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The International Conference on Contemporary Achievements in Civil Engineering,
taking place in Subotica, Serbia, from April 25 to 26, 2024, is set to explore the latest
innovations and forward-thinking ideas in civil engineering, architecture, and geodesy.
This ninth edition of the conference is a platform for experts to share research,
designs, and practices that push the boundaries of the field, offering a glimpse into
the future of civil engineering.

The conference significantly contributes to the scientific community by serving as a
forum for the presentation and discussion of the latest research, innovations, and
practices within civil engineering and corresponding fields. It emphasizes the
exchange of knowledge and ideas that foster scientific advancement and the
application of new technologies and methodologies in the field, thereby playing a
crucial role in shaping the future of civil engineering disciplines.

This year's conference is particularly momentous as it coincides with the 50th
anniversary of the Faculty of Civil Engineering in Subotica. This landmark occasion not
only celebrates half a century of academic and professional excellence but also
reflects on the significant contributions the faculty has made to the field of civil
engineering. The conference, in this celebratory year, stands as a testament to the
faculty's enduring legacy and its commitment to advancing civil engineering.

Therefore, we wish to thank all the authors who have submitted their papers. Your
contributions are invaluable to the scientific community and the success of this
conference. Your research, insights, and dedication to advancing civil engineering,
architecture, and geodesy help pave the way for future innovations and
achievements. We are grateful for your participation and look forward to your
continued engagement with our community.

Organizing Committee
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ABSTRACT

The double-averaging methodology (DAM) arose to respond to a need to provide
a mathematically rigorous tool for describing spatially heterogeneous turbulent
flows. Initial developments originate from micrometeorologists who revealed
notable discrepancies between measured and simulated temperature and
moisture fields above trees when using only Reynolds-averaged Navier-Stokes
(RANS) equations with various turbulence model closures. The discrepancies were
attributed to the spatial inhomogeneity of the flow field caused by vegetation.
Thus, additional spatial averaging of RANS equations over horizontal planes
sufficiently large to provide statistical averaging of all differences caused by an
arbitrary distribution of plants and the influence of the biggest vortices responsible
for the transfer of momentum was suggested. The advantages of using the DAM
in open-channel hydraulics of gravel-bed rivers were recognised in the early 2000s
when DAM was first applied and consequently improved. Open-channel vegetated
flows are another example of spatially heterogene-ous turbulent flows to which
the DAM can be applied. The paper presents the results of the DoubleVeg project
led by the author, in which a new set of equations was derived. After introducing
the basic DAM concepts, the procedure of deriving Depth-Integrated Double-
Averaged Navier-Stokes equations is presented. Consequently, the main
challenges in solving these equations are discussed, and the results of initial testing
of systems of homogeneous and non-homogeneous equations are shown.
KEYWORDS:

SPATIALLY HETEROGENEOUS FLOWS, REPRESENTATIVE AVERAGING VOLUME , POROSITY,
DOUBLE AVERAGING, DIDANS EQUATIONS, ADAPTED ROE’S METHOD
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1 INTRODUCTION

This paper aims to introduce the scientific community in the Balkans to the Double
Averaging Methodology (DAM) and the advantages it provides when applied in open-
channel hydraulics. The DAM combines time averaging for modelling turbulent flows
with spatial averaging for modelling laminar flows in a porous medium. Reynolds
proposed time averaging of instantaneous flow variables in the mid-19th century to
facilitate analysis of turbulent flows (Figure 1a — averaging along the t-axis for each
member of the ensemble ). His original idea was modified in the late 1930ies with the
averaging over the set (ensemble) of statistically random occurrences (Figure 1a —
averaging along the C-axis, i.e. over the entire set of occurrences — ensemble, for each
time instant). This type of averaging is called probabilistic, or ensemble averaging.
Spatial averaging emerged more than a hundred years later (during the 1960s). It
arose from the need to mathematically describe laminar flow in a two-phase (solid
soil grains and water) porous medium (Figure 1b). Darcy described one-dimensional
spatially heterogeneous flow using an apparent, so-called, Darcy velocity. The velocity
is equal to the volume discharge divided by the cross-sectional area perpendicular to
the flow. The cross-sectional area includes both the grains (solid phase) and pores
between grains The well-known Darcy’s law was formulated in 1856 based on
laboratory experiments of flow through a column filled with sand. A hundred and
thirty years later, Whitaker derived Darcy’s law by spatial averaging of Navier-Stokes
equations [45] thus showing that Darcy’s velocity is a volume-averaged, global flow
velocity and not the one at which fluid particles travel through the pores. There was
no need for time averaging since only laminar flow was considered. The first idea for
coupling time and spatial averaging originates from micrometeorologists who noticed
notable discrepancies between measured and calculated temperature

a) b)
Time averaging for each member of ensemble

t = time

2 time

2c average _

g2 solid phase

=

> @

oE <

= é member fluid |

@ ©  of ‘ (liquid phase)

e

w ensemble ensemble average faveraging
(at time t)

volume vo

Figure 1 a) Time and ensemble averaging [2]. Time averaging is done for each member of
ensemble (experiment or field measurement). Ensemble averaging is performed at a time instant
for all members of ensemble. b) Two-phase porous medium with the enlarged averaging volume

(adapted from [5 and 45])
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and moisture fields when simulating turbulent flow (wind) over and through
terrestrial vegetation by using time-averaged (Reynolds averaged) Navier-Stokes
equations with a|classical turbulence models closures. These include Boussinesq eddy
viscosity or Prandtl mixing length turbulence models, which use velocity gradient to
calculate shear stresses. Moreover, Wilson and Shaw arrived to a conclusion that time
averaging is not sufficient to describe the observed processes of momentum exchange
and, consequently, to reproduce correctly transport processes between vegetation
and lower layers of the atmosphere [48]. They attributed these discrepancies to the
spatial heterogeneity of the flow field caused by vegetation. Thus, they proposed
additional, spatial averaging of the time-averaged Navier-Stokes equations (Reynolds
averaged Navier-Stokes or RANS equations) over horizontal area that is sufficiently
large to provide statistical averaging of all variations caused by irregular spacing
between stems and large eddies through which the momentum transfer occurs [48].
Further to Wilson and Shaw, with this mathematically rigorous double averaging
procedure, first in time and consequently in space, a set of momentum equations with
all relevant forces for the description of flow and transport processes in a spatially
heterogeneous domain are obtained. It is emphasized that the forces appear through
the double averaging procedure as opposed to the RANS equations where they are
introduced ad hoc, depending on the problem under consideration. The forces
emerge as new terms in the equations like Reynolds stresses emerged through the
time averaging process of Navier-Stokes equations. Wilson and Shaw suggest that the
Reynolds stresses are modelled with the transport equations for Reynolds stresses
and that the terms resulting from double averaging are parametrised based on
laboratory experiments or field measurements. Raupach and Shaw [36], Raupach et
al. [37], and Finnigan [13, 14] consequently improved the double averaging
procedure/methodology for Navier-Stokes equations in micrometeorology. The most
notable improvement was that of Finnigan in 1985 when he proposed spatial
averaging of RANS over thin horizontal layers instead of their spatial averaging over
horizontal planes.

The flow in gravel-bed rivers is highly turbulent both during low and high flows. During
low flows, water flows around and between boulders and gravel making the flow field
spatially heterogeneous. At high flows, roughness elements (boulders and large
gravels) are submerged. However, due to their random distribution and variable
height, the flow field is also spatially heterogeneous. The possibilities of applying DAM
in fluvial hydraulics of gravel-bed rivers was recognised in the late 1990ies and early
2000s by a group of authors gathered around Vladimir Nikora. They formed a task
group under the auspices of IAHR (International Association of Hydraulic Research)
aiming at deriving equations suitable for the analysis of spatially heterogeneous,

turbulent open-channel flows. As with micrometeorologists, spatial averaging was
initially performed over horizontal planes. However, very soon it was substituted with
the averaging over thin layers parallel to the mean bed-line. The working group also
investigated and discussed if the order of averaging (first in time and second in space,
or vice versa) affected the results of double averaging. After detailed mathematical
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analyses and derivations, they arrived to the conclusion that the final solution was
independent of the averaging sequence on condition that the bed was fixed or that
roughness elements were still or moved slowly thus not affecting the shape of the
bed. In this manner, they proved the commutativity of the time and spatial averaging
operators. Pokrajac et al. [34] presented this visually with the averaging matrix that
will be shown in section 3 Double averaged Navier-Stokes equations.

Apart from the analysis of flow over fixed rough beds, DAM was successfully applied
to flow over movable rough bed [26 and 31] and breaking waves (oscillatory flow) on
the seashore where there is a permanent interaction between the waves and movable
rough bed, whose roughness stems either from gravels and boulders or from
bedforms on sandy beaches [15]. Additionally, the DAM becomes indispensable tool
in data processing of big data collected during experiments or from direct numerical
simulations, when they should be presented in such a way to provide usable
information.

Aquatic and riparian vegetation, which grows in rivers and streams, or irrigation and
drainage and navigable canals also make the flow field spatially heterogeneous.
Inspired by Raupach and Finnigan, Poggy et al. [29 and 30] studied the flow field in a
laboratory canal with submerged rigid cylinders (Figure 2) using the Laser-Doppler
Anemometer (LDA) as a non-invasive measurement technique. The results revealed
the effect of vegetation density on the turbulence flow structure in layers influenced
by its presence. Based on these findings, Poggi et al. proposed: 1) a model of flow in
the canopy sublayer — CLS, 2) parametrisation for the drag coefficient of the array of
cylinders and 3) a new model for the mixing length. Tannino and Nepf [39 and 40]
used the DAM to analyse lateral dispersion inside the area of randomly distributed
emergent rigid cylinders and to parametrise the drag coefficient of such group of
cylinders. The method was also used by other researchers from Heidi Nepf laboratory
at MIT for the analysis and interpretation of the experimental data of open channel
vegetated flow [21, 23, 27]. Nikora et al. [24] applied DAM to analyse measured
velocity profiles in a grassy channel and proposed a new, general expression for the
velocity distribution through the water depth, which takes into account all four
mechanisms that affect velocity distribution. They are: 1) the effect of vegetation
through which the water flows with a constant velocity thus giving a uniform velocity
distribution, 2) mixing in the shear layer at the top of vegetation, which is a
consequence of the inflection point in the vertical distribution of the double-averaged
velocity (mixing layer analogy), 3) turbulence in the boundary layer above the
vegetation where velocity follows the logarithmic law (boundary layer concept) and
4) turbulence in the free flow outside the boundary layer with vortices of different size
and frequency (wake function concept).
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Figure 3: Lonjsko polje during floods [38]. Lonjsko polje is a planned flood retention pond used
as an active flood control measure. This reforested area is used to retain a part of the flood
wave volume

The effect of floodplain vegetation was experimentally studied by research groups
from Finland [1, 7], Germany [18] and the Netherlands [22]. Numerical studies of open
channel vegetated flows are scares and they mainly use commercial software with
RANS or shallow water equations. In these equations, effects of vegetation are taken
into account by adding ad hoc the term describing the form drag due to vegetation
[3, 4, 8, 17, 35, 44]. As floodplain vegetation makes the flow field spatially
heterogeneous during overbank flows, the Double Averaging Methodology makes a
solid ground for floodplains reforestation planning (Figure 3) as a measure to alleviate
economic and social consequences of floods. The application of the Double Averaging
Methodology to modelling open channel vegetated flows was the subject of the
recently finished project DoubleVeg that was financed by the Science Fund of the
Republic of Serbia within the Diaspora call.

In the section 2, basic principles of DAM are presented, first. Consequently, the
methodology is applied to Navier-Stokes equations to arrive to Double Averaged
Navier Stokes (DANS) equations. The DANS equations are the basis for the derivation
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of the mathematical model of open-channel vegetated flow. They are integrated over
the flow depth in the section 3 and a new set of equations is derived. These are Depth
Integrated Double Averaged Navier-Stokes (DIDANS) equations. The application of the
existing finite-volume methods to solving DIDANS equations is not straightforward.
The fact that a physical property of the flow domain, namely a porosity caused by the
presence or absence of vegetation, may change in space, must be taken into account
when discretising DIDANS equations. This issue is discussed in subsection 3.2. Finally,
results of testing homogeneous DIDANS equations with spatially variable distribution
of vegetation (spatially variable porosity in the flow domain) are presented to
demonstrate the adequacy of the applied solution method. Additionally, some initial
results of ongoing testing of non-homogeneous equations with selected, individual,
source term are shown. In the end, the most important conclusions are summarised
and directions for further research are highlighted.

2 DOUBLE AVERAGING

2.1 THEORETICAL BACKGROUND

Double averaged Navier-Stokes equations, double averaged continuity equation and
double averaged transport equations for scalar variables such as the temperature,
passive substances and suspended sediments can be derived in two ways, which differ
in an averaging sequence. In one of them Navier-Stokes (NS) equations are first
averaged in time and then in space (time-space averaging), while in the other one
spatial averaging precedes time averaging (space-time averaging). After long
discussions and detailed theoretical analyses [10 and 27], the IAHR task group for the
application of DAM to modelling spatially heterogeneous, turbulent open-channel
flows arrived to a conclusion that the final result is independent of the averaging
sequence [27 and 34]. This will be illustrated in an example of spatially averaged
Reynolds stresses [34].

While spatial-time averaging is used in groundwater hydraulics and modelling of flows
in  porous medium, the time-spatial averaging is intuitively close to
micrometeorologists and open-channel hydraulicians, because they register time-
series of kinematic and scalar variables in a finite number of points, i.e. very small
finite volumes. By averaging over statistically representative intervals spatially
heterogeneous fields of time-averaged velocities and scalar variables is obtained
(Figure 4). Such fields are consequently averaged in space over a suitable averaging
volume to capture statistically representative sample of spatially heterogeneous flow.
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Figure 4: Flow through a porous medium: time-averaged, spatially heterogeneous flow field

(9]

Results obtained in this manner do not depend on the size of the volume. In open-
channel flows over rough beds, statistically representative volume is a thin layer parallel
to the mean bed (Figure 5). The integration volume is around the point x;, and
integration is performed in the local coordinate system §;. In open-channel flows, the
subscript 1 in the global coordinate system refers to the axis directed in the main flow
direction, which is parallel to the mean bed. This is the x-axis. The subscript 2 refers to
the axis in the cross-sectional plain pointing from the left to the right bank — y-axis.
Finally, subscript 3 refers to the vertical axis with the positive direction towards the free
surface — z-axis. The corresponding velocity components are: u1 = u, u2 =vand us = w.
Through the roughness elements and closely above their crest (where the flow field is
spatially heterogeneous) layers are very thin to capture the flow field in the zone of large
velocity gradients. In the free flow zone, layers might be thicker as shown by Pokrajac
and de Lemos [31]. However, the use of variable layer thickness introduces new terms
in expressions for the averaging theorem, i.e. it requires extension of the theorem. As a
result, additional terms appear in double averaged equations. The extended averaging
theorem is formulated and DANS for variable averaging volumes are derived in [31].
However, the description of the double averaging procedure with volumes of variable
size is beyond the scope of this paper and shall not be presented here.

Apart from its height (layer thickness), the size of the volume projection onto the
mean bed parallel plain also defines the representative volume. The size of this area
near the crest of roughness elements must be sufficiently large to provide
statistically
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Figure 5: Representative averaging volume for spatial averaging in global ((x1, x2, x3) and local
(B, Bl, Bl3) coordinate systems. Below the crest of roughness elements it captures both fluid
and solid phase (grains )[26]. Position vector of the averaging volume is denoted by x;, and unit
vector normal to the solid boudary, which is directed towards the fluid is denoted by n;

representative sample of spatially heterogeneous flow — it must capture vortices of all
sizes caused by the flow detachment from the crest of roughness elements. Yet, it has
to be small enough to avoid inclusion of big elements in the bottom relief such as chutes
and polls in mountainous streams [28] or bars in braided rivers no matter whether it is
a middle course stretch where the river sediment is coarser or the lower course where
the sediment is finer.

The representative volume near the bed VO captures both the fluid and the solid
phase. Any quantity 0 can be averaged over the entire representative volume V0. Such
a quantity is denoted by (6;). Arbitrarily, it can be avaraged only in the part of the
representative volume which is occupied with the fluid Vf . In the latter case it is
denoted only with the angled bracket (0). The angled bracket indicates the spatially
averaged quantity. The subscript “s” is used to designate fictive volume averaged
value, meaning that this is rather a pure computational category, than a physical
quantity (such as Darcy velocity, for example). This is a so-called “superficial average”.
Averaging over the part of the volume occupied with fluid Vf gives the so-called
“intrinsic average”. The intrinsic average (0) used in open-channel hydraulics.

The spatial averaging procedure is equivalent to data filtering and can be presented
using the convolution integral with the appropriate kernel function. The simplest filter
is the one that uses uniform kernel function [27]:

1, inthe part of the volume occupied with fluid

y(x, t) = { (1)

0, inthe remaining part of the volume

With this kernel function superficial and intrinsic averages are determined in the
following way [27]:

(0), (x.,1) = vio vjoe(xi+gi,t)y(xi+§i,t)o|v = Vio J:e(xi+§i,t) dv (2a)
(0)(x,,t) = v_lf Je(xi+§i,t) y(% +&,t)dV = % \;[e(xi+§i,t)dv (2b)
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The quantity 6 can be a scalar, a vector or a tensor. The intrinsic average for the
uniform kernel function is (y) = 1. The fluid volume V¥ inside the averaging volume
Yois:

Vi o= [y0g+g.t) dv. (3)
Vo

The two operators for spatial averaging are connected via parameter ¢. Nikora et al.
interpret this parameter either as a function of the geometry of roughness elements or
as a porosity ¢ = Vr/ Vo [27].

The value of a quantity X at a point can be presented as a sum of its spatially averages
value (X) and the deflection from its spatially averaged value (spatial disturbance) X
: X =(X)+ X .As in the time averaging, where the fluctuation average equals zero
( X" = 0), the spatial average of the , spatial disturbance” is equal zero: <)Z> =0.

The sparial averaging rules for the sum and the product are the same as in the time
(or Reynolds) averaging:

1.Spatially averaged value of the sum equals the sum of the spatial averages:
(X +Y) = (X) + () (4)

2.Spatially averaged value of the product of the constant and some quantity at a
point equals the product of the constant and the spatially averaged value of the
quantity:

(ax) = a(x) (5)

3.Spatially averaged value of the product of the spatially averaged and
instantaneous values equals the product of spatially averaged values:

(()Y) = (x)(Y) (6)

To apply this rule it is necessary that the condition of representativeness of the
averaging volume is fulfilled [27].

4.The expression for the spatially averaged value of the product is derived in a
similar manner as the time-averaged value of the product. The derivation is based
on the rule 3, i.e. expression (6) and the fact that the spatially averaged value of
the “spatial fluctuation” is zero:

(XY) = (x)(Y)+(XY) (7)

The presented splitting of the quantity into its averaged value and spatial fluctuation
and rules 1-4 stand for both instantaneous and time-averaged quantity, and they can
be even applied to temporal fluctuation.

Since the domain of averaging depends on the four dependent variables — time t and
three spatial coordinates x;, the operators of the spatial averaging and differentiation
are not commutative. Thus, the rules for spatial averaging of derivatives require
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introduction of theorems that establish the relationship between spatially averaged
derivatives of a quantity and the derivative of that spatially averaged quantity. There
are two such theorems — one for the time derivative, and the other for the spatial
derivative. Both theorems were proposed by researchers dealing with multiphase
flows and flow in porous medium in the late 1960ies. The theorems have been shaping
since then as different solutions to different problems from these fields were sought
for. The latest versions of these theorems together with their derivation can be found
in [46].

The theorem on averaging the time derivative of a quantity over the entire in known
as the transport theorem and it reads [46 and 27]:

o(0
) <102 e
S 0 Agint
In the part of the volume occupied with fluid it transforms to:
A 194(0) . “’ O, n,d A 9)
ot ¢ Ot V¢ AL

All quantities in these expressions except the area of the solid phase have been
already described; As.int is the total area of all elements of the solid phase within the
averaging volume and n; is the unit vector of the normal to the solid boundary, which
is directed towards the fluid. In the fixed-bed case, which is considered in this paper,
the second term in equations (8) and (9) equals zero, because the moving velocity of
the solid boundary is

zero (vi = 0).
The second theorem is the so-called spatial-averaging theorem and concerns the

spatial derivative. The averaged spatial derivative over the entire volume (superficial
average) is defined as [46 and 27]:

o(0
<ﬂ> _ ), 1 [ onda (10)
0%/ 0 X; Yo A
and over the volume occupied with fluid (intrinsic average) as:

o (6
<ﬂ> 1900 1 yignaa (1)
0% ¢ 9% Vi Asint.

As in the case of spatial averaging rules 1-4, the quantity 6 can be either instantaneous
or time-averaged. This is important for the double averaging procedure in which time
averaging precedes spatial averaging. Nikora et al. [27 and 26] suggested spatial-
averaging theorems of the time-averaged variables for different cases — from flow
over the fixed rough bed, to the flow over the movable rough bed either bare, only
covered with sediments or covered with flexible aquatic vegetation. In this paper, only
theorems for the fixed bed case are considered (uv; = 0).
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2.2 DOUBLE AVERAGED NAVIER-STOKES EQUATIONS

Double averaging is performed through the application of time and space averaging
procedures to each equation, which is then followed by the application of the rules 1-
4 for sum and product averaging and averaging theorems. It should be noted that all
four operators, used in double averaging, are commutative. These are averaging
operators (for time and space averaging) and both fluctuations (time and spatial
fluctuations). Further to Reynolds averaging rules, the instantaneous value of 0 at an
arbitrary point in space can be decomposed into its time-averaged value and its

fluctuation: ® = 8 + O'. The time-averaged value 0 can be further decomposed

L 0 . .
into its double averaged value < > and spatial disturbance of the time-averaged value

. . 5 8=(0)+0 -
at the point from its double averaged value Y : . The latter expression is
obtained when the general expression for the decomposition of the quantity at a point
(into its spatial average and the spatial disturbance) is applied to the time-averaged

quantity 0 . The reader is reminded that the general expression is also applicable to
the instantaneous value and the fluctuation.

Upon double averaging, Navier-Stokes (NS) equations are written using the intrinsic
averages of all variables. One must bear in mind that the following holds for the

incompressible fluid: P~ p = (p) = const _

For the sake of easier comprehension of the double averaging process, the mass
conservation and Navier-Stokes are written first:

9o, 2buw) _ (12)
ot 0 X;

- o0(uju; .
ou owivj) o 1ap o[ ou (13)
ot aXJ anl aX] aXJ

2.2.1 Double averaged mass conservation equation

Time and space averaged equation is:

9p  olw)\ _ [ap\ . [apu\ _ 4 (14)
ot 0 X; ot 0 X;
Taking into account the starting assumption that the fluid is incompressible and

following the rules given in (5), (6) and (9), the first term in the equation can be written
as follows:

Pod (15)
o ot ¢ ot
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The second term can be written following (5), (6) and (11) as:

-

The resulting double averaged mass conservation equation finally reads:

<@ . a(pui>> _ab, 20(@m) (17)

ot 0 X ot 0%

It can be noticed that in the double averaged mass conservation equation the fluid
density p is supplemented with the porosity ¢. In the fixed bottom case, the porosity
does not change over time. Thus, the first term on the left hand-side in (17) is zero.
Additionally, when the bed material is homogeneous, porosity is constant in space and
the mass conservation equation has the same form as that for the incompressible
fluid, except it contains the double averaged velocity instead of the instantaneous
velocity at a point.

2.2.2 Double averaged momentum conservation equation

Similar to the double averaging of the mass conservation equation, the double
averaging procedure of all terms in Eq.(13), except the convective term with the
partial derivative of the velocity product (O(uiu;) / 0x)) is simple. It follows the averaging
rules (4)-(7) and averaging theorems (9) and (11). Therefore, a special attention is paid
to the double averaging procedure of this term.

Spatial averaging of the time-averaged velocity product u, uj (the kinematic form of

the flux of momentum puiin the jth direction), by applying all time and space averaging
rules and keeping in mind the commutativity of the four operators gives:

(uu) = <‘Wi + W>:<‘Wj>+<m> = (@) (@)« (G ) + (uu;) -
(18)

= (@) (1) + (Gd;) + (W)(y;) + (1)

The same expression is obtained when the spatially averaged product <ui uj> is

averaged over time:

<uiuj> = (u;) <uj> + <l]il]j> = (u;) <uj> + <l]il]j>: (@) <UJ-> + <ui’><u}> + <Uil]j> =

(19)
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Figure 6. Double averaging matrix according to [34]. All momentum fluxes are divided by the
density p and multiplied by (-1)

S
=

This means that the order of averaging — time/space or space/time does not influence
the result of double averaging. Pokrajac et al. [34] presented this visually with the
matrix of spatial and temporal averaging (Figure 6). The averaging process starts in
the lower right corner where an instantaneous ‘kinematic’ momentum flux uju;at a
point is located. Temporal averaging is performed from the bottom row upwards (1
), while the spatial averaging is performed from left to right (— () ). Thus, results
of temporal averaging are presented in columns, and those of spatial averaging in
rows. Irrespective of the averaging order, two additional terms in the double averaged
equation are obtained. Due to commuting properties of the averaging and disturbance
operators, temporal averaging (T "~~~ ) produces in all columns time-averaged product

of fluctuations ' and the product of time averages . On the other hand, spatial
averaging (= ( ) ) produces in all rows spatially averaged product of spatial

disturbances ( Y and the product of spatially averaged values {) () [34].

It can be noticed that double averaging of the ‘kinematic’ momentum flux uiu; four
additional terms are obtained (shaded cells). One of them contains product of double
averaged velocities (dark grey), while the three remaining terms (light gray), when
multiplied with —p, are apparent stress terms. When grouped with the double
averaged viscous stress pv(dd; / dx;) they give so-called “macroscopic stress”:

% =0 (S - (a) - @en)-(7) @

The apparent stress term -p <Ui Uj> results from disturbances in time-averaged

velocity profiles caused by the arbitrary distribution and shape of the roughness
elements. Nikora et al. named this term form-induced stress [27]. In
micrometeorology, groundwater hydraulics and hydraulics of multiphase flows this
term is called dispersive stress [27 and 34]. When the flow field is homogeneous, this

!

stress is zero. Spatially averaged Reynolds stress -p <ui’ uJ> has two components:

»macro” component —p (Uj) <u’j> or large-scale turbulence stress and the “micro”
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'

i > , or small-scale turbulence stress. Pokrajac et al. [34] give the

component —p<ﬁi’ u
following interpretation of the two components. The micro component results from
vortices smaller than the spatial averaging volume, while macro component results
from the fluctuations produced by vortices larger than the spatial averaging volume.
With the reduction of the averaging volume, the macroscopic component of the
spatially averaged Reynolds stress prevails. On the other hand, when the averaging
volume increases, small-scale turbulence stresses become dominant.

Now that the double averaging of the flux of momentum pu; in the jt direction is
completed, double averaged momentum conservation equations divided by p (DANS
equations) can be written:

o) 1 09 (w)(T;) g 100(p) | 1 9914
ot o X ! pod X PO OX;
| I 11 \V v
(21)
111 11 ou;
s 222 [ pnda - S [ vSinaa
P (I)vf Asint ¢vf Asint. aXJ
VI Vil

Similarly to the time averaging of the Navier-Stokes equations, which produced
Reynolds stresses (see [16]), introduction of additional averaging step to the time-
averaged Navier-Stokes equations or Reynolds averaged Navier-Stokes equations
(spatial averaging of time-averaged values and fluctuations) produces new terms in
the averaged equations. In addition to the already presented apparent stresses (three
new terms) that enter with the spatially averaged viscous stress into the macroscopic
stress (20) appearing in the term V, the new term is the friction force between the
fluid and the roughness elements, per unit volume. This force is obtained by double
averaging of the derivative of the viscous stress (the last term in Eq.(13)). The friction
force is the term VII. The application of the double averaging theorem (11) to the term
that describes pressure force per unit mass in the NS equations, one more additional
term appears in DANS equations — the term VI in (21). This is the drag force per unit
fluid volume of the roughness elements, which is usually entered ad hoc into Reynolds
equations.

The remaining terms in the double averaged momentum equation (21) are: double
averaged local acceleration (the term 1), double averaged derivative of the flux of
momentum pu; per unit mass in the ji" direction (the term Il), acceleration due to
gravity (the term lll) and the derivative of the double averaged pressure (the term IV).
In the momentum equation terms Il and IV are the so-called “source terms” (forces
which add momentum to the fluid). The term V is the transport term, which describes
how the real and apparent forces are transported through the fluid layers and
between different flow zones. Terms VI and VIl are the so-called “sink terms” which
extract momentum from the fluid flow.
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3 DERIVATION OF DIDANS EQUATIONS FOR OPEN-CHANNEL VEGETATED
FLOWS AND THEIR NUMERICAL SOLUTION

Like Navier-Stokes and Reynolds Averaged Navier-Stokes equations, Double Averaged
Navier-Stokes equations mathematically describe three-dimensional (3D) flow.
However, models of 3D flow are still impractical for engineering applications such as
planning of floodplains reforestation, which is nowadays recognised as a measure to
alleviate economic and social consequences of floods. Two-dimensional (2D) models
are less consuming and allow estimation of different planting strategies on the flood
extent, reduction of the peak discharge and a delay in reaching it downstream of the
applied measure(s), as well as the estimation of an increase in flood levels upstream
of the forested area. One-dimensional (1D) models are the most robust in that
respect, and, from the model developer’s point of view, they are the basis on which
the development of higher dimension numerical models rest.

This section will present the derivation of the Depth Integrated Double Averaged
Navier-Stokes (DIDANS) equations (2D and 1D) for open-channel vegetated flows with
arbitrary distribution of vegetation patches first. Due to the novelty of the
mathematical model, the existing numerical methods are not directly applicable to
solving these equations. Until now, a solution has only been found for homogeneous
one-dimensional DIDANS equations and it will be presented after the model
derivation procedure, along with the results of model testing against the analytical
solution for the simplified geometry.

3.1 DIDANS EQUATIONS

These equations are a special case of the General Shallow Water Equations [32]
recently derived by the partner in the DoubleVeg project from diaspora. They are
derived by integrating DANS equations over the depth under the following
assumptions: the free-surface is flat and parallel to the mean bed, the flow is 2D in
vertical x0z plain (all derivatives in the direction perpendicular to the main flow
direction (x-direction) are zero, i.e. §/0y = 0), and vegetation is rigid and can be
approximated by straight cylinders of constant diameter, thus ensuring constant
porosity throughout the flow depth (Figure 7). The averaging volume is a thin layer
parallel to the sloping bottom whose base is large enough to provide statistically
representative sample of vegetated flow.

A depth-integrated value of an arbitrary variable 6 is [11]:

(6) =

0dz (22)

>

Nie—, NI

where h is the flow depth in the z-direction which is perpendicular to the bottom (the
distance between the water surface Z,and the mean bed Z, , Figure 7). The variable

0 can be expressed as the sum of the depth-integrated value (0)s and its departure

d
from this value at the point 8 : 6= <9>d + ed . The depth-integrated value of the
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departure is zero (<€)d >d =0). When (22) is applied to the double averaged velocity

<U> in the main flow direction x, a triple averaged velocity <<LT>>d = U is obtained, and

the double averaged velocity can be presented as [11]:
d d
(23)

(@) = (@), + (@) =U=+(G)
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Figure 7. a) Coordinate system in which thin layers for spatial averaging are defined. Thin
layers are parallel to the bottom, which is inclined at an angle ax to the horizontal. The x-axis
is along the bottom. The z-axis and rigid vegetation are perpendicular to the bottom. b)
Double averaging of Navier-Stokes equations results in double averaged streamwise velocity
profile along the flow depth. Integration of the profile throughout the flow depth gives triple
averaged velocity U — see expression (23) [11]

3.1.1 Depth integration of the double averaged mass conservation equation

Double averaged mass conservation equation (17) is integrated over the depth following
(22), under the assumption that the porosity does not change within the time averaging
window. The remaining term is the one with the partial derivative 0/0x. It is integrated

using Leibnitz integral rule:

Zy Ay Zg A Z Ay Z Ay
1_|‘8(|)<u'>dz =1 Ia¢<u>dz + Ia¢<v>dz + Ia¢<w> dz | =
th 0X; h 3, oX A oy A 0z
0 0
- 12 Tyt g, @) . v a2 +
h ] s\"s X b'\b ox
b (24)
0 0

0

+ 0s(W,) - ¢b<yf>J =0

In the previous expression, subscript “s” refers to the values at the surface and
subscript “b” to the values at the bottom. Since the velocity at the bottom is zero, all
terms with bottom velocities cancel. From the assumption that the free surface is flat
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and parallel to the bottom it follows that dz;/ 0x = 0 in the considered coordinate
system. Additionally, dz;/ 0y = 0 due to the assumption that all derivatives in the
direction perpendicular to the streamwise direction are zero. Vertical velocity at the
free surface is resolved from the kinematic condition at the free surface, which reads:
<v_vs> _ bz, _ 07 N <Us>azs N <\7S>6zS

Dt ot oX oy

The final form of the 2D depth integrated double averaged mass conservation
equation after substitution of (25) into (24), rearangement of variables and
introduction of shortened notation in (23) is:

ch oohU oohv
— + +
ot OX oy

(25)

0 =0 (26)

3.1.2 Depth integration of the double averaged momentum equations

Depth integration is performed following the same principles and procedures that were
used in the previous subsection, this time, on Eq.(21) previously multiplied by ¢:

00(;) | o%(E)(T;) _ b, _106(p)
ot 0X; p OX;
1 1] 1
\Y
, 0 vo an\ | a¢<u{u}> ] 6¢<ﬁi ﬁj> ) 27)
OX; OX; 0X; O
v Vi Vil
1
- Efj
Vil

It is necessary to define the depth integrated value of the product of two double
averaged velocities before integration of each term in Eq,(27):

(e, = (@, (), + (@ @)") 29

Depth integrated therms on the left hand side of Eq. (27) are:

I- local acceleration
L Zoe() 1 |on{e(g;)) o1
O IS i AU @)
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II- convective acceleration
1 ¢ 00 (U; )(U; 1 _ .\ 0z
H Mdz = |:¢S<ujs>_s+

0%, h ot

Nie—e—y, NI

onalo, (i), onle @)

+ + (30
ox ox
one(@), {{m)), enfo’ (@) )
oy oy

Terms on the right hand side of the Eq.(27) are forces per unit mass and they are
integrated one by one.

IlI- gravity acceleration
Z

1 1 .
o j¢gdz = Hq)ghsmocj (31)

IV- pressure
In the accepted coordinate system, pressure is zero.
V- viscous stresses

ST 4 26

+ ¢y [_<zj,b>50x - <ij,b>50y - <Tiz,b >}}

ou:

where <‘tjva> =uod, 6_)(1 is the viscous bed shear stress in x-direction; porosity

b
at the bottom ¢» = ¢ according to the assumption 2, S, = 01Z,/0X is the bottom

slope in the streamwise, x-direction. The abbreviations for the remaining two terms
are made analogous to the previous ones.

VI- Reynolds stress components

confury) o1 | ondeld), o {efe)),

+

by [ ()50, + (By)S0, + (%o

le—o, NI

1
h

N

b
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where <’Ctjxyb> = —p<u'uj‘b> is the Reynolds stress at the bed in the x-direction;

So, = 0Z,/0x isthe bottom slope in the streamwise, x-direction. The symbols for the
remaining two terms are made analogous to the previous ones.

VII- components of stress induced by non-homogeneous flow field resulting from the
presence of obstacles (rigid vegetation)

L Bo0(E ) 1 _ah<¢<r§’x>>d an{o(h,)).

h A 0X; ph oX oy

—¢S[< JX5> m, <TJPV’5>S”y " <T?sz>} " o
sy [(ho)So, + ()0, + (150

In the previous expression <r§-)x S> = <ﬁﬁj
! s

Other terms have analogous meaning.

VIII- form drag

ih <fi >d (35)

Nie—e—0y NI
—
o
N
Il

Finally, after grouping components comprising macroscopic and microscopic stress
components, the depth integrated DANS equations (DIDANS), or “shallow water”
DANS equations can be written in the compact form:

6h<¢<Ui>>d . oho((m)), <<Uj>>d

ot 0 X;

_ <¢p<a>" (@) >d H - (36)

= —¢ghsina; +
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3.1.3 1D DIDANS equations

The standard approach in applying a new mathematical model to the analysis of a
problem for which it is developed, assumes searching for an appropriate numerical
model and solving possible numerical challenges in 1D case. Thus, a solution to the 1D
DIDANS equations is presented in the following subsection. The one-dimensional
version of Egs. (26) and (36) is written using the shortened notation for triple averaged

velocity <<U>>d = U and for the depth that the water would have had if the vegetation
had been removed from the space it occupies ¢h = H:
- DIDA mass conservation equation

oH OoUH
—+
ot oX

=0 (37)

- DIDANS or DIDA momentum conservation equation

2
UH  QUUH _ 1 o(H /q>)+g|_|SO —lDr 38)
“op

ot o0X 2 OX

The depth integrated double averaged momentum equation, which contains new
terms related to the pressure force, viscose, Reynolds and stresses due to vegetation
presence is simplified. It is assumed that all depth averaged components of
macroscopic and microscopic Reynolds stresses as well as those caused by the
vegetation might be neglected when compared to the gravity acceleration and
pressure force per unit mass (i.e. the first two terms on the right hand side of Eq. (36))
and the force per unit mass acting on the water per unit area of vegetation — internal
drag force Dr, the third term on the right hand side. They can be written in the vector
form:

Q. F

= S'
ot oX

UH 0

H
= , F= 2| s = 1
Q {UH} u2H+1g—H gHS, —=D,
2° 0 p

where Q is the vector of dependent variables, F is the flux and S is the source vector.
The system of equations (39) together with the initial condition:

Q(x,0) = Q¥(x) (40)
and boundary conditions (Figure 8):
Uh)(0,t) = Uh)o(t) and h(L,t) = th ) for Fr<i (41)

Uh)(0,t) = (Uh)o(t) and  h(0,t) = hy (t) for Fr>1

defines initial boundary value problem.
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3.2 NUMERICAL MODELLING

3.2.1 Finite-volume method and the Riemann problem

The usual procedure to determine the suitability of the chosen numerical method for
solving the considered system of equations is to apply the method to the
homogeneous system of equations. Thus, the system (39) with S = 0 is analysed. This
a system of hyperbolic-type equations. Finite-volume methods are nowadays the
standard procedure for solving such systems in computational hydraulics, because
they provide mass conservation within the control volume.

The computational domain of length Lx is divided into Nx control volumes (cells).
Boundaries of the it cell are i-1/2 and i+1/2. Fluxes between this cell and its
neighbouring cells j-1 and i+1 are defined on these boundaries (Figure 8b). In uniform
grids all cells have the same size Ax = xi+1/2 — Xi.1/2 = const = Lx / Nx. Godunov proposed
for such grids the scheme with the first order accuracy in 1950ies [42]:

. At
T =Q +— |:Fi—]/2 - Fm/z] (42)
AX
a) : local Riemann problem b) L R
Q: "
I Q. Qi1 =Qp
Q' Tae Q=Q, [
Foin Fiin
i-1 i i+1 - i i+1
i-12 li+1/2 x O o ©®
Ax Ax Ax ir1a

Figure 8. a) Control volumes/cells; spatially averaged values Q in cells; intercell fluxes Fi.1/, and
Fi.1/2; dependent variables Q have piecewise constant distribution in the main flow direction x.
Close to the cell edge, for instance, edge i+1/2, (rectangle ma rked with light grey dashed line)
solution to the b) local Riemann problem is sought. b) Local Riemann problem —the origin of
the local coordinate system is at the common edge of the neighbouring cells. The closest point
to the left is denoted by L, and that to the right by R.

where
1 Xi+1/2
Q== | Q1" dx (43)
Xi—1/2

is the average / spatially averaged value of Q for the cell j at time t = t" = nAt, and F:
172 and Fi1/2 are intercell fluxes through the boundaries (edges) of the control volume
(Figure 8a) that are used to approximate real fluxes F(Q) in (39). These fluxes are the
function of dependent variables from the opposite sides of the boundary (Figure 8a,b):

Fi+1/2 = Fi+1/2 (QLv QR) (44)
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Spatially averaged value Q;in Eq. (43) is attributed to the midpoint of the cell /. Since
the spatially averaged values have piecewise constant distribution in the x-direction
(Figure 8a), there is a jump in the value of each dependent variable at each cell edge.
For the cell i, these jumps are AQ;-1/2 and AQj+1/2. This means that there is one local
Riemann problem on each cell edge (Figure 8b):

0Q  OF(Q) _

T ax C (45)
Q. ife<o

Q(@O)—{QRl it 2> 0

that should be solved using an appropriate numerical method for the calculation of
the intercell flux. In (45) € is a local coordinate whose origin is at the cell edge at which
the local Riemann problem is solved (Figure 8b).
3.2.2 Solution to the Riemann problem
a) Nonlinear system of conservation laws with constant coefficients

Solution to the Riemann problem for the system of two partial differential equations
with constant coefficients:

@+A@= 0

46
ot OX (46)

i+1/2

Figure 9. One of the four possible combinations of waves whose incidence is at the cell edges
in the Riemann problem — two rarefraction waves; rarefraction waves are characteristic for
the fan-like structure — all characteristics of one family emanate from the same point close to
the cell edge. Shock waves are characteristic for the crossing of characteristics.

can be presented with four combinations of waves (characteristics) along which the
information (disturbance) travels in the x-t plane. The origin of these characteristics is
at points immediately to the left and right of the cell edge. There are two types of
waves — shock waves and rarefraction waves. Figure 9 shows one possible
combination — the combination of the two rarefraction waves. Waves in each family
(families 1 and 2) propagate at speeds A, i = 1,2. Propagation speed of the first family
(to the left) is smaller than that of the second family (to the right), i.e. A1 < A2. Wave
propagation speeds show the inclination of the characteristics in the x0t plane.
Mathematically, they are eigenvalues of the matrix A in Eq. (46).
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Each jump between the states to the left Q. and to the right of the cell edge Qr
continues to propagate as a single shock wave if and only if it is a linear combination
of the eigenvalues of the A matrix [19]:

2
Qr —Qu = D o, (47)
i=1

Such a decomposition of waves is performed using the right eigenvectors of A:

1 1
[ [

Coefficients a; are the so-called strengths of eigenvectors.
b) Nonlinear system of conservation laws with variable coefficients

However, the system (45) is a system of nonlinear equations with variable coefficients.
In this case, members of matrix A are no longer numbers — matrix A is no longer
constant. It is rather a Jacobian matrix of fluxes:

Q  FQ _ OF _
p + 20 ox 0, where 20 A(Q) (49)

Roe proposed an efficient solution to the nonlinear system of equations with variable
coefficients [19 and 42]. His idea is based on the local linearization of the system (45),
i.e. on the substitution of the Jacobian matrix A(Q) with the constant Jacobian matrix:

A = A(Ql_v Qr) (50)

which is a function of the left and right states Q: and Qr (Figure 8b). This matrix is
called Roe’s Jacobian matrix. In Roe’s method, the system (45) is linearized at each cell
edge. In this manner, the original Riemann problem is substituted with the
approximate Riemann problem:

R LAR ,

ot 0X (51)

Q. ife<o
Q(é,O)—{QR, f 00

which is then solved exactly.

Roe’s Jacobian matrix must satisfy the following conditions so that the linearized
system (51) keeps the hyperbolic type:

1a) eigenvalues of the matrix A should be real and distinct:
<A, (52)

1b) the matrix A should have a complete set of linearly independent right
eigenvectors:
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1 1
o [7”1] 2" Lz} .

2- the matrix A should be consistent with the original Jacobian matrix from (49):

AQ Q) = A(Q) (54)
3- Rankine-Hugoniot jump condition:
F(Qr)-F(QL) = A(Qg +Q_) or AF = AAQ (55)

Eigenvalues are calculated using Roe’s averaged values for the primitive variables
(depth and triple averaged velocities). For the sake of brevity, the following eigenvalue
and eigenvector matrices are used:

A Mo 0 and R [~ P ] t! (56)
= o =|r r = ~ ~
0 X 2 Ay M

along with the inverse matrix R, Roe’s matrix can now be written as:

A = RAR™ (57)
The expression for the jump in the intercell flux at the edge i+1/2 then reads:

(R (B in-1
AR,y = (AAQ)iy, = (RAR AQ )i+1/2 (58)

Consequently, Roe’s numerical intercell flux at the edge between cells i and i+1 for the
system of homogeneous equations is [18]:

1 1(axa
Fiay2 :E(FR +FR) —E(RAR 1AQ )M/2 (59)

The expression for the intercell flux at the edge i - 1/2 is analogue to the previous one.
Flux Fr is calculated using the values of the vector of 1dependent variables from the
right hand side Fr = F(Qg/), and flux F. using the values from the left hand side. These
fluxes are then entered into (42) to find the solution in cell i at time t™. The first term
on the right hand side of (59) is called the central term, while the second one is called
the dissipative term [22].

3.2.3 Adaptation of Roe’s method to the DIDANS equations

The wave propagation speed in the vegetated flow is the same as in the free flow with
the flow depth h:

Roe’s-average wave propagation speed at the interface between two cells is:
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) H H
€=405(’+ck) , ¢ = 97 | o= 97 (61)

oL Or
and Roe’s-average depth and velocity are:

=Jh hy (62a)

h_ hg
J :UL\/W"'UR\/K (62b)

The expression for Roe’s-average of triple averaged velocity U differs from that for the
free flow (without vegetation). Instead of primitive variables — flow depths hz and h;
in the free flow, dependent variables for the vegetated flow - depths Hr and H. in
DIDANS equations are used. Wave propagation speeds along the two characteristics
(positive and negative) are:

S

M=U-¢ ad X,=U+¢ (63)

and right eigenvectors:

. 1 . 1
1 2

Jump at the cell interface for the dependent variables is:

AH =Hg - H, (65a)

AUH =(UH), - (UH), (65b)

or

AQ = { A } (65¢)
AUH

All these quantities are necessary to calculate interface fluxes (such as the one given
by Eq. (59)). However, the distribution of vegetation patches in vegetated flows is
arbitrary, i.e. vegetated and free flow might alternate. This results in a jump in porosity
at the interface between free flow and flow through vegetation. Since the flux in
DIDANS equations depends not only on Q, but also on the spatially variable porosity ¢
= ¢(x), which is a physical property of the flow domain, linearization of the
homogeneous equation (49) results in an additional term.
Discretisation of the term with spatially variable porosity

The linearized form of Eq.(49) is:
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0Q | F(Q.4) 0Q , OFQ.4) 96 _
ot 0Q 0Ox op  Ox
_9Q ox o ox

(66)
A@Q) \4
U Roe U analogous to Hubbard and Navarro
A \%

In addition to Roe’s Jacobian matrix, there is a vector V, which is a partial derivative
of the flux with respect to the spatially variable physical property of the flow domain.
In Hubbard and Navarro [18] this is a variable channel width in the shallow water
equations for the free flow, whereas in DIDANS equations for vegetated flow this id a
variable porosity of the flow domain. The additional term takes into account the jump
in porosity between the free and vegetated flows:

Ad=dgr — 0L (67)

and, further to Roe’s method, it is discretized using Roe’s-average for the flow depth
on that interface:

- 1 -7

V = [o -5 hz} Ad (68)

The expression for the intercell flux at the edge i+1/2 is now:

Fivy =~ (Fa +F) - S (RARAQ + Rsign()R ™V 69
m/z—E( R T L)_E( Q + Rsign(I) V)m/z (69)

where

sign (1) = 1~\’1|f\| (70)

* ¥ k

Boundary conditions for 1D DIDANS equations are calculated using the adapted
method of characteristics. However, description of this method is beyond the scope
of this lecture and the interested reader is referred to the paper [11].

4 RESULTS OF TESTING OF ROE’S METHOD ADAPTED TO DIDANS EQUATIONS

In this section, several results of initial testing are presented to demonstrate the
potential of the chosen numerical method. As already mentioned, the first step in
testing the model is comparison of the numerical solution to the homogeneous
equations to the analytical one for a control volume, if it exists, or to the numerical
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solution of some other, reference scheme, which is proven to provide results of high
accuracy. Analytical solution exists for the hypothetical case of steady flow in a
horizontal bed channel partially occupied with vegetation when all resistance forces
are neglected. The second test is comparison of the water surface profiles for non-
uniform steady flow calculated with DIDANS and that for the equation of gradually
varying flow obtained with the very fine space in a canal with the sloping bottom. Two
cases are considered. One with vegetation occupying the upstream and the other with
occupying the downstream half of the channel. In the third case, initial results for the
case when the canal with the sloping bottom is occupied with vegetation along the
full length are presented.

4.1 TEST 1 - COMPARISON BETWEEN NUMERICAL AND ANALYTICAL SOLUTIONS FOR
THE CONTROL VOLUME — STEADY FLOW IN A HORIZONTAL BED CHANNEL

A sketch of the 3 m long horizontal bed channel is presented in Figure 10. The channel
is divided into two parts of equal length. One-half of the channel is uniformly occupied
with rigid emergent cylinders and the other is empty. A solution to a problem in the
vertical plane x0z is sought.

Four cases from Table 1 are analysed for the single value of porosity — ¢ = 0,90. The
initial depth in the channel is the same in all test cases and it equals 0,10 m. In cases
with subcritical flow water is initially at rest, while in the supercritical flow the unit
discharge in the channel is 0,12 m?/s. Boundary conditions in cases with subcritical
flow are: unit discharge at the upstream boundary gu = (Uh)u and the flow depth at
the downstream end hn (Figure 10). When the flow is suprecritical, both boundary
conditions are prescribed at the upstrem boundary: unit discharge and the flow depth
hu. The value of the flow depth at the boundary is constant and it is the same in both
flow regimes. It equals 0,1 m. The value of the unit discharge at the upstream
boundary suddenly increases from the initial value to the prescribed value and it is
kept constant. The analysed values of the unit discharge varied in the range between
0 and 0,25 m?/s. The simulation ended when the steady flow was reached.

The space and time steps in all simulations were Ax = 0,5 m and At =0,2 s. Courant
number did not exceed 0,5 in neither simulation.

Table 1. Analysed locations of vegetation and analysed flow regimes

Case position of vegetation flow regime
No. in a channel
1 downstream half subcritical
2 downstream half supercritical
3 upstream half subcritical
4 upstream half supercritical
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Figure 10. A sketch for the test cases for the adapted Roe’s method

Simulation results are compared with the analytical solution for the steady flow (Figure
11). The analytical solution is a solution to the cubic equation:

AR +Bh, +C=0

A=05¢;9g

B ==y (¢n U7 + 056, gh7)
C =¢nhy Uy
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Figure 11. Comparison between numerical and analytical solutions for the cases when the
vegetation occupies: a) downstream and b) upstream half of the channel. Analytical solution is

presented with the solid line; numerical solutions are presented with symbols o and €. The
light grey shaded area is the range where solution does not exist
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Variables in expressions (71) are shown in Figure 10. Among the three solutions to the
cubic equation (71), physically plausible one is taken, i.e. the one that corresponds to
the flow regime under consideration. It is readily noticeable that numerical solutions
fully comply with the analytical ones for both vegetation layouts and both flow
regimes. Relative error is everywhere less than 5%.. The blank space divides the
regions with subcritical and supercritical flows. In this region solution to Eq. (71) does
not exist.

4.2 TEST 2 — SLOPING CHANNEL PARTIALY FILLED WITH VEGETATION

Tests for non-homogeneous equations are performed for the sloping channel with
Sox = 0,001, friction and Dr neglected, ¢ = 0,7 and g = 0,025 m?/s. Both cases with
vegetation occupying either downstream or upstream halves of the channel from
Figure 10 are considered. Finite-volume size is Ax = 0,2 m and the time step is
At = 0,01 s, giving again Courant number less than 0,5. Differences between DIDANS
solution and that of the equation for the steady gradually varying flow with porosity
(Figure 12) are less than 1%.

It is readily noticeable that the effects of vegetation presence are adverse along the
upstream half of the channel when vegetation patch occupies its downstream and
upstream halves. The presence of vegetation in the downstream half increases flow
resistance and results in greater water depths along the upstream half of the channel.
When the vegetation is located upstream, a decrease in water levels might be
expected. It is interesting to notice that for the same downstream boundary condition,
the water surface profile in the downstream half of the channel is the same regardless
of the

014 T T T T T

0.12 p—p—8—8—8—8—8 8888
= 0.10 W:
E 008E ¢ -0—0-=0 ¢ -0—0-0 ¢ 00— )
— 0.06 DIDANS Eq. of gradually varying flow
N 0.04 o veg. downstream

8.82 . . < veg.upstream @ — —

0% 10 2.0 3.0 20 50 5.0

x[m]

Figure 12. Comparison between numerical solutions to the non-homogeneous DIDANS
equations (symbols) and solution to the equation of gradually varying flow with the porosity
(lines) when Sox = 0.001. Vegetation in the downstream (diamonds and the dashed line) and
the upstream (squares and the solid line) half of the frictionless channel. Porosity is ¢ = 0,7.

Internal drag force is neglected.

location of the vegetation patch — downstream or upstream. Along the upstream
stretch, water depths in the two water surface profiles differ by approximately 40%.

4.3 TEST 3 — THE EFFECT OF VEGETATION DENSITY IN THE SLOPING CHANNEL

Finally, results of the initial tests of the effect of vegetation density in a sloping channel
are presented for two bed slopes Sox ={0,001; 0,005}. In this test, vegetation occupies
the full length of the channel (L = 6,0 m). The space and time steps are Ax=0,2 m and
At = 0,1 s. Upstream and downstream boundary conditions were the same in all
simulations. The upstream unit discharge was g = 0,040 m?/s, and the downstream
water
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Figure 13. Effect of vegetation density (porosity ¢) on the water surface profiles in a
sloping channel: a) /4 = 0,001 and b) /; = 0,005. Flow is from left to right.

depth was h =0,25 m. Water surface profiles for two vegetation densities ¢ = {0,70; 0,40}
are compared to the case for the free flow (¢ = 1,00) in Figure 13. The increase in
vegetation density (decrease in porosity ¢) for the given bed slope, causes decrease
in water depths (water levels) when compared to the case with no vegetation in the
channel (free flow ¢ = 1,00). The effect of vegetation presence becomes more
prominent in channels with the larger bed slope. For Sox =0,001 the water level at the
upstream end of the channel decreases by approximately 1% for ¢ = 0,70 and 4%
for ¢ = 0,40, whereas for Sox =0,005 these drops in water level reach 5% for ¢ = 0,70
and even 21% for ¢ = 0,40.

5 CONCLUSIONS

The review of historical evolution of the double- averaging methodology undoubtedly
indicate the advantages of using DANS over RANS (only time-averaged) equations in
the analyses of spatially inhomogeneous flows. These advantages also extend to the
triple averaged — DIDANS equations that were recently derived during the DoubleVeg
project. They are listed below:

1. all forces that exist due to the presence of the solid phase — sediment
grains, aquatic or riparian vegetation between or over which the water
flows are explicitly encountered in the equations through the
mathematically rigorous double averaging process. They are: the friction
force between the water and the surface of roughness elements or the so-
called viscous drag; form drag due to pressure variable pressure
distribution around roughness elements; and the shear stress (force) due
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to a departure of the time-averaged velocity at a point from the volume
averaged value, or so-called form induced stress, and, additionally in
DIDANS equations, shear stress due to departure of the double averaged
velocity at the point in the vertical from the depth integrated value for the
profile of the double averaged velocity in that vertical. In RANS equations
these forces are introduced ad hoc and not by applying the principles of
double averaging and transport and spatial-averaging theorems. The
transport theorem shows that spatial averaging and time differentiation
are not commutative if the averaging volume varies in time. The space-
averaging theorem is introduced because space-averaging and
differentiation operators are not commutative when the averaging volume
depends on the positon in space, i.e. on the three coordinates xi;

2. the possibility of clear and concise presentation of spatially heterogeneous
flow using the double-averaged variables. Such a presentation allows one
to examine global flow characteristics in the similar fashion the Reynolds
averaging allows examination of the time-averaged flow;

3. the possibility of parametrisation of the terms in the double-averaged
equations using the double-averaged values of the measured variables or
the possibility of their decomposition to the components that describe the
phenomena with the different levels of detail (for instance, decomposition
of the instantaneous value of the momentum into four new terms). After
parametrisation of all new averaged equations terms, the double averaged
equations can be used for the development of numerical models.

Based on the above, it can be said that the double averaged Navier-Stokes equations
are useful for [27]:

1.the development of numerical models,

2.planning of laboratory experiments and field campaigns on one hand, and
numerical experiments, on the other,

3.the development of conceptual models for the new terms in equations that came
out as a result of the double averaging or for their parametrisation,

4.the measurement data processing or for the processing of numerical simulation
data and

5.the defining of models for the depth-integrated DANS equations, which describe
flow in vegetated horizontal-bed open channels with an arbitrary distribution of
vegetation patches, require adaptation of Roe’s finite-volume method. Good
agreement with an analytical solution indicates that one might expect good
results for non-homogeneous equations.

The simulations conducted for a sloping bed channel partially filled with vegetation,
with no friction and drag source terms added into the momentum equation, show a
good match of the simulation results with the corresponding solution to the equation
for gradually varied flow. The flow depths in the part of the channel occupied with
vegetation decreased due to the presence of vegetation. However, its effect on the
water depths in the free flow depends on its position in the channel. When the
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vegetation occupies the downstream half of the channel, there is a significant increase
in the upstream flow depths. On the other hand, when it is present in the upstream
half of the channel, the flow depths along the downstream section are the same as
when the vegetation was in that part of the channel.

The preliminary analysis of the effect of the vegetation density in the channel with the
sloping bottom occupied with the vegetation along the channel length, again with no
friction and drag forces added, reveals that with the increasing bottom slope, the
vegetation presence has more prominent effects. Moreover, increasing vegetation
density (reducing porosity) may significantly lower water levels at the upstream end
of the channel (up to 20%).
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