large Reservoirs 1 and 2 (Ac1 ≫ Ap and Ac2 ≫ Ap) ct reduces to the constant 
value 𝐴𝐴 𝐴𝐴 =

𝐿𝐿𝑝𝑝

𝑔𝑔𝐴𝐴𝑝𝑝

+
𝑛𝑛∆𝐿𝐿

𝑔𝑔𝐴𝐴𝑠𝑠

 , or even to 𝐴𝐴 𝐴𝐴 =
𝐿𝐿𝑝𝑝

𝑔𝑔𝐴𝐴𝑝𝑝

 for samples of small thickness where 𝐴𝐴
𝐿𝐿𝑝𝑝

𝑔𝑔𝐴𝐴𝑝𝑝

≫
𝑛𝑛∆𝐿𝐿

𝑔𝑔𝐴𝐴𝑠𝑠

 . Also, when Ac1 ≫ Ap 

and Ac2 ≫ Ap, which is usually the case, energy losses in vertical columns ∆H11,t and ∆H22,t are negligible, and 
hence ∆Hf,t = ∆H1,t.

Equation 7 is expressed in length units [L], where Ht represents the driving force (gravity and pressure), It is the 
inertial force [L] describing the acceleration of the fluid mass, while (∆Hf,t + ∆Himp,t) represents the total resist-
ance force which consists of the friction (∆Hf,t) and the impedance of the porous material (∆Himp,t). The friction 
and the impedance components can be expressed as a function of Qt:

∆𝐻𝐻𝑓𝑓𝑓𝑓𝑓 = 𝑟𝑟𝑄𝑄𝑄𝑄𝑓𝑓|𝑄𝑄𝑓𝑓| (8)

∆𝐻𝐻imp,𝑡𝑡 = 𝑎𝑎𝑎𝑎𝑡𝑡 + 𝑏𝑏𝑎𝑎𝑡𝑡|𝑎𝑎𝑡𝑡| (9)

Note that Qt|Qt| is used instead of 𝐴𝐴 𝐴𝐴𝑡𝑡
2 in both Equations 8 and 9 to account for the change of flow direction. ∆Hf,t 

is described by means of a friction factor rQ [T 2/L 5] which depends on Qt and is determined from Darcy-Weisbach 
equation (Nakayama & Boucher, 1998) as explained in Appendix A, while ∆Himp,t is expressed from Forchheimer's 
law (Equation 1) by substituting 𝐴𝐴 𝐴𝐴𝑠𝑠𝑠𝑠𝑠 =

𝑄𝑄𝑠𝑠

𝐴𝐴𝑠𝑠

 and by using coefficients a and b that are equal to:

𝑎𝑎 =
∆𝐿𝐿

𝐾𝐾sat𝐴𝐴𝑠𝑠

 (10)

𝑏𝑏 =
𝛽𝛽∆𝐿𝐿

𝐴𝐴𝑠𝑠
2 (11)

After introducing Equations 8 and 9 into Equation 7, and substituting Qt with Equation 3, the following is obtained:

−����
�2��

��2
− ���

���

��
− (�� + �)��

2 ���

��
|

|

|

|

���

��
|

|

|

|

−�� = 0 (12)

The presented nonlinear Ordinary Differential Equation 12 of the second order has no continuous analytical solu-
tion over time and must be solved numerically as presented in Appendix B. However, if considering a short time 
interval ∆t where Qt is strictly positive, it is reasonable to assume a constant driving force Ht, as well as ct and rQ. 
Hence, Equation 12 is transformed using Equation 3 to express Qt:

𝑐𝑐𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡

𝑑𝑑𝑡𝑡
+ 𝑎𝑎𝑑𝑑𝑡𝑡 + (𝑟𝑟𝑑𝑑 + 𝑏𝑏)𝑑𝑑𝑡𝑡

2 −𝐻𝐻𝑡𝑡−∆𝑡𝑡 = 0 (13)

To have the constant pressure and gravity component in Equation 13, the value from the previous time interval 
Ht−∆t is used. Equation 13 is first solved with respect to Qt by rearranging it and separating variables:

𝑑𝑑𝑑𝑑𝑡𝑡

𝑎𝑎𝑑𝑑𝑡𝑡 + (𝑟𝑟𝑑𝑑 + 𝑏𝑏)𝑑𝑑𝑡𝑡
2 −𝐻𝐻𝑡𝑡−∆𝑡𝑡

= −
𝑑𝑑𝑡𝑡

𝑐𝑐𝑡𝑡
 (14)

𝑑𝑑𝑑𝑑𝑡𝑡

(

𝑑𝑑𝑡𝑡

√

(𝑟𝑟𝑑𝑑 + 𝑏𝑏) +
𝑎𝑎

2

√

(𝑟𝑟𝑑𝑑+𝑏𝑏)

)2

−
(

𝑎𝑎2

4(𝑟𝑟𝑑𝑑+𝑏𝑏)
+𝐻𝐻𝑡𝑡−∆𝑡𝑡

)

= −
𝑑𝑑𝑡𝑡

𝑐𝑐𝑡𝑡 (15)

Before integrating Equation 15 the following substitutions are introduced:

𝑋𝑋 = 𝑄𝑄𝑡𝑡

√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏) +
𝑎𝑎

2
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
 (16)

𝑆𝑆 =

√

𝑎𝑎2

4(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
+𝐻𝐻𝑡𝑡−∆𝑡𝑡 (17)
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Where based on Equation 16 ��� = ��
√

(�� + �)
 . Hence, Equation 15 becomes as following:

1
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏) ∫
𝑑𝑑𝑑𝑑

𝑑𝑑2 − 𝑆𝑆2
= −∫

𝑑𝑑𝑑𝑑

𝑐𝑐𝑑𝑑
 (18)

By solving integrals on the left-hand and the right-hand side of Equation 18, the following is obtained:

−
1

𝑆𝑆
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
tanh−1

(

𝑋𝑋

𝑆𝑆

)

= −
𝑡𝑡

𝑐𝑐𝑡𝑡
+ 𝐺𝐺 (19)

where G is the integration constant defined later. By introducing Equation 16 into Equation 19, an expression 
describing Qt is obtained:

𝑄𝑄𝑡𝑡 =
𝑆𝑆

√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
tanh

(

𝑆𝑆
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)

(

𝑡𝑡

𝑐𝑐𝑡𝑡
− 𝐺𝐺

))

−
𝑎𝑎

2(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
 (20)

To preserve the continuity of Equation 20 in time, Qt at t − ∆t should be equal to Qt−∆t from the previous time 
step. Hence, G can be easily determined from Equation 20 as:

𝐺𝐺 =
𝑡𝑡 − ∆𝑡𝑡

𝑐𝑐𝑡𝑡
−

1

𝑆𝑆
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
tanh−1

(
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)

𝑆𝑆

(

𝑄𝑄𝑡𝑡−∆𝑡𝑡 +
𝑎𝑎

2(𝑟𝑟𝑄𝑄 + 𝑏𝑏)

)

)

 (21)

To derive the expression for Ht, Equation 3 is introduced back into Equation 21 and variables are separated:

𝐻𝐻𝑡𝑡

∫
𝐻𝐻𝑡𝑡−∆𝑡𝑡

𝑑𝑑𝐻𝐻𝑡𝑡 = −

𝑡𝑡

∫
𝑡𝑡−∆𝑡𝑡

(

𝑆𝑆

𝐴𝐴𝑒𝑒

√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
tanh

(

𝑆𝑆
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)

(

𝑡𝑡

𝑐𝑐𝑡𝑡
− 𝐺𝐺

))

−
𝑎𝑎

2𝐴𝐴𝑒𝑒(𝑟𝑟𝑄𝑄 + 𝑏𝑏)

)

𝑑𝑑𝑡𝑡 (22)

By integrating the left-hand side from Ht−∆t to Ht and the right-hand side from t−∆t to t, the following is obtained:

�� −��−∆� =
�

2��(�� + �)
�
|

|

|

|

�

�−∆�
− ��

�
√

(�� + �)
�

��
√

(�� + �)
ln
(

cosh
(

�
√

(�� + �)
(

� − �
��

)))

|

|

|

|

�

�−∆�
 (23)

Finally, Ht can be expressed from Equation 23 as below:

𝐻𝐻𝑡𝑡 = 𝐻𝐻𝑡𝑡−∆𝑡𝑡 +
𝑎𝑎∆𝑡𝑡

2𝐴𝐴𝑒𝑒(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
−

𝑐𝑐𝑡𝑡

𝐴𝐴𝑒𝑒(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
ln

⎛

⎜

⎜

⎜

⎝

cosh
(

𝑆𝑆
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
(

𝐺𝐺 −
𝑡𝑡

𝑐𝑐𝑡𝑡

))

cosh
(

𝑆𝑆
√

(𝑟𝑟𝑄𝑄 + 𝑏𝑏)
(

𝐺𝐺 −
𝑡𝑡−∆𝑡𝑡

𝑐𝑐𝑡𝑡

))

⎞

⎟

⎟

⎟

⎠

 (24)

By combining Equations  2 and 3 for both reservoirs, and writing them in a discrete form as 
𝐴𝐴 (Π1,0 − Π1,𝑡𝑡)𝐴𝐴𝑐𝑐,1 = (𝐻𝐻0 −𝐻𝐻𝑡𝑡)𝐴𝐴𝑒𝑒 and 𝐴𝐴 (Π2,𝑡𝑡 − Π2,0)A𝑐𝑐,2 = (𝐻𝐻0 −𝐻𝐻𝑡𝑡)𝐴𝐴𝑒𝑒 , water levels 𝐴𝐴 Π1,𝑡𝑡 and 𝐴𝐴 Π2,𝑡𝑡 are determined as:

Π1,𝑡𝑡 = Π1,0 − (𝐻𝐻0 −𝐻𝐻𝑡𝑡)
𝐴𝐴𝑒𝑒

𝐴𝐴𝑐𝑐,1
 (25)

Π2,𝑡𝑡 = Π2,0 + (𝐻𝐻0 −𝐻𝐻𝑡𝑡)
𝐴𝐴𝑒𝑒

𝐴𝐴𝑐𝑐,2
 (26)

where Π1,0 and Π2,0 are the initial water levels in Reservoirs 1 and 2 (see Figure 1), while H0 = Π1,0 − Π2,0. Once 
Qt and Ht are mathematically defined through Equations 20 and 24, it is possible to determine values for each 
of the components in Equation 7. Hence, the friction force ∆Hf,t is determined from Equations 8 and 20, the 
impedance force ∆Himp,t from Equations 9 and 20, while the inertial force It is calculated from the first derivative 
of Equation 20:
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𝐼𝐼𝑡𝑡 = 𝑐𝑐𝑡𝑡
𝑑𝑑𝑑𝑑𝑡𝑡

𝑑𝑑𝑡𝑡
=

⎛

⎜

⎜

⎜

⎝

𝑆𝑆

cosh
(

𝑆𝑆
√

(𝑟𝑟𝑑𝑑 + 𝑏𝑏)
(

𝑡𝑡

𝑐𝑐𝑡𝑡
− 𝐺𝐺

))

⎞

⎟

⎟

⎟

⎠

2

 (27)

The proposed solution is interval-based because both Ht and Qt (and other components of Equation 7) are valid 
only over ∆t. To obtain the continuous solution over entire time scale, the calculation is performed consecutively 
at each ∆t relying on the values Ht−∆t and Qt−∆t from the previous interval. Detailed calculation steps, including 
how to consider not only positive but also negative Qt, are explained in the following section.

2.2. Calculation Steps

Water permeability parameters of a porous medium Kf and β are determined based on the best agreement between 
the semi-analytical Ht function (Equation 24) and the experimental Hi data. To compute Ht it is necessary to 
define initial conditions (Ht = 0 = H0 and Qt = 0 = Q0) and values of the parameters excluded from the calibration 
(Ac,1, Ac,2, Ap, Lp, ∆L, As). Ht is then computed at each ∆t using the following iterative algorithm:

1.  First iteration assumes Ht = Ht−∆t and Qt = Qt−∆t.
2.  rQ is computed from Equation A1.4 using the value of Qt.
3.  S is computed from Equation 17 using the value of Ht, while for Ac,1 ≠ Ac,2 value of ct is computed using values 

Π1,t and Π2,t (Equations 25 and 26) obtained from Ht.
4.  G is calculated by means of Equation 21 using rQ from step 2.
5.  New values of Ht and Qt are calculated by means of Equations 24 and 20, respectively.
6.  Values from step 5 are introduced back into steps 2 and 3 and the whole procedure is iteratively repeated until 

the absolute difference between Ht values in two consecutive iterations is less than 1 × 10 −6 m.

The presented semi-analytical solution (Equation 24) assumes strictly positive Qt, and to account for negative Qt 
it is sufficient to change the sign of the term (rQ + b) which multiplies Qt 2. Hence, −(rQ + b) is used for negative 
Qt and (rQ + b) for positive Qt. However, utilization of longer time intervals (∆t) increases the risk of missing the 
time when Qt changes the sign (flow changes direction), and hence the solution might not converge. In that case 
convergence is obtained by temporarily reducing ∆t (e.g., multiplied consecutively by factor 0.9). Even though 
stable, the calculation performed with rather large ∆t leads to inaccurate model outcomes (Ht and Qt) with miti-
gated and postponed amplitudes (see Appendix C). To prevent this, it is recommended to use ∆t = T/100, where 

𝐴𝐴 𝐴𝐴 = 2𝜋𝜋

√

𝐿𝐿𝑝𝑝𝐴𝐴𝑒𝑒

𝑔𝑔𝐴𝐴𝑝𝑝

 is the period for undamped oscillations (Ivetić, 1996) which depends solely on the installation 

geometry. As shown in Appendix  C, this criterion for ∆t selection provides both accurate and stable results 
regardless of material's permeability.

The quality of the fitting between the simulated Ht data and the experimental Hi data is described by means of the 
coefficient of determination R-squared:

𝑅𝑅2 = 1 −

𝑁𝑁
∑

𝑖𝑖=1

(𝐻𝐻𝑖𝑖 −𝐻𝐻𝑡𝑡𝑖𝑖)
2

𝑁𝑁
∑

𝑖𝑖=1

(

𝐻𝐻𝑖𝑖 −𝐻𝐻𝑖𝑖

)2
 (28)

where N is the number of experimental data [−], Hti and Hi are the simulated and measured values, respectively, 
related to same time ti, while 𝐴𝐴 𝐻𝐻𝑖𝑖 is the mean value of all measurements. Another measure of the fitting quality 
used in this work is the root mean square error (RMSE):

RMSE =

√

√

√

√

√

𝑁𝑁
∑

𝑖𝑖=1

(𝐻𝐻𝑖𝑖 −𝐻𝐻𝑡𝑡𝑖𝑖)
2

𝑁𝑁

 (29)

The closer R 2 is to unity, or the closer RMSE is to zero, the better fitting between simulated and measured data 
is obtained. One of the main advantages of the presented approach is its simple application which, as in case of 
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the falling head permeability test, only requires continuous measurements of water levels in two reservoirs, Π1,i 
and Π2,i (𝐴𝐴 𝐴𝐴𝑖𝑖 = Π1,𝑖𝑖 − Π2,𝑖𝑖 ).

2.3. Impact of Parameters Kf and β

The accuracy of the proposed approach is validated through the comparison with the numerical model for solving 
Equation 12 (see Appendix B). Figure 2 illustrates the comparison between Equation 24 (red solid line) and the 
numerical model (black dashed line) for different combinations of Ksat and β values. Figure 3 presents similar 
comparison but using smaller pipe diameter Dp = 25.4 mm to show strong dependence of the friction force on the 
pipe diameter, but also its effect on the sensitivity of Equation 24 to Ksat and β.

Figure 2. Comparison between the proposed semi-analytical approach (Equation 24—red solid line) and the numerical model (Equation B1.3—black dashed line) for 
different combinations of Ksat and β values, and pipe ϕ50.8 mm; H0 = 1 m, Q0 = 0 L/s, ∆L = 0.06 m, As = 0.04 m 2, Ap = 2 × 10 −3 m 2 (ϕ50.8 mm), Lp = 1.1 m, and 
Ac,1 = Ac,2 = 0.0123 m 2 (ϕ125 mm).
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In case of Figure 2, a larger pipe diameter is responsible for less significant friction force ∆Hf,t (dotted blue 
line) giving more weight to the impedance force ∆Himp,t (dotted green line). Only in Figure 2a where the water 
permeability of a porous medium is the most significant, and hence Qt is the highest, ∆Hf,t is dominant over 
∆Himp,t, while in other cases its impact is much lower. Figure 2a shows how considerable oscillations of Ht occur 
when there is no strong resistance force opposing the pressure and gravity, which is manifested with significant It 
(dotted magenta line). As the water permeability decreases (Ksat decreases or β increases, Figures 2b–2d) the total 
resistance force increases, where ∆Himp,t becomes dominant over ∆Hf,t due to reduced Qt. Hence, It is mitigated 
and oscillations of Ht are damped. This confirms that for low permeable materials, when both the friction and the 
inertia are negligible, the proposed semi-analytical solution reduces to the standard “quasi-steady state” approach 
accounting only for the impedance force opposing the pressure and gravity force.

Figure 3. Comparison between the proposed semi-analytical approach (Equation 24—red solid line) and the numerical model (Equation B1.3—black dashed line) for 
different combinations of Ksat and β values, and pipe Dp = 25.4 mm; H0 = 1 m, Q0 = 0 L/s, ∆L = 0.06 m, As = 0.04 m 2, Ap = 5 × 10 −4 m 2 (ϕ25.4 mm), Lp = 1.1 m, 
and Ac,1 = Ac,2 = 0.0123 m 2 (ϕ125 mm).
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On the other hand, when using two times smaller pipe diameter as in Figure 3, ∆Hf,t remains important regardless 
of Ksat and β values. As shown in Figure 3a for the same Ksat and β values, oscillations of Ht are significantly 
lower compared to Figure 2a. Since ∆Hf,t contributes highly to the total resistance force, Ht is less sensitive to 
Ksat and β than in Figure 2 where ∆Himp,t is dominant. This might be an issue when estimating value of β (or b) 
because both rQ and b are related to Qt 2 (see Equations 8 and 9), so rQ when significant conceals the impact of b. 
Therefore, to increase the accuracy of the proposed semi-analytical solution in estimation of Ksat and β values, it is 
recommended to reduce the impact of pipe friction as much as possible. Ideally, the pipe diameter like that of the 
two reservoirs is to be used, transforming that way the laboratory setup into the U-shaped pipe. Since this is not 
always technically feasible, it is highly recommended to run the simulation with the assumed values of Ksat and β 
and various pipe dimensions to find the adequate Dp and Lp that secure ∆Hf,t inferior to ∆Himp,t.

The proposed solution provides almost identical results as the numerical model for various combinations of Ksat 
and β. Both models are efficient, and the typical computation time is about 0.1 s for 20 s long simulation period 
and rather small ∆t = 0.01 s. However, the advantage of the proposed semi-analytical model over the numerical 
one, besides its simpler application and better accuracy due to its analytical nature, is its capability to use twice 
as large ∆t when most significant and rapid Ht oscillations occur (as in Figure 2a).

3. Laboratory Setup and Samples
Figure 4 illustrates the modular laboratory setup specially designed to cope with the two-reservoirs test proposed 
here, but also with the standard constant head permeability test which is used as a reference in this study. Both 
tests, together with detailed instructions for performing them, are thoroughly explained in the following text.

3.1. Constant Head Permeability Test

The constant head permeability test requires plenty of water, which is why the laboratory setup presented in 
Figure 4 recirculates the water from Tank. The water is pumped from Tank through Pipe 1 to Overflow reservoir 
with mechanism for changing the altitude, which controls the water head using the overflow. The excess water 
overflows and returns to Tank by means of Pipe 2, while the rest goes through Pipe 3 to Reservoir 1 (2 m heigh, 
ϕ125 mm inner diameter) and then to Sample reservoir (0.2 m × 0.2 m × 0.5 m) containing squared shape Sample 
(≈0.2 m × 0.2 m × 0.06 m). After filtrating bottom up through Sample, water overflows to Vessel 1 (0.04 m 3), and 
then through Drainage pipe 1 (ϕ150 mm) to Vessel 2 (0.04 m 3) placed on Scale of high accuracy (±10 g)—see 
Figure 4. Prevention of Sample floating and the leakage on Sample sides is described in Supporting Informa-
tion S1. Vessel 2 is drained by means of Drainage pipe 2 (ϕ150 mm) distributing the water back into Tank.

Laboratory setup in Figure 4 accurately controls the steady-state conditions by means of Overflow reservoir 
(regardless of the flow pumped from Tank), allowing to impose a wide range of gradients including rather small 
ones. Drainage pipes 1 and 2 are sufficiently large so the lag time between water overflow from Sample reservoir 
and its entrance into Vessel 2 is negligible. Note that all Reservoirs are made of plexiglass, while all Pipes are 
elastic with exception of Drainage pipes 1 and 2 that are plastic.

Before running the test Sample needs to be fully saturated. To do so, Valve 1 and Valve 2 are open, and so as 
Drainage pipe 2 by removing Cover. Water is left to circulate between 30 min and 1 hr under the high pressure 
secured by placing Overflow reservoir as high as possible. When the steady state conditions are reached (water 
level Π1 is stabilized—see Figure 4) and trapped air is removed, Sample is saturated and the test can start. Over-
flow reservoir is placed on a position securing desired gradient 𝐴𝐴

∆𝐻𝐻imp,𝑗𝑗

∆𝐿𝐿
 , where ∆Himp,j is measured manually by 

the metric scale as the difference between the water level in Piezometer Π12 and that in Sample reservoir (Π2) 
where water overflows (see Figure 4). By closing Drainage pipe 2 with Cover (see Figure 4), the change of water 
mass (outflow Q) entering Vessel 2 is measured continuously on Scale until Vessel 2 is almost full. The uniform 
change of the outflow mass in time indicates constant Qj value equal to the ratio between the total mass of the 
outflow and the time required for collecting it. By linking 𝐴𝐴 𝐴𝐴𝑠𝑠𝑠𝑠𝑠 =

𝑄𝑄𝑠𝑠

𝐴𝐴𝑠𝑠

 value with the corresponding gradient 𝐴𝐴
∆𝐻𝐻imp,𝑗𝑗

∆𝐿𝐿
 , 

jth experimental point is obtained. After removing Cover water almost instantly drains into Tank, and the whole 
procedure is repeated for a different gradient imposed by changing the altitude of Overflow reservoir. As a result, 
multiple experimental points (water flux values related to the corresponding gradients) are obtained, and values 
of Ksat and β are determined from the best fit with Forchheimer quadratic law (Equation 1).
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3.2. Two-Reservoirs Test

As previously explained, when performing the two-reservoirs test it is desirable to use larger diameter of the pipe 
connecting two reservoirs (Pipe 4 in Figure 4) to reduce the impact of friction. In this study it was not feasible to 
use pipes of diameter larger than ϕ19.0 mm due to risk of plexiglass cracking if drilling larger holes on sides of 
cylindrical shape Reservoir 1. Hence, to reduce the impact of friction, an additional Pipe 4′ (together with Valve 
2′) of the same length (Lp = 1.05 m) and the same diameter (ϕ19.0 mm) as Pipe 4 is installed parallel to it to split 
the flow in two (not presented in Figure 4 due to simplicity).

To perform this test, Reservoir 2 (ϕ125 mm inner diameter) is installed on the top of Sample reservoir (see 
Figure 4—more details in Supporting Information S1), and hence Π2 is not constant as in the previous test, but 

Figure 4. Scheme of the laboratory setup.
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changes within Reservoir 2 as in Figure 1. As for the constant head permeability test, Sample is first saturated. If 
Reservoir 2 is mobile as in Figure 4, Sample is saturated without it, the same way as in the constant head perme-
ability test. Otherwise, Sample is saturated by filling Reservoirs 1 and 2 with water to the top by opening Valve 
1. Once they are filled, Valve 1 is closed and Sample is left laying for some time under the imposed water table. 
Then, Valve 2 is closed, and Outlet is open to drain the water solely from Reservoir 2. After closing Outlet, the 
test starts by abruptly opening Valve 2 when water starts flowing from Reservoir 1 into Reservoir 2 due to initially 
imposed water level difference. Both Π1 and Π2 are continuously recorded by means of high-resolution camera 
(Sony RX10 M2), while Piezometer is not used in this test because Π12 data are not necessary for the approach 
proposed here. The procedure used in Marjanović et al. (2019) and Ljubičić et al. (2020) for extracting the water 
level data from recordings is applied here, and it is thoroughly described in Supporting Information S2.

3.3. Samples

Four types of lightweight pervious concrete pavers, that have a wide range of applications in a construction 
field, were investigated in this paper (see Figure 5). Such materials are mostly used for pervious pavements for 
parking lots and roads, and its main purpose is reduction of the stormwater surface runoff, but also protection 
from the pollution (Brite/Euram Report, 1994; Hammes et al., 2018; Sambito et al., 2021; Winston et al., 2020). 
The pavers, whose dimensions are given in Table 1, are made of lightweight aggregate of expanded clay parti-
cles (fraction 1–4 mm), cement CEM I 52.5 R used as a binder which is substituted with a solidified wastewater 
treatment sludge (SWWTS) to a certain extent (see Table 1), and water. According to Govedarica et al. (2022), 
the porosity of these four samples varies between 0.35 and 0.38. For more details on this material see the afore-
mentioned study.

4. Results
The two-reservoirs test has been performed on four presented paver samples where the proposed semi-analytical 
solution has been applied to determine the values of Ksat and β. To validate the results obtained, the constant head 
permeability test, which is considered as a reference, has been also performed on each sample. In the following 

Figure 5. Four investigated pervious paver samples with 0%, 10%, 20% and 30% of solidified wastewater treatment sludge, 
respectively, going from left to right.

Paver type Percentage of SWWTS (%) ∆L (cm) As (cm 2)

Sample 1—Gray paver 0 6.08 19.90 × 19.96

Sample 2—Brown paver 10 5.85 19.85 × 19.95

Sample 3—Red paver 20 5.46 19.95 × 19.98

Sample 4—Green paver 30 5.60 19.92 × 19.92

Table 1 
The Percentage of Solidified Wastewater Treatment Sludge Substituting Cement in the Investigated Samples and Their 
Dimensions
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text are presented results of both tests and their comparison, as well as the 
comparison with the falling head permeability approach.

4.1. Data of the Two-Reservoirs Test

To determine values of Ksat and β from the two-reservoirs test, it is necessary 
first to define rQ controlling ∆Hf,j (see Appendix A). To do so, the test is 
performed with empty laboratory setup (no sample into Sample reservoir) 
the same way as explained in Section  3.2, and Equation  24 is fitted with 
experimental Hi data by adjusting solely friction coefficient ξtot contributing 
to rQ (see Equation A1.4 in Appendix A). In Figure 6a with empty dots are 
presented measured Hi values, where H0 = 0.978 m and Q0 = 0 L/s, captured 
by camera every 0.5 s, while with red solid line is presented the best fitting 
Equation  24 obtained for ξtot  =  1.70. In this case Ksat  =  1  ×  10 9  m/s and 
β = 1 × 10 −9 s 2/m 2 are not calibrated since they simulate infinitely permeable 
sample (or no sample). According to the literature, standard value of ξtot for 
a pipe connecting two reservoirs side by side (Pipes 4 and 4′ in this case) is 
about 1.50, while value ξtot = 1.70 is due to Valve 2 which locally reduces the 
pipe diameter (even when open), and hence creates an additional energy loss. 
Besides Ht, in Figure 6a are also presented ∆Hf,t (blue dotted line), ∆Himp,t 
(green dotted line) and It (magenta dotted line), where ∆Himp,t is zero because 
sample is infinitely permeable. Since only ∆Hf,t opposes Ht, non-negligible 
oscillations of Ht can be observed in Figure 6a, where the absolute minimal It 
value is approximately 3.5 cm. In Figure 6b is presented comparison between 
Qt (red solid line—Equation 20) and Qi data (empty dots) obtained from Hi 
measurements as:

𝑄𝑄𝑖𝑖 =
𝐻𝐻𝑖𝑖+1 −𝐻𝐻𝑖𝑖−1

𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖−1
𝐴𝐴𝑒𝑒 (30)

The agreement between Ht and Hi, but also Qt and Qi, for ξtot = 1.70 is excel-
lent (R 2 = 0.9999, RMSE = 2.6 × 10 −3 m). It should be emphasized that if 
using Pipes 4 and 4′ to divide Qt by half and to transfer the water with less 
energy losses, it is necessary to account for some modifications in the calcu-
lation process. Hence, following Equation 8 ∆��,� = �� ��

2
|

|

|

��
2
|

|

|

= ��
4
��|��| , 

where rQ is calculated for 
|

|

|

��
2
|

|

|

 instead of |Qt| by means of Equation  A1.4 
(∆H11,t and ∆H22,t are ignored due to large Ac1 and Ac2). Also, since 
Ac1  =  Ac2 and ∆L  =  0 (there is no sample), ct is constant and equal to 
Π1,0 +Π2,0 −∆�

���1
+ ��

2���
  = 187.76 s 2/m 2.

After estimating value of ξtot, rQ is fully defined for every Qt value. Hence, solely values of Ksat and β for Samples 
1 to 4 are to be determined from Hi measurements obtained when running the test with Sample inside Sample 
reservoir. In Figure  7 are presented comparisons between the calibrated Ht curves and the experimental Hi 
data for all Samples, together with calculated ∆Hf,t (dotted blue line), ∆Himp,t (dotted green line) and It (dotted 
magenta line) components, while in Figure 8 are presented comparisons between the corresponding Qt and Qi 
data. The determined values of Ksat and β provide excellent agreement between Ht and Hi (R 2 > 0.9995 and 
RMSE < 6.5 × 10 −3 m—see Table 2), but also Qt and Qi data, for all Samples. Since only two physically based 
parameters are to be calibrated (Ksat and β), their values are manually adjusted to secure the highest possible R 2 
score (Equation 28), but also sufficiently low RMSE values (Equation 29). The calibration can be also performed 
by means of a certain optimization tool, but since Ksat and β have clear physical background and affect differently 
the behavior of Equation 24, where Ksat is dominant at low Qt, and β at the high-velocity flow, it is more conven-
ient to adjust their values manually.

Note that in all simulations, including the one with infinitely permeable sample, the aforementioned criterium 

𝐴𝐴 ∆𝑡𝑡 = 𝑇𝑇 ∕100 is used for the time interval selection, where 𝐴𝐴 𝐴𝐴 = 2𝜋𝜋

√

𝐿𝐿𝑝𝑝𝐴𝐴𝑒𝑒

2𝑔𝑔𝐴𝐴𝑝𝑝

≈ 6.5  s, and hence 𝐴𝐴 ∆𝑡𝑡 = 0.065  s. Also, 

Figure 6. Comparison between (a) the experimental Hi data (empty 
dots) of the two-reservoirs test without a sample, and the best fitting 
Ht curve (Equation 24) obtained for ξtot = 1.70 (Ksat = 1 × 10 9 m/s and 
β = 1 × 10 −9 s 2/m 2 are not calibrated); (b) the experimental Qi data 
(Equation 30—empty dots) and the simulated Qt (Equation 20) for the same 
parameter values.

 19447973, 2023, 7, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2022W

R
034158 by IN

A
SP/H

IN
A

R
I - SE

R
B

IA
, W

iley O
nline L

ibrary on [28/11/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Water Resources Research

STANIĆ ET AL.

10.1029/2022WR034158

14 of 22

for all Samples Q0 = 0 L/s, while �� =
Π1,0 +Π2,0 −∆�

���1
+ ��

2���
  = 186.75 ± 0.25 s 2/m 2 depending on the specific values 

of 𝐴𝐴 Π1,0 , 𝐴𝐴 Π2,0 , and 𝐴𝐴 ∆𝐿𝐿 , where 𝐴𝐴
𝐿𝐿𝑝𝑝

2𝑔𝑔𝐴𝐴𝑝𝑝

 contributes to 𝐴𝐴 𝐴𝐴𝑡𝑡 value with more than 95% (𝐴𝐴
𝑛𝑛∆𝐿𝐿

𝑔𝑔𝐴𝐴𝑠𝑠

  ≈ 0.05 s 2/m 2 is negligible for 

all Samples).

Compared to Figure 6 where ∆Hf,t is the only resistance force, in Figure 7 values of ∆Hf,t are significantly miti-
gated because Sample reduces the flow rate and creates an additional resistance force ∆Himp,t. Due to stronger 
resistance, It is also reduced compared to Figure 6, which is manifested with more damped oscillations of Ht. The 
absolute minimal value of It for all Samples is between 2.2 and 2.4 cm, which is about 30% lower compared to the 
test without a sample (Figure 6), but still considerable. Note that ∆Hf,t is still dominant over ∆Himp,t even though 
two pipes of diameter ϕ19 mm are used to connect Reservoirs 1 and 2.

4.2. Comparison With the Constant Head Permeability Data

In Figure 9 with empty dots are presented results of the constant head permeability test obtained by applying 
the procedure from Section 3.1 for nine different gradients 𝐴𝐴

∆𝐻𝐻imp,𝑗𝑗

∆𝐿𝐿
 (j = 1, 2, … 9). Depending on the gradient 

value, it takes 30–120 s to collect between 30 and 40 L and fill Vessel 2, which means about 300 L of water 
per sample. Clearly, this would not be feasible without circulation of water from Tank. Values of Ksat and β are 
obtained by fitting Equation 1 with the experimental data (dashed line in Figure 9), and they are presented in 
Table 2.

Figure 7. Comparison between the experimental Hi data (empty dots) of the two-reservoirs test with a sample, and the 
simulated Ht data (Equation 24—red solid line) for (a) Sample 1 (0% SWWTS), (b) Sample 2 (10% SWWTS), (c) Sample 3 
(20% SWWTS), (d) Sample 4 (30% SWWTS). In each graph are also presented ∆Hf,t (blue dotted line), ∆Himp,t (green dotted 
line) and It (magenta dotted line).
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Figure 8. Comparison between the experimental Qi data (Equation 30—empty dots) of the two-reservoirs test with a sample, and the simulated Qt data (Equation 20—
red solid line) for (a) Sample 1 (0% SWWTS), (b) Sample 2 (10% SWWTS), (c) Sample 3 (20% SWWTS), (d) Sample 4 (30% SWWTS).

Sample 1 Sample 2 Sample 3 Sample 4

Two-reservoirs test Ksat (m/s) 1.29 × 10 −2 1.15 × 10 −2 1.06 × 10 −2 1.39 × 10 −2

β (s 2/m 2) 3.120 × 10 3 1.850 × 10 3 2.550 × 10 3 2.300 × 10 3

R 2 (−) 0.9997 0.9995 0.9998 0.9996

RMSE (m) 4.8 × 10 −3 6.3 × 10 −3 4.8 × 10 −3 6.0 × 10 −3

Constant head permeability 
test

Ksat (m/s) 1.18 × 10 −2 1.16 × 10 −2 1.13 × 10 −2 1.34 × 10 −2

β (s 2/m 2) 3.658 × 10 3 1.847 × 10 3 2.129 × 10 3 2.528 × 10 3

Table 2 
Results of the Two-Reservoirs Test and the Constant Head Permeability Test
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To compare the results of two different tests performed here, it is convenient to reduce them to a common form. 
To do so, the calculated ∆Himp,t values from Figure 7 (green dotted line) are linked with the corresponding values 
of Qt (𝐴𝐴 𝐴𝐴𝑠𝑠 =

𝑄𝑄𝑡𝑡

𝐴𝐴𝑠𝑠

 ) from Figure 8 (solid line), where both components relate to same t, and the data obtained are 
presented in Figure 9 with solid line. Figure 9 shows the results of the two-reservoirs test describe the constant 
head permeability measurements quite well at small vs when Ksat is still dominant due to Darcy linear behavior, 
while certain deviation occurs at higher vs when the quadratic component of Forchheimer law becomes consid-
erable. As explained before, this is mainly because the semi-analytical solution is less sensitive to β when ∆Hf,t 
is dominant over ∆Himp,t, so it is difficult to make clear distinction between the impacts of rQ and b. Still, the 
overall agreement between the results of two test is satisfactory, and both tests provide the highest β values in 
case of Sample 1 (see Table 2) which shows slightly lower permeability, especially at higher gradients, than that 
of Samples 2, 3, and 4 containing certain percentage of SWWTS replacing cement.

Figure 9. Comparison between the constant head permeability data (empty dots—experimental points; dashed line—best fitting Equation 1) and the results of the 
two-connected reservoirs test (solid line) for (a) Sample 1 (0% SWWTS), (b) Sample 2 (10% SWWTS), (c) Sample 3 (20% SWWTS), (d) Sample 4 (30% SWWTS).
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4.3. Comparison With the Falling Head Permeability Test

To compare the proposed two-reservoirs approach with the conventional fall-
ing head permeability approach (FprEN 12697-19:2019 E, 2019), the input 
data for Equation 24 need to be adapted. To cope with the standard falling 
head laboratory setup from FprEN 12697-19:2019 E (2019), where 0.3 m of 
water column height filtrates through the sample top to bottom and overflows 
from the water bath surrounding the column into the collecting reservoir, 
Ac,2 is set to infinity (e.g., 1 × 10 9 m 2) to simulate the constant downstream 
water head Π2,t = Π2,0 = 0, Lp and ξtot are set to zero because water is not 
transferred through the pipe and there are no local energy losses, while 
Ac1 = As. Hence, rQ = 0 according to Equation A1.4 in Appendix A,  while 

ct reduces to �� =
Π1,�
���1

+ �∆�
���

= �� + �∆�
���

 because Ht = Π1,t − Π2,t = Π1,t (value 
of n = 0.35 is used). By adopting the mentioned modifications, the calcula-
tion is performed following calculation steps 1 to 6 as before, and the results 
obtained are compared with the standard equation describing the falling head 
permeability data:

𝐻𝐻𝑡𝑡 = 𝐻𝐻0𝑒𝑒
−
𝐾𝐾sat𝐴𝐴𝑠𝑠𝑡𝑡

∆𝐿𝐿𝐴𝐴𝑐𝑐𝑐1
 (31)

Equation 31 is identical as in Das (2002) and Bear (1972) but presented as 
a continuous function of time. Figure 10 illustrates the comparison between 

Equations 24 and 31 performed for two different scenarios. In the first case, values of Ksat = 1.29 × 10 −2 m/s 
and β = 3,120 s 2/m 2 for Sample 1 are used (see Table 2), while in the second case Ksat is reduced to 5 × 10 −4 m/s 
to simulate less permeable material. The reason for not changing β while reducing Ksat is because its value is 
irrelevant at low flow rate Qt when Ksat is dominant (almost identical results are obtained for β close to zero). 
For highly pervious materials such as Sample 1, Equation 31 underestimates the material’s water permeability 
(red solid line in Figure 10), as stated by Sandoval et al. (2017), because it shows more rapid drop of Ht than 
Equation 24 (black dashed line) for the same value of Ksat = 1.29 × 10 −2 m/s. This is because Equation 31 
ignores the inertial force It, even though a considerable change of outflow in time occurs, as well as the 
high-velocity flow through the sample described through Forchheimer's coefficient β. As Ksat reduces and the 
test duration extends, the change of outflow in time and the outflow itself mitigate, and hence the impacts of 
It and β reduce. This is in better agreement with the assumptions of the falling head permeability test, which is 
manifested with almost identical results obtained from Equations 24 and 31 (blue solid line and green dashed 
line, respectively).

5. Conclusion
This paper presents an innovative approach for determination of the water permeability of a saturated porous 
medium. It implies (a) an experimental procedure with porous sample placed between two connected reservoirs, 
where water flow is triggered by means of the imposed water level difference, and (b) a new semi-analytical solu-
tion describing the damped water level oscillations in these reservoirs by considering the fluid mass inertia and 
the high-velocity flow through the porous sample (Forchheimer's quadratic law) and the laboratory setup. This 
semi-analytical expression assumes constant water pressure and gravity component (driving force) over a suffi-
ciently short time interval ∆t estimated from the theoretical oscillation period for undamped oscillations, and 
hence the iterative calculation is performed consecutively at each ∆t. The parameters describing the water perme-
ability of a porous medium, saturated hydraulic conductivity Ksat and Forchheimer's coefficient β, are determined 
from the best fit between the proposed semi-analytical solution and the measured water level change in two 
connected reservoirs. To facilitate determination of Ksat and β by making the solution more sensitive to them, it 
is necessary to reduce the impact of the friction force as much as possible (e.g., increasing diameter of the pipe 
connecting two reservoirs), giving more influence to the impedance of the sample. To do so, it is highly recom-
mended to estimate the adequate installation pipe dimensions based on the simulation results performed with the 
assumed permeability parameters of the investigated porous medium.

Figure 10. Comparison between Equations 24 and 31 for: 
Ksat = 1.29 × 10 −2 m/s and β = 3,120 s 2/m 2 (red solid line and black dashed 
line); Ksat = 5 × 10 −4 m/s and β = 3,120 s 2/m 2 (blue solid line and green 
dashed line).
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The presented approach was tested on four pervious paver samples (0.06 m heigh and 0.04 m 2 quadratic base 
area, approximately) containing different percentages of SWWTS (0%, 10%, 20%, and 30%) as a replacement 
for cement. To determine Ksat and β for all samples, a modular laboratory setup has been designed to cope 
with the two-reservoirs test and with the constant head permeability test which is considered as a reference. In 
case of the two-reservoirs test the proposed semi-analytical solution has been fitted with the water level meas-
urements captured by means of high-resolution camera, where excellent agreement between simulated and 
measured data is obtained for all samples. The determined values of Ksat are between 1.05 and 1.4 × 10 −2 m/s, 
while β takes values between 1,850 and 3,150 s 2/m 2. These results are in agreement with those of the constant 
head permeability test, which confirms the reliability of the newly proposed approach, but also emphasizes its 
advantage in terms of efficiency and water savings. Furthermore, the presented approach has been compared 
with the conventional falling head permeability approach, and the results showed the novel semi-analytical 
solution reduces to the standard falling head formula for materials of lower permeability, while in case of 
highly permeable materials the falling head approach underestimates Ksat due to ignorance of the inertial force 
and the quadratic component of Forchheimer's law. Besides the efficiency and the accuracy of the presented 
approach, one of its main advantages is simple application which implies only the water level measurements 
in two reservoirs.

Appendix A
According to Darcy-Weisbach equation (Nakayama & Boucher, 1998), the energy or water head loss ∆Hf,t due 
to friction along the pipe of length Lp [L] and diameter Dp [L] is a function of a water flux vp [L/T] in the pipe:

∆𝐻𝐻𝑓𝑓𝑓𝑓𝑓 =

(

𝜆𝜆
𝐿𝐿𝑝𝑝

𝐷𝐷𝑝𝑝

+ 𝜉𝜉tot

)

𝑣𝑣𝑝𝑝
2

2𝑔𝑔
 (A1.1)

where λ is Darcy-Weisbach friction factor [−] which depends on Reynolds number 𝐴𝐴 𝐴𝐴𝑒𝑒 =
𝑣𝑣𝑝𝑝𝐷𝐷𝑝𝑝

𝜈𝜈
 , with ν being the 

kinematic viscosity of fluid [L 2/T] (ν = 1 × 10 −6 m 2/s for water at 20°C), while ξtot is the friction coefficient 
[−] accounting for the local energy losses due to different obstacles along the flow or changes in pipe geometry. 
The relationship between λ and Re is well documented in the literature with the family of different experimen-
tally determined curves (Nikuradse, 1933), each related to a specific value of the relative roughness of a pipe. 
These experimental data are well described with various empirical expressions (Das et al., 2015; Eismann & 
Adams, 2018, etc.) valid over different ranges of Re values, which allows efficient and accurate determination 
of λ for different water velocities vp and pipe geometry. One of the commonly used expressions which covers 
wide range of Re numbers (from 2,000 to 10 5) without using relative roughness of the pipe is proposed by 
Blasius (1913):

𝜆𝜆 = 0.3164𝑅𝑅𝑒𝑒
−0.25 (A1.2)

By introducing 𝐴𝐴 𝐴𝐴𝑒𝑒 =
𝑣𝑣𝑝𝑝𝐷𝐷𝑝𝑝

𝜈𝜈
 into Equation A1.2, and then back into Equation A1.1 together with 𝐴𝐴 𝐴𝐴𝑝𝑝 =

𝑄𝑄𝑡𝑡

𝐴𝐴𝑝𝑝

=
4𝑄𝑄𝑡𝑡

𝐷𝐷𝑝𝑝
2𝜋𝜋

 , 

the following is obtained:

∆𝐻𝐻𝑓𝑓𝑓𝑓𝑓 = 𝑟𝑟𝑄𝑄𝑄𝑄𝑓𝑓
2 (A1.3)

where rQ is the friction factor from the main text, determined as below after substituting g = 9.81 m/s 2 and 
π = 3.1416:

𝑟𝑟𝑄𝑄 = 0.0246
𝐿𝐿𝑝𝑝𝜈𝜈

0.25

𝐷𝐷𝑝𝑝
4.75

𝑄𝑄𝑡𝑡
−0.25 + 0.0826

𝜉𝜉tot

𝐷𝐷𝑝𝑝
4

 (A1.4)

Note that ∆Hf,t = ∆H1,t is assumed here, while the energy losses ∆H11,t and ∆H22,t are neglected (see Section 2.1 
in the main text). This is justified when the cross-sectional areas of Reservoirs 1 and 2 are significantly larger than 
that of the pipe connecting them (usually the case). Otherwise, rQ is calculated for each section separately using 
Equation A1.4, and the values are summed.
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Appendix B
Since Equation 12 from the main text has no analytical solution, it is solved numerically by writing it in the 
discrete form as:

−����
�� − 2��−∆� +��−2∆�

∆�2
− ���

�� −��−∆�

∆�
− (�� + �)��

2�� −��−∆�

∆�
|

|

|

|

��
��

|

|

|

|

∗

−�� = 0 (B1.1)

where �
2�
��2

≈
(

��
��

)

�
−
(

��
��

)

�−∆�
∆�

≈
�� −��−∆�

∆� − ��−∆�−��−2∆�
∆�

∆�
= �� −2��−∆� +��−2∆�

∆�2
 and ||

|

��
��
|

|

|

∗
 is the derivative value taken 

from the previous iteration. After putting together different terms related to Ht, Ht−∆t, and Ht−2∆t, respectively, the 
following is obtained:

��

(

���

∆�
+

(�� + �)��
2

∆�
|

|

|

|

��
��

|

|

|

|

∗

+ ����

∆�2
+ 1

)

−��−∆�

(

(�� + �)��
2

∆�
|

|

|

|

��
��

|

|

|

|

∗

+ ���

∆�
+ 2����

∆�2

)

+��−2∆�
����

∆�2
= 0

 (B1.2)

Finally, Ht is expressed as:

�� =
��−∆�

( (�� + �)��
2

∆�
|

|

|

��
��
|

|

|

∗
+ ���

∆�
+ 2����

∆�2

)

−��−2∆�
����
∆�2

���
∆�

+ (�� + �)��
2

∆�
|

|

|

��
��
|

|

|

∗
+ ����

∆�2
+ 1

 (B1.3)

To calculate Ht it is necessary to apply iterative procedure where after applying Equation  B1.3 the term 
|

|

|

��
��
|

|

|

∗
= |

|

|

��−��−∆�
∆�

|

|

|

 is recalculated and introduced back into Equation B1.3 to determine new value of Ht. This is 
repeated iteratively until the absolute difference between Ht values in two consecutive iterations becomes negli-

gible. Initially, ||
|

��
��
|

|

|

∗
= |

|

|

��−∆� −��−2∆�
∆�

|

|

|

 is adopted from the previous time step (index t − ∆t), while for t = ∆t the 
value Ht−2∆t = Ht−∆t = H0. Also, the flow rate is calculated as �� = ��

�� −��−∆�
∆�

 and is used to determine rQ value 
at each iteration.

Appendix C
The proposed semi-analytical solution is interval-based and as such it depends on the calculation step interval ∆t. 
Figure C1 illustrates results obtained for different ∆t values and for variety of Kf and β values corresponding to 
highly pervious materials, where oscillations of Ht occur. In Figure C1 graphs of the same column have identical 
β but different Kf, whereas graphs of the same row have identical Kf but different β. The sample flow resistance 
mitigates the amplitudes of Ht, but also extends the oscillation period T* compared to the undamped oscillations 
period T = 3.66 s (see caption of Figure C1). Since T* is always higher than T, defining ∆t as a percentile of T 
may be considered a conservative criterion, certainly on the safety side.

Stability wise, it is important to ensure the calculation error does not increase in time. Since the proposed solution 
is semi-analytical and highly non-linear, the conventional stability analysis (Hirsch, 2007) applied for numerical 
schemes is not suitable here. Still, the calculation error at each time step can be computed from Equation 7 as 

𝐴𝐴 err = 𝐻𝐻𝑡𝑡 −
(

∆𝐻𝐻𝑓𝑓𝑓𝑡𝑡 + ∆𝐻𝐻imp𝑓𝑡𝑡

)

− 𝐼𝐼𝑡𝑡 , where each component on the right hand side is calculated from Equations 8, 
9, 24 and 27, respectively. Due to analytical nature of the proposed solution, the value of err at each ∆t corre-
sponds to the difference between Ht values in two consecutive iterations. If the solution converges, the absolute 
value of err at each time step must be lower than the tolerance defined as the criteria for convergence (1 × 10 −6 m 
in this case). For all ∆t values and all combinations of Kf and β from Figure C1 the value of err decreases as Ht 
approaches zero, and hence the proposed solution is considered as stable for these ∆t. Note that in some cases ∆t 
is temporarily reduced as explained in the main text to secure the solution convergence.

However, not all ∆t values provide equally accurate results. If using ∆t = T/4 or ∆t = T/20, most of the time 
the calculation error (err) is rather close to the tolerance (1 × 10 −6 m in this case), whereas for ∆t = T/100 or 
∆t = T/500 values of err are more than two orders of magnitude lower. Similarly, results presented in Figure C1 
show that Ht curves related to ∆t = T/100 or ∆t = T/500 (dashed and solid lines, respectively) are almost identical, 
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while Ht values for ∆t = T/4 and ∆t = T/20 (dotted and dash-dotted lines, respectively) are mitigated and post-
poned. Also, the number of iterations required for the solution to converge increases with the ∆t increase. Hence, 
more than 50 iterations per time step are required when using ∆t = T/4, whereas three iterations (the recom-
mended number of iterations) are sufficient for ∆t = T/100 and ∆t = T/500. Based on everything mentioned it can 
be concluded that, regardless of the material’s permeability, the criterion ∆t = T/100 is good enough to provide 
both accurate and stable calculation of Ht using the proposed semi-analytical solution.

Figure C1. Results of the proposed semi-analytical solution (Ht) for different ∆t values (∆t = T/500, ∆t = T/100, ∆t = T/20, ∆t = T/4) and different combinations of 
Ksat (2 × 10 −2–5 × 10 −1 m/s) and β (0–1,000 s 2/m 2). The model outcomes are provided for the following input data: H0 = 1 m, Q0 = 0 L/s, ∆L = 0.06 m, As = 0.04 m 2, 

Ap = 2 × 10 −3 m 2(ϕ50.8 mm), Lp = 1.1 m, Ac,1 = Ac,2 = 0.0123 m 2 (ϕ125 mm), and 𝐴𝐴 𝐴𝐴 = 2𝜋𝜋

√

𝐿𝐿𝑝𝑝𝐴𝐴𝑒𝑒

𝑔𝑔𝐴𝐴𝑝𝑝

= 3.66 s .
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Data Availability Statement
All the relevant information necessary for reproducing the results from this paper can be found in the text, while 
the experimental data are deposed in Zenodo repository (Stanić et al., 2023a), as well as the Matlab codes that 
were used for creating Figures and performing different kinds of analysis (Stanić et al., 2023b).
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