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Abstract To describe the water retention and transfer properties of an unsaturated soil over the whole
range of matric suction, it is necessary to account for both capillary and adsorption phenomena.
Existing models combine well‐known empirical functions for capillary water at lower suctions and more
physically based ones for adsorptive water at higher suctions. To determine their full set of parameters, they
however require different optimization procedures, among which those coming from capillary models
are empirical. In this context, the main objective of this work is to develop a simple and robust physically
based model of the water retention and transfer properties of unsaturated soils valid from saturation to
oven dryness. To do so, new capillary‐based water retention and hydraulic conductivity functions
founded on the fractal approach have been derived from the pore size distribution, by means of the
Young‐Laplace law andMualem's model. To describe adsorption phenomena, these functions are combined
with those used in the Peters‐Iden‐Durner (PID) model, providing a model along the full range of
suctions, with less parameters than the existing models. Our work also shows that some parameters are
directly determined from the experimental grain size distribution data (the fractal dimension), or from the
water retention data (air entry suction and residual water content), leaving only two parameters to be
optimized. The model was successfully validated with respect to published experimental data from 10
different coarse, sandy, and clayey soils.

1. Introduction

The most widely used water retention curves (WRCs) (e.g., Brooks & Corey, 1964; Fredlund & Xing, 1994, or
Kosugi, 1996; van Genuchten, 1980) are semiempirical relations fitted from experimental data. As recalled in
Leong and Rahardjo (1997), hydraulic conductivity functions have been derived from WRCs through statis-
tical models (Hoffmann‐Riem et al., 1997), among which Burdine's (1953) and Mualem's (1976) are the most
widely used. These models consider unsaturated soils as a bunch of parallel capillary tubes of various dia-
meters, with water saturation governed by the Young‐Laplace capillary law that distinguishes, at a given suc-
tion, smaller water saturated tubes from larger unsaturated ones. Water flux through the saturated tubes is
controlled by the Hagen‐Poiseuille law. This empirical approach of WRCs has been completed by more
physically based models based on the fractal theory (Ghanbarian‐Alavijeh et al., 2011) and accounting for
capillary effects within the pores of the partially saturated specimens (e.g., Bird et al., 2000; Russell &
Buzzi, 2012). The pore‐solid‐fractal (PSF) model (Bird et al., 2000) is closely related to the grain size
distribution (GSD) that is assumed to follow the same fractal law as the pore size distribution (PSD)
(Perrier et al., 1999). Russell and Buzzi (2012) proposed a model based on two different fractal dimensions
for pores and grains, respectively, that also accounts for the hysteresis of the WRCs. Hydraulic
conductivity models have also been completed based on the fractal theory. Xu (2004) developed a hydraulic
conductivity function based on the PSF approach, while Yang et al. (2014) extended a fractal‐based
hydraulic conductivity model to the hydraulic hysteresis of the WRC.

Capillary models assume water to be immobile at water contents lower than the residual one, which is not in
agreement with some studies (Lenormand, 1990; Li & Wardlaw, 1986; Wang et al., 2013) that showed that
the movement of the thin liquid films of water adsorbed along the clay particles cannot be neglected in
clayey soils. The different mechanisms affecting the soil‐water interaction in clayey soils can be found in
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Lu and Zhang (2019) and Zhang and Lu (2019, 2020). Campbell and Shiozawa (1992) proposed a water
retention function for the adsorbed water, that decreases linearly toward zero in a semi–log scale. Various
hydraulic conductivity functions for the film flow were proposed by Tuller and Or (2001) and
Tokunaga (2009), and various models accounting for both capillary and adsorbed phenomena along the
whole range of suction between saturated and dry states have been developed. Peters (2013) used the
water retention models of both van Genuchten (1980) and Kosugi (1996), in combination with Mualem's
model for the capillary‐dominated suction zone, completed by using Campbell and Shiozawa's (1992) and
Tokunaga's (2009) functions in the high suction zone, where film‐dominated flow occurs. To cope with
mathematical discontinuity at the air‐entry suction met in Campbell and Shiozawa's (1992) function,
Iden and Durner (2014) proposed, in the so‐called Peters‐Iden‐Durner (PID) model, a continuously
differentiable function. This approach was upgraded by Rudiyanto et al. (2015) to account for hysteresis,
while a mathematically continuous model based on Fredlund and Xing's (1994) function has been
recently proposed by Wang et al. (2016). Also, Lu (2016) proposed a full suction range WRC model that
uses a new equation for adsorptive water as a function of matric potential and a cavitation probability
function for describing the transition between capillary and adsorption regimes.

All these models have shown rather good agreement with published data for a variety of soils along the
full range of suction. However, optimization tools are necessary to properly fit experimental data, mostly
because of the poor physical basis of the water retention functions in the capillary range. Fractal‐based
capillary models can be used as an alternative, but they suppose a fractal GSD, which is not in agreement
with a recent study (Stanić, 2020) showing, in the case of grains of various densities, their multifractal
nature.

In this work, a new fractal‐based capillary model linked with the multifractal GSD function proposed by
Stanić (2020) is combined with the PID model to account for the retention and transfer properties of both
a sandy and a clayey soil, along the whole suction range. The performance of this model is tested by consid-
ering published data of 14 different soils.

2. Methodology
2.1. A New Fractal‐Based Approach of the Pore Size Distribution

A new fractal‐based PSDmodel is now presented, together with the derived hydraulic conductivity functions
and the link with the multifractal‐based GSD model. Figure 1 shows, at two consecutive resolutions, an
example of a grayscale image of a coarse volcanic material investigated in Stanić et al. (2019). The image
resolution, given on the edges of the square images, is defined by the ratio λ = L/L1(λ) between the size L
(L) of the image and that (L1(λ)) of a single pixel. In Figure 1, grains of various sizes and densities exhibit
various gray levels (darker—lower densities and brighter—higher ones), while intergrains voids are in black.
Gray levels are characterized by a dimensionless density indicator ρind ≥ 0 (see Stanić, 2020), where ρind = 0
corresponds to pores full of air.

Figure 1. Upscaling of the renormalized ρind field. Resolution λ of the field is decreased by factor 2, starting from
λn = 1,024 (a) up to λ = 512 (b), while pixel size L1(λ) is increased by the same factor. Enlarged area of the image
illustrates how pixels are grouped and their values are averaged as λ is reduced.
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Starting from the initial resolution λn = 1,024 (Figure 1a), one applies the standard upscaling procedure by
reducing λ stepwise. By averaging groups of four neighbor pixels distributed in square, λ decreases by a factor
√4 = 2, while the pixel size L1(λ) increases by the same factor (see Figure 1b).

At sufficiently large λn, it is reasonable to assume that pores and grains of all sizes can be recognized from

ρind(λn) field. This means that ρind values at λn are either equal to or larger than ρinds;min, representing grains

(see Appendix A), or equal to 0, then representing pores full of air (black areas). Intermediate ρind values

appear at lower resolutions (λ < λn) when averaging ρind ≥ ρinds;min values with ρind = 0 while upscaling.

As explained in Stanić (2020), by counting the values characterized by ρind ≥ ρinds;min at each λ, it is possible to

determine a cumulative representation of grains with sizes equal to or larger than the actual pixel size L1(λ).
In order to determine the cumulative representation of pores (ρind = 0), one can apply the standard
Box‐counting method (Feder, 1988; Yu & Cheng, 2002) on grain particles recognized at λn. To do so, all

ρind ≥ ρinds;min values (grains) at λn are first set to a constant value (e.g., 1), since the densities of grains are

not of interest here, but only their spatial distribution. Thus, the gray‐level image of Figure 1a is transformed
into the binary black‐white image of Figure 2a, where grains are represented in white (ρind= 1) and pores in
black color (ρind = 0). The black‐white image (Figure 2a) is then upscaled as explained above, where at each
λ all ρind values between 0 and 1 created by averaging, are reset to one (white), while clean ρind = 0 (black)
remain. Since black pixels (ρind = 0) surrounded by at least one neighbor white pixel (ρind = 1) turn into a
twice as large white pixel after averaging, all the individual pores presented with a single black pixel vanish
when λ is reduced. Hence, the presented box‐counting method enables to determine a cumulative represen-
tation of pores (black areas) that are equal to or larger than the actual pixel size L1(λ).

Figure 2 shows that as λ decreases from 1,024 to 32, the pores (black pixels) smaller than the actual pixel size
L1(λ) vanish, while those equal to or larger remain. Thus, solely the largest pores are recognized at λmin

(Figure 2f), while no black areas can be observed at λ < λmin. Indeed, some of the largest black areas

(a) (b) (c)

(f)(e)(d)

Figure 2. Procedure for determination of the fractal dimension of grains (white pixels). Resolution λ of the binary image
decreases from λn = 1,024 to λmin = 32.
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recognized at λn = 1,024 are marked in Figure 2a and still observed in Figure 2f at λmin = 32, while those
smaller than L1(λmin) disappeared. This provides the link between the actual pore diameter dp and L1(λ)
(dp = L1(λ)), that is further used in the development of the fractal‐based PSD model.

Since the box‐counting method is applied on grain particles recognized at λn, the corresponding fractal
dimension of grains can be determined from the slope of the best fitting linear regression that goes through
the counted number of white pixels (Nwhite(λ)) plotted against λ in log‐log scale. As illustrated in Figure 3a,
the slope of the linear regression can be divided in two. For λ < λmin it is equal to the Euclidean dimension
(E = 2 or 3 for two‐ or three‐dimensional space, respectively), since only white pixels occur at this
range, while for λ ≥ λmin it is equal to Df < E. Since pores can be observed only at λ ≥ λmin, solely this
range is considered in this study. If results presented in Figure 3a are expressed in the form of

representations (Pwhite λð Þ ¼ Nwhite λð Þ
λE

, where E = 2), the slope of the linear regression becomes equal to

(Df− E) for λ ≥ λmin (see Figure 3b). Therefore, Pwhite(λ ≥ λmin) can be expressed using a power (fractal) law:

Pwhite λð Þ ¼ λ
λmin

� �Df − E

(1)

Black pixels representing pores (filled dots in Figure 3) are complementary to white ones (Pblack(λ) = Ppores
(λ) = 1 − Pwhite(λ)), resulting in the following expression:

Ppores λð Þ ¼ 1 −
λ

λmin

� �Df − E

(2)

Given that L1(λ) = dp, the ratio
λ

λmin
¼ L=dp

L=dp;max
is equal to

dp;max

dp
, where dp,max is the maximal pore dia-

meter (L) related to λmin. Thus, Equation 2 describes the representation of pores with diameter equal to or
larger than dp.

In order to transform the representation function into a cumulative distribution function describing the
probability of exceeding dp, Equation 2 needs to be renormalized with respect to the initial representation

of pores met at λn, which is, according to Equation 2, equal to Ppores λnð Þ ¼ 1 − λn
λmin

� �Df − E
. Since

λn
λmin

¼ dp;max

dp;min
, where dp,min is the minimal pore diameter (L) related to λn, the probability of exceeding dp

is as follows:

(a) (b)

Figure 3. (a) Empty dots and squares illustrate the number of white pixels, counted at different λ of Figure 2, for λ ≥ λmin
and λ < λmin, respectively; the slope of the Nwhite(λ ≥ λmin) corresponds to the value of Df, while that of Nwhite(λ < λmin)
is equal to E. (b) Empty and filled dots illustrate the representations of white and black pixels for λ ≥ λmin, while
solid and dashed lines illustrate the change of those pixels according to Equations 1 and 2, respectively.
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P d ≥ dp
� � ¼ 1 − dp; max

dp

� �Df − E

1 − dp; max

dp; min

� �Df − E (3)

At sufficiently high λn, it can be assumed that Ppores(λn) is equal to the experimentally determined porosity
φ. Hence, the PSD expressing the cumulative distribution of pores smaller than dp can finally be written as
follows:

P d < dp
� � ¼ 1 −

1 − dp; max

dp

� �Df − 3

φ
(4)

where φ ¼ 1 − dp;max=dp;min
� �Df − 3

and E = 3, since the PSD is based on the representation of pore

volumes.

Stanić (2020) showed that, in order to describe the GSD curve, it is necessary to use different fractal
dimensions for grains larger than different referenced grain diameters dg (multifractal formalism). In
this work, however, a single fractal dimension Df, related to grains equal to or larger than the minimal
grain diameter dg,min = L1(λn), is used for describing the PSD (Equation 4). This way, the link between
the PSD and the GSD is preserved, enabling the determination of Df from the GSD model (see
Appendix A). Since Df is related to grains, the boundary value Df = E = 3 describes the space covered
only with grains without pores, leading to a zero porosity (φ = 1 − (dp,max/dp,min)

0 = 0).

In the case of well‐graded materials, smaller grains fill the voids between larger ones, creating pores of dif-
ferent sizes. This causes the black areas in the black‐white soil image to resist longer to the upscaling proce-
dure, securing less steep linear regression of white pixels (see Figure 3) and hence higherDf. On the contrary,
grains of uniform size create narrow spectrum of pore sizes that vanish rather rapidly once the upscaling pro-
cedure is started. This results in a steeper slope of the linear regression and hence lower Df. Finally, it can be
concluded that a lower Df is related to poorly graded materials like clean sands with a narrow range of grain
sizes, while higher Df (closer to E) is related to well‐graded materials.

2.2. Water Retention

When accounting for the water content change along the drying path of the WRC from saturation to oven
dryness, both capillary and adsorptive water need to be considered. In this case, the total water content
θtot (hk) can be written, as proposed by Iden and Durner (2014):

θtot hkð Þ ¼ θs − θrð ÞScape hkð Þ þ θrSadse hkð Þ (5)

where Se
cap(hk) and Se

ads(hk) are the relative saturations [0–1] of capillary and adsorptive water, respectively,
θs and θr are the saturated and residual water contents (−), respectively, and hk is the suction expressed in
terms of water height (pressure head) (L). Equation 5 indicates that capillary water is dominant at lower
hk (θs < θ < θr), while for significantly higher hk values (θ < θr), the adsorptive water mainly remains.

To date, semiempirical water retention functions (Brooks & Corey, 1964; Fredlund & Xing, 1994;
Kosugi, 1996; van Genuchten, 1980, etc.) are most often used to account for water retention effects in the
capillary range, with no consideration of the residual adsorbed water at high suction. In this study, a
new physically based function based on Equation 4 and the Young‐Laplace law is proposed in the capillary
range. Following the Young‐Laplace law, once suction hk is imposed to an initially saturated porous med-
ium, all pores with diameters smaller than dp = C/hk m (C ≈ 2.8 × 10−5 expresses the Young‐Laplace law
and is a function of water/solid interaction properties) are emptied. Thus, Se

cap (hk) can be simply obtained
from Equation 4:

Scape hkð Þ ¼ θcap hkð Þ − θr
θs − θr

¼
1; hk < hk; a

1 −
1 −

hk
hk; a

� �Df − 3

θs − θr
; hk; a ≤ hk ≤ hk; r

8>>><
>>>:

(6)

where hk,a is the air entry value suction (L), a maximal hk corresponding to full saturation.
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The suction hk,r corresponding to the extraction of all capillary water and to θ = θr is obtained by writing

Scape hk; r
� � ¼ 0

� �
, giving hk; r ¼ hk; a 1 − θs − θrð Þ½ �

1
Df − 3.

Thus, both Se
cap and Se

ads condition the value of θtot for hk,a≤ hk < hk,r, while only Se
ads remains for hk ≥ hk,r

(see Equation 5). Note that Equation 6 does not account for the total porosity?, but for its part (θs− θr) full of
capillary water. This implies that Equation 6 is not differentiable for hk = hk,a and hk = hk,r, unlike standard
water retention functions. But it provides a better insight into the impact of the PSD on the retention proper-
ties, as pointed out in section 3, later on.

Based on the fact that adsorptive water linearly decreases toward zero in semi–log scale (Campbell &
Shiozawa, 1992), Peters (2013) proposed an equation describing Se

ads, that has been later replaced with a
smoothed piecewise linear function proposed by Iden and Durner (2014), as follows:

Sadse hkð Þ ¼ θads hkð Þ
θr

¼ 1þ log10
hk; a
h0

� �� �−1

log10
hk
hk; a

� �
þ b ln 1þ e

log10
hk; a
hk

� �
=b

" #( )
(7)

where b is a smoothing parameter that impacts Sadse hkð Þ near hk = hk,a (see Iden & Durner, 2014, for more
details) and h0 is the suction (L) value (about 105m) related to totally dry conditions θtot(h0) = 0. Even though
Lu andKhorshidi (2015) reported some variation in h0 for clay soils, a fixed value of h0 = 6.3 × 104m has been
adopted in this work, as suggested by Peters (2013), to reduce the number of model parameters. The higher

the value of b, the smoother the Sadse hkð Þ function, with however the limitation that b should take a value
between 0.1 and 0.3, as proposed by Iden and Durner (2014) based on a sensitivity analysis. They also pro-
posed empirical expressions for determining b as function of the parameters of van Genuchten (1980)'s or
Kosugi (1996)'s equations. Since Equation 6 is not differentiable for hk = hk,a, Equation 5 cannot be
mathematically continuous regardless of the value of b. However, Equation 7, with a maximum value of
b = 0.3, has been finally adopted to smooth θtot as much as possible in the zone around hk = hk,a, allowing
better interpretation of measured data. Note that Equation 5 can be reduced to solely capillary model
(θtot = θcap) if water is considered to be immobile for θ < θr (θ

ads = θr for every hk).

2.3. Hydraulic Conductivity

According to Peters (2013), the hydraulic conductivityKtot along the whole suction range can be presented as
the sum of two components Kcap and Kfilm, if the isothermal vapor conductivity is neglected:

Ktot ¼ Kcap þ Kfilm ¼ Ks
capKr

cap þ Ks
filmKr

film; (8)

where Ks
cap and Ks

film are the saturated hydraulic conductivities (L/T) for capillary and adsorptive (film)
water, respectively, while Kr

cap and Kr
film are the corresponding relative hydraulic conductivity functions

(−), respectively. Note that Kfilm is several orders of magnitude lower than Kcap and thus has a negligible
influence on Ktot for θ > θr. If the film flow is ignored (Kfilm = 0), Equation 8 is reduced to a capillary
hydraulic conductivity function.

As previously explained, the bulk hydraulic conductivity can be calculated by integrating the contributions
of water fluxes through the saturated capillary tubes of different sizes that correspond to the actual water
content or saturation degree. Based on the assumption that the water movement through straight capillary
tubes follows Hagen‐Poiseuille's law and that exponent l can account for the tortuosity effect, a general ana-
lytical form of the relative hydraulic conductivity of capillary water has been given by Hoffmann‐Riem
et al. (1997) as follows:

Kr
cap Scape

� � ¼ Scape

� �l ∫
Scape

0 hk
−kdScape

∫
1

0hk
−kdScape

0
@

1
A

β

(9)

where parameters l, k, and β vary for different models. The commonly used Mualem (1976) model can be
obtained for k = 1 and β = 2, while l remains a fitting parameter, as proposed by many authors (Neto
et al., 2011; Peters et al., 2011; Schaap & Leij, 1999; Yates et al., 1991, among others). In this case, it is
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more convenient to integrate Equation 9 with respect to hk, which can be done by introducing the deriva-

tive of Equation 6 dScape ¼ Df − 3
hk; a θs − θrð Þ

hk
hk; a

� �Df − 4
dhk

� �
and by changing the boundaries of the integra-

tion with respect to the boundaries in Equation 6:

Kr
cap hkð Þ ¼ Scape

� �l ∫
hk
hk; r

hk
Df − 5dhk

∫
hk; a
hk; r

hk
Df − 5dhk

0
@

1
A

2

(10)

Finally, Kr
cap(hk) can be rewritten as follows:

Kr
cap hkð Þ ¼

1; hk < hk; a

1 −
1 −

hk
hk; a

� �Df − 3

θs − θr

0
BBB@

1
CCCA

l
hk
hk; a

� �Df − 4

−
hk; r
hk; a

� �Df − 4

1 −
hk; r
hk; a

� �Df − 4

0
BBB@

1
CCCA

2

; hk; a ≤ hk ≤ hk; r

8>>>>>><
>>>>>>:

(11)

where the values of the expression in the second brackets is included between 0 and 1, null for hk = hk,r
and equal to 1 for hk = hk,a.

Tokunaga (2009) showed that the hydraulic conductivity of the film decreases almost linearly with increas-
ing suction in log‐log scale, with a slope a = −1.5. Based on that, Peters (2013) proposed a simple function
describing the film flow:

Kr
film Sadse

� � ¼ h0
hk; a

� �−1:5 1 − Sadseð Þ
(12)

Besides Peters (2013), Zhang (2011) also proposed an analytical function that depends on many physical
constants and hence brings additional uncertainties into the calculation. This is why this function was
not adopted in this work. Note that parameter a can deviate from −1.5 (Equation 12), especially in case
of clays, since this value was derived from the case of smooth spherical grains. Some authors, like
Rudiyanto et al. (2015), included parameter a into the optimization process. In this work, a = −1.5 was
adopted, like in Peters (2013) and Wang et al. (2016).

3. Results

The proposed model was validated with literature data for 14 different soils (sands, loams, and clays), pre-
sented in Table 1, that also provide for each soil the values of the five physically based model parameters
(θr, hk,a, Df, Ks

film, and l), together with the squared correlation coefficient (R2) used to rate the agreement
between model and measurements. Among them, the Green Wave coarse granular material (Stanić
et al., 2019) has a particular status. Indeed, it does not present any significant adsorption effect, but it is
the only material for which the complete set of parameters needed is available, including the GSD curve that
has not been provided for the other soils.

Figure 4 shows, for the Green Wave substrate, the GSD (a), the water retention (b—top graph), and the
hydraulic conductivity function (b—bottom graph).

The other soils, for which only the hydraulic properties data were available, are divided into three groups.
Figure 5 compares, for seven soils, the modeled water retention, and hydraulic conductivity function with
experimental data. The same is presented in Figure 6 for three soils where the measured hydraulic conduc-
tivity was related to changes in water content, while in Figure 7 are compared simulated and measured
WRCs for three different clay soils. Different soils in Figures 5–7 are arranged to respect the ascending order
of Df value in each figure.

In Figure 4–7, computed θtot values (Equation 5) are compared with measured water retention data. On
the same figures, the calculated values of θcap (dashed line—Equation 6) and θads (dash‐dotted line
—Equation 7) are also presented. Similarly, computed Ktot values (Equation 8) are compared with measured
hydraulic conductivity data (Figure 4–6), together with the individual contributions of Kcap and Kfilm calcu-
lated by using Equations 11 and 12, respectively.
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4. Discussion

Figure 4–6 show that, unsurprisingly, Kfilm has a negligible effect on Ktot in the lower range of suctions
(hk < hk,r), since Ks

film is several orders of magnitude lower than Ks
cap. For hk ≥ hk,r, θ

cap becomes con-
stant and equal to θr, resulting in having θtot only controlled by θads, with no effect of Kcap on Ktot

(Ktot = Kfilm).

Table 1
Measured (θs, Ks

cap) and Determined/Adjusted Values (Highlighted in Gray) of the Model Parameters

Soil Reference θs (−) Ks
cap (m/s) Df(−) hk,a (m) θr(−) Ks

film (m/s) l (−) R2 WRC R2 HCF

Shonai sand Mehta et al. (1994)a 0.431 1.09E−04 2.680 0.12 0.064 1.74E−09 1.10 0.98 0.80
Wyoming bentonite Likos and Lu (2003)b 0.700 — 2.680 50.00 0.332 — — 0.99 —
Rehovot sand Mualem (1976)a 0.400 1.27E−04 2.725 0.12 0.021 5.21E−10 0.30 0.99 0.99
Gilat loam Mualem (1976)a 0.440 2.00E−06 2.790 0.33 0.168 5.21E−09 1.00 0.99 0.97
Pachappa loam Jackson et al. (1965)a 0.460 2.00E−06 2.860 0.50 0.138 9.26E−09 1.20 0.99 0.98
Pachappa fine sandy clay Mualem (1976)a 0.330 1.40E−06 2.873 0.50 0.111 2.31E−09 0.20 0.99 0.98
Adelanto loam Jackson et al. (1965)a 0.430 4.50E−07 2.905 1.50 0.261 2.89E−09 0.30 0.99 1.00
Georgia kaolinite Likos and Lu (2003)b 0.570 — 2.905 1.60 0.118 — — 0.99 —
Sandy loam Pachepsky et al. (1984)a 0.425 9.00E−07 2.930 0.18 0.091 9.26E−09 −0.50 0.99 0.96
GW substrate Stanić et al. (2019) 0.395 8.11E−06 2.950 0.009 0.045 1.16E−08 −1.35 0.99 1.00
Okcheon 2 Oh et al. (2015)c 0.435 2.38E−06 2.960 0.45 0.200 1.16E−08 −1.35 0.99 0.99
Seochang Oh et al. (2015)c 0.379 9.13E−07 2.965 0.18 0.050 1.39E−08 −1.30 0.96 0.99
Clay loam Pachepsky et al. (1984)d 0.500 2.90E−07 2.970 0.40 0.337 1.39E−08 1.00 0.99 0.99
Arizona‐18 Jensen et al. (2014) 0.429 — 2.982 2.00 0.361 — — 1.00 —

aTaken from Rudiyanto et al. (2015). bTaken from Lu (2016). cθs is calculated based on the void ratio e (−) as θs ¼ φ ¼ 1
1þ e

. dTaken from Zhang (2011),

where the measured θs and Ks
cap values are not provided and hence roughly estimated from the experimental water retention and hydraulic conductivity data.

(a) (b)

Figure 4. (a) Comparison between the measured GSD (filled dots) and the multifractal based GSD model
(after Stanić, 2020); (b) Comparison between the proposed model and the water retention
(top graph) and hydraulic conductivity (bottom graph) experimental data taken from Stanić et al. (2019).
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The data of the Green Wave substrate (Figure 4) show the relation between the material GSD and its
hydraulic properties in unsaturated state. As explained in the Appendix A, based on the GSD model para-

meters (taken from Stanić, 2020, with L = 60 mm, dg,min ≈ 1 μm, ρinds;min ¼ ρs;min=ρbulk ¼ 1:5 ,

C1 = 2.25 × 10−2 and α = 1.6) and a value of dp,max, it is possible to determine Df using Equation A4.
Since the value of dp,max is unknown in case of the Green Wave substrate, value of hk,a can be used
instead by knowing that these two parameters are reversely proportional according to the Young‐Laplace
law (dp,max ≈ 2.8 × 10−5/hk,a m). Therefore, four parameter values (θr, hk,a, Ks

film, and l) are adjusted and
Df= 2.95 is computed based on the GSD parameters and hk,a= 9 × 10−3 m, in order to provide the best inter-
pretation of the water retention and transfer properties in Figure 4b. The possibility to determine Df from
GSD data confirms the relevance of our physically based model, that does not need using any optimization
tools, as most other ones.

For the other soils, the GSD curves were not available, and hence, Df was manually adjusted based on water
retention data. The value of hk,a can be easily estimated from water retention data, since the water content
for hk< hk,a remains almost constant, while for hk> hk,a it starts to decreasemore significantly depending on
the value of Df (see Equation 6). Also, the value of θr can be computed from Equation 6 by estimating the
residual hk,r, after which water content starts to decrease less significantly (Se

cap (hk,r) = 0):

(a) (b)
(c)

(d)

(g)(f)(e)

Figure 5. Comparison between the proposed model and seven data sets from the literature. Top graphs present water
retention data, and bottom graphs hydraulic conductivity functions, all with respect to suction changes.
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(a)

(b)

(c)

Figure 6. Comparison between the proposed model and three additional data sets from the literature. Left‐side graphs
deal with water retention data, whereas right‐side graphs deal with hydraulic conductivity functions with respect to
changes in water content.
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θr ¼ θs − 1þ hk; r
hk; a

� �Df − 3

: (13)

Finally, Ks
film and l were adjusted based on the agreement between Equation 8 and the experimental

hydraulic conductivity data. Parameter l affects the regression of Kcap together with Df, in such a way that
smaller values of l (including negative values) ensure less significant decrease of Kcap with suction
increase, and vice versa. Also, the value of Ks

film only moves the Kfilm curve upward or downward, without
affecting its regression (Equation 12). The values of l and Ks

film cannot be predefined or determined based
on the WRC, which means that the hydraulic conductivity function cannot be reliably predicted without
measurements, as already observed for any analytical hydraulic conductivity function.

Unsurprisingly, the WRCs appear to be steeper in the case of sands (Figures 5a and 6a), which corre-
sponds to lower Df values and indicates that the sands tested are poorly graded, with a narrow range
of pore sizes. This results in having the most significant change in water content and hydraulic conduc-
tivity over the smallest ratio of suctions (hk,r/hk,a). A lower ratio (hk,r/hk,a) in combination to a lower Df

value results in a lower θr (see Equation 13). This is characteristic of sands with a small percentage of fine
particles and no adsorption properties, as confirmed by the results of Figures 5a and 6a, where θtot is
almost equal to θcap for hk < hk,r. In this case, it is possible to totally separate capillary and adsorptive
mechanisms, without affecting the parameter values. Thus, θtot = θcap for hk < hk,r and θtot = θads for
hk ≥ hk,r. Moreover, the difference between Ks

cap and Ks
film is the most significant for these two soils

(around 5 orders of magnitude).

Compared to sands, higher values of Df are used to describe the hydraulic properties of loamy and clayey
soils (Figures 5b–5d, 5g, 6b, and 6c). Larger θr values evidence the influence of adsorptive water. In the cases
of sandy loam (Figure 5d), Adelanto loam (Figure 6c), and clay loam (Figure 5g) which contains 34% of clay
particles, θcap clearly deviates from θtot, even at lower suctions, which is directly related to the higher values
of θr and Df. This means that a water retention function accounting solely for capillarity (θtot = θcap) is not
satisfactory. In this case, a smallerDf value is necessary to obtain good agreement between θcap and the water
retention data. Furthermore, the difference between Ks

cap and Ks
film is about 2 orders of magnitude (even

less for the clay loam), which is significantly lower compared to sands, confirming the stronger impact of
adsorption mechanism. As commented before, high values of Df are also related to well‐graded granular
materials with 5% to 15% of fine particles (<75 μm), presented in Figures 4, 5e, and 5f. Again, significant
deviation between θads and θtot at low suctions is related to the combination of high Df and θr values, as it
is the case of Okcheon 2 and Seochang soils (Figures 5e and 5f, respectively). Also, the GreenWave substrate,
Okcheon 2, and Seochang soils show less significant decrease in hydraulic conductivity with respect to suc-
tion increase, which is described by negative l values (see Equation 10). The values of l have been adjusted by
respecting the criterion that Kcap needs to be a decreasing and concave function (Peters et al., 2011).

(a) (b) (c)

Figure 7. Comparison between the proposed model and the published experimental water retention data for three
clayey soils.
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Note that no measurements at high suctions were available for these three materials, so the parameters
calibration was done based on the available data range.

To validate the proposedmodel over the adsorption‐dominant suction range, it has been tested on the data of
three different clay soils investigated by Lu (2016), including water retention data at high suctions (see
Figure 7). According to the Unified Soil Classification System (USCS), the Wyoming bentonite (Figure 7a)
and the Georgia kaolinite (Figure 7b) are classified as high and low plasticity clays (CH and CL), respec-
tively. Both contain more than 98% of fines (see Likos & Lu, 2003, for more details), while the Arizona
soil‐18 (Figure 7c) contains about 50% of clay and 40% of silt particles (see Jensen et al., 2014). These three
clayey soils show different behaviors in terms of water retention properties, and all are well described with
the proposedmodel. Values ofDf vary from 2.68 in case ofWyoming bentonite, where a significant change in
θ occurs over a small (hk,r/hk,a) ratio, to 2.982 in case of Arizona soil‐18 with a slight slope of the WRC
between hk,a and hk,r. More significant deviation between the model and measurements can be found in
the case of theWyoming bentonite for hk> 103 m. This is mostly due to the possible variation of the maximal
suction h0 in clay soils (see Lu & Khorshidi, 2015).

Most of the data presented here have been compared with different published models (Iden & Durner, 2014;
Lu, 2016; Peters, 2013; Rudiyanto et al., 2015; Wang et al., 2016), with satisfactory agreements. However,
usually more than five parameters, including some empirical ones, have to be considered in the optimization
process for both the WRC and the HCF. In our model, two out of five parameters (Df and θr) can be derived
from soil properties. The determination of the three remaining parameters can then be achievedmanually in
a rather simpler way, due to their strong physical basis.

5. Conclusion

The main objective of this work was to develop a simple and robust physically based model of the water
retention and transfer properties of unsaturated soils over the entire range of matric suctions, including both
capillary and adsorption effects. This was done by introducing new capillary‐based water retention and
hydraulic conductivity functions based on a fractal approach, and by adopting the PID model to account
for adsorption effects. Compared to available models, these functions, that depend on a smaller number of
physically based parameters, are less empirical and ensure simple computations of their values by manual
adjustment.

It has recently been shown (Stanić, 2020) that the GSD of material with various grain densities can be
described by using a continual set of fractal dimensions related to different grain sizes. In this work, a
single fixed value of fractal dimension related to grains larger than the smallest grain diameter was used
to describe the PSD. The water retention and hydraulic conductivity functions for capillary water were
derived based on this PSD through Young‐Laplace's law and Mualem's model, whereas adsorption
effects were accounted for based on the PID model. Our model confirms that, in fine grained soils, both
capillary and adsorptive water affect the hydraulic properties at water content higher than residual,
whereas solely the effect of adsorptive water remains at smaller water content.

The model is based on five physically based parameters: the air‐entry value hk,a, the residual water content
θr, the fractal dimension of the grains Df, the saturated film hydraulic conductivity Ks

film, and a parameter l
accounting for the tortuosity and pore connectivity. The value of Df can be computed based on the GSD,
while hk,a and θr can be determined from water retention data. Finally, as in other models, solely Ks

film

and l values need to be adjusted, based on hydraulic conductivity data.

The model has been tested on the published data sets of 14 different soils. The example of the Green
Wave substrate confirms that good agreement with experimental data can be obtained when Df is deter-
mined based on the GSD. For the 13 remaining soils, the GSD was not available, so Df was adjusted based
on water retention data. Smaller values of Df appeared to be related to materials with more uniform GSD
and PSD, such as sands, while higher Df values were related to some clayey soils and well‐graded granular
materials with a nonnegligible percentage of clay particles. Higher values of θr are also related to materi-
als with significant amount of fine particles. In this case, the adsorptive water has a more significant
impact, especially on the water retention properties. In terms of the hydraulic conductivity, particularly
in the low suction range, the contribution of adsorptive water is mostly negligible comparing to
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capillary water, with lower values, by 1 to 5 orders of magnitude. In the case of the well‐graded granular
materials with 5% to 15% fines, the change in hydraulic conductivity with respect to suction is less signif-
icant, resulting in negative l values. It is thought that the strong physical basis of the model proposed here
makes it convenient for water flow simulation through fine‐grained soils along the full range of matric
suctions.

Appendix A: Link Between the PSD and the GSD
In order to recognize from a ρind field the cumulative distribution of grains with diameters equal to or

larger than dg = L1(λ), solely ρind ≥ ρinds;min values at different λ are considered (see Stanić, 2020). Here,

ρinds;min ¼ ρs;min

ρbulk
> 1 is a fixed threshold value equal to the ratio between the minimal grain density and

the dry density of the material. By applying the upscaling technique, ρind mitigates as λ decreases, causing

also a progressive reduction of Pgrains λð Þ ¼ Ngrains λð Þ
λE

, where Ngrains(λ) is the number of ρind ≥ ρinds;min values

at different λ. As in case of the PSD function (Equation 4), which is obtained by renormalizing Ppores(λ)
with respect to Ppores(λn), the GSD can be expressed in a similar way:

P d < dg
� � ¼ 1 −

Pgrains λð Þ
Pgrains λnð Þ: (A1)

Compared to the PSD, where Ppores(λ) = 1 − Pwhite(λ) and Pwhite(λ) is described analytically by means of
the fractal law (Equation 1), Pgrains(λ) is described by means of the Universal Multifractals framework
(see Stanić, 2020 for more details):

Pgrains λð Þ ¼ λ
−C1

ln ρind
s; minð Þ
ln λð Þ
C1α′

þ 1
α

 !α′

; α′ ¼ 1 −
1
α

� �−1

; α ≠ 1; (A2)

where C1 [0 ÷ E] and α [0 ÷ 2] are the mean intermittency and the multifractality index, respectively, both
describing the heterogeneity of the investigated field. By introducing Equation A2 into A1, where λ = L/dg,
and by expressing Pgrains(λn) by means of Equation A2 as well, where λn = L/dg,min, the multifractal‐based
GSD model is obtained:

P d < dg
� � ¼ 1 −

L
dg

� �−C1

ln ρind
s; minð Þ

ln L=dgð Þ
C1α′

þ 1
α

0
@

1
A

α′

L
dg; min

� �−C1

ln ρind
s; minð Þ

ln L=dg; minð Þ
C1α′

þ 1
α

0
B@

1
CA

α′
: (A3)

If all grains are recognized at λn, as mentioned in the main text, Pgrains(λn) = Pwhite(λn). Thus, Df can be
expressed by equalizing Equation 1 for λ = λn, where λn = L/dg,min and λmin = L/dp,max, with the term
below the division sign in Equation A3:

Df ¼ 3 − C1

ln ρinds; minð Þ
ln L=dg; minð Þ
C1α′

þ 1
α

0
B@

1
CA

α′

ln
L

dg;min

� �

ln
dp;max

dg;min

� �; (A4)

where dg,min= dp,min= L1(λn). After determining the best fitting values of the GSDmodel parameters (ρinds;min,

dg,min, C1 and α) and the value of dp,max, the value of Df is computed by means of Equation A4.
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Data Availability Statement

Data archiving is underway, and authors are planning to use Zenodo repository. Temporarily, a copy of used
data is uploaded as supporting information for review purposes.
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