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Abstract. The construction project management (CPM) is very important and large segment of entire project management (PM). Realisation of construction projects is usually long term process which requests significant financial, material, human and other resources to fulfil contracted obligations and achieve a good quality of works. Therefore, making
good decisions with the satisfaction of various criteria is one of the main conditions to achieve planed business objectives and finish the project in contracted time with good quality. This paper proposes a new procedure for determination
of the weights of criteria and alternatives in the Fuzzy analytic hierarchy process (FAHP) with trapezoidal fuzzy number
using a new method for finding eigenvelues and eigenvectors of the criteria and alternatives, which is based on expected
values of the fuzzy numbers and their products. Local and global fuzzy weights of the alternatives are determined using
linear programming. In the paper a formula for ranking fuzzy numbers by reduced generalized fuzzy mean is also proposed, since ranking by the coefficient of variation is not always reliable. In the presented case study, applying proposed
method, from imprecise input data are obtained enough accurate and useful results for rational ranking of alternatives
related to the project realization.
Keywords: fuzzy AHP, trapezoidal fuzzy numbers, fuzzy eigenvalue, ranking alternatives, multi-criteria decision making, construction project management.

Introduction
Construction industry is completely involved in realization of construction projects serving as an engine for a
development of national and global economy. In many
economies this industry is well developed and competitive branch of economy. In realization of each construction project, especially large infrastructural, industrial and
public projects, large number of participants is included:
client (owner), contractor with subcontractors, engineer,
domestic and international financial institution, producers and suppliers of materials and equipment and so on.
These companies and institutions are organizationally independent and project management team has key role in
their integration and orientation to achieve the clients’
objectives according to previously signed contracts and
their own goals.
Construction project management (CPM) encompasses, on behalf of an investor (client), the overall planning, coordination and control of a project from beginning to completion. Fundamentals of the CPM include
integration, monitoring, and control of the contributors
to the project, as well as the evaluation and selection of
the alternatives in accomplishing the client’s satisfaction
(Walker 1989). Realisation of construction projects is

usually long term process which requests utilization of
significant financial, material, human and other resources
to accomplish contracted obligations and to achieve a
good quality of works. This process is very much exposed to negative influence of risk, especially in early
stages.
Therefore, making good decisions with satisfaction of various criteria is one of the main conditions
to achieve business objectives. All important decisions
which are made in the construction project management
and construction industry have multiple criteria character. The crucial decisions, which concern to the large
projects, have long-term consequences on all aspects of
realization and exploitation of a project. Key factors or
criteria for decision making in a construction project realization are: summary costs, achieved profit, quality of
executed works, duration of realization, risk during execution and exploitation, technical, functional, technological, environmental, social factors and so on. Considered
alternatives of choice in decision making should fulfil requested conditions and client’s objectives of the project
realization. Depending on the problem for which the decision is made alternatives could be: projects for realiza-
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tion, contractors and subcontractors, suppliers of material
and equipment, technological methods, structural systems
of project buildings, strategies of maintenance of project
elements and so on.
Issues that arise during realization of the project
should be carefully studied at the beginning of the project
realization during preparation of feasibility study. Mistakes that are made in this initial phase of realization are
difficult to correct later and they could cause vast damages and financial losses. In this process it is necessary
to utilise knowledge and experience of the experts and
reliable data bases.
As already emphasized that decision making has
multiple criteria character, important decisions should be
made by applying various quantitative methods for multiple criteria decision making (MCDM). Some of them are
PROMETHEE, ELECTRE, STEM, SEMPOS, TOPSIS,
AHP, VIKOR and others.
Analytic hierarchy process (AHP) was proposed by
Thomas Saaty (1977, 1980) and found wide applications
in many areas. The main advantage of AHP is its possibility to be combined with other methods, including linear
programming, fuzzy logic, etc. (Vaidya, Kumar 2006).
Similar to the other industrial branches, over the
years, the AHP alone or combined with other methods
has been used for decision making in the construction
industry for solving many different problems in construction projects realisation. Besides the problems that have
been emphasized in the papers of Pan (2008) and N. Prascevic and Z. Prascevic (2016), AHP can be also used for
solving selection of the project management information
systems, introduction of automation in the construction
process, procurement selection for project realization,
assessment of risk and ranking alternatives according to
risk, etc.
The objective of this paper is to formulate a new procedure with trapezoidal fuzzy numbers, based on Saaty’s
eigenvalue approach for determination of the weights of
criteria and alternatives in the fuzzy AHP for ranking and
selection of alternatives in the MCDM related to problems of CPM. In this study the new procedure for determination of the principal eigenvalues and eigenvectors of
fuzzy comparison matrices and requested fuzzy weights
or priorities of the criteria and alternatives using linear
programming is presented. Proposed procedure can be
used, also, for triangular fuzzy numbers. A case study for
illustration of usage of this new proposed procedure for
ranking and selection alternatives in one real construction project is presented in the paper. The main purpose
of the case study is to rank and after that select optimal
technical, technological and economic alternative of the
protection of a source and routes of pipelines for a factory
of mineral water in a place in Serbia.

1. Literature review
The fuzzy AHP was developed by many authors and researches for solving problems of multi criteria decision

making. This process uses fuzzy numbers as elements
of comparison matrices and main problem is to compute the fuzzy weights as eigenvectors of these matrices. As Buckley et al. (2001) concluded, the direct approach of finding fuzzy eigenvalues and eigenvectors is
computationally difficult. Foundations of the fuzzy AHP
were presented by van Laarhoven and Pedrycz (1983).
They applied triangular fuzzy numbers and generated elements of the priority vector by logarithmic least squares
method (LLSM). The LLSM has been used by Ruoning
and Xiaoyan (1992), Kwiesielewicz (1998) and other authors. Pairwise comparison values were also expressed by
trapezoidal fuzzy numbers, Buckley (1985). Csutora and
Buckley (2001) and Buckley et al. (2001) presented two
different methods for fuzzification of Sataty’s λmax method and proposed procedures for finding fuzzy weights of
the criterias and alternatives.
Many authors used the extent analysis for solving the
fuzzy AHP. This method was firstly presented by Chang
(1992, 1996). Extent analysis is used for the triangular
fuzzy numbers and is based on calculation of the synthetic extent values Si of the pairwise comparison matrix.
Many authors combined AHP and fuzzy AHP with
other methods for MCDM, such as TOPSIS and fuzzy
TOPSIS (Ertugrul, Karakasoglu 2008; Kusumawardani,
Agintiara 2015). Torfi et al. (2010) used the fuzzy AHP
to determine the relative weights of evaluation of two
levels of criteria and after that the fuzzy TOPSIS to rank
the alternatives.
There are many references in the literature concerning the application of the AHP and other methods for
MCDM in the construction industry and construction project management. Some of them are emphasized in the
next considerations.
Antuchevičiene et al. (2010) integrated Mahalanobis
distance with TOPSIS method. They used Mahalanobis
distance measure to determine correlation between conflict criteria. Zavadskas et al. (2010) applied TOPSIS
grey and COPRAG-S methods for risk assessment of
construction projects. Salehi and Tavakkoli-Moghaddam
(2008) used fuzzy TOPSIS for ranking and choice of construction projects.
Skibniewski and Chao (1992) used the AHP for
evaluation of advanced construction technology. Hastak
(1998) developed a decision making model (DM) and a
decision support system (DSS) in construction processes.
Cheung et al. (2001) developed a procurement selection
method using multi attribute utility technology and the
AHP. Al-Harbi (2001) applied the AHP in the project
management for selection of the best contractor in a tendering procedure for the execution of construction works.
Shapira and Goldenberg (2005) proposed a model based
on the AHP for selection of equipment for execution of
construction projects. Erdogan et al. (2017) applied AHP
method for decision making in construction management.
In that paper construction management problems and
application of MCDM in construction management are
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Table 1. Rating scale for measuring mutual importance of criteria or alternatives
Fuzzy number

Reciprocal fuzzy number

Linguistic value

1

(1, 1, 1.5, 2)

3

(2, 2.5, 3.5, 4)

3 −1

(1/4,1/3.5,1/2.5,1/2)

slightly significant

5

(4, 4.5, 5.5, 6)

5 −1

(1/ 6,1/5.5,1/4.5,1/4)

very significant

7

(6, 6.5, 7.5, 8)

7 −1

(1/ 8,1/7.5,1./6.5,1/6)

greatly significant

9

(8, 8.5, 9, 9)

9 −1

(1/9,1/9,1/8.5,1/8)

 4,
 6,
 8 intermediate values
2,

 −1

(1/2,1/1.5 , 1, 1)

equally significant

1

absolutely significant

( x − 1, x − 0.5, x + 0.5, x + 1)

focused. Also, case study with application of AHP methIf elements of this reciprocal matrix satisfy followod for selection of contractor is presented.
ing conditions:
Mahmoodzadeh et al. (2007) used the fuzzy AHP
(2)
=
fij fik=
f kj or f jk f=
with extent analysis and TOPSIS for selection of a project
ik / fij , i, j , k 1, 2,..., n,
for realization. Zeng and Smith (2007) modified the fuzzy
this matrix is called the consistent matrix.
AHP and used it to obtain the priority of risk factors in
Since the judgments of comparison values are usuconstruction projects. Pan (2008) proposed a model for
ally
expressed
linguistically or cannot be precisely measselecting a suitable bridge construction method based
ured
or
calculated,
a better and more realistic way is to
on the fuzzy AHP with triangular and trapezoidal fuzzy
express
these
comparison
values by fuzzy numbers and
numbers with the α cut concept. Jaskowski et al. (2010)
perform
the
fuzzy
Analytical
hierarchical process (fuzzy
proposed the extended fuzzy AHP method for assessing
AHP).
criteria weights for a contractor selection, according to
During formulation of mathematical model for many
the Polish public procurement law that is harmonized
problems
in the practice, the triangular and trapezoidal
with EU guidelines on that subject. Taylan et al. (2014)
fuzzy
numbers,
due to their simplicity, are commonly utiused fuzzy AHP and fuzzy TOPSIS methods for construclized.
In
this
paper
trapezoidal fuzzy numbers are used.
tion project selection and risk assessment. N. Prascevic
In
Table
1
rating
scale
for measuring comparison values
and Z. Prascevic (2016) considered the problem of choice
and
corresponding
trapezoidal
fuzzy numbers are preof a structural system for construction an industrial hall
sented.
Presented
rating
scale
is
obtained by fuzzificafor prescribed criteria. Polat (2016) has proposed an intion
of
Saaty’s
fundamental
rating
scale (Saaty 1977).
tegrated decision approach, which use AHP and PROMMembership
functions
for
trapezoidal
fuzzy numbers are
ETEE together for subcontractor selection problem. del
presented
in
Figure
1.
Cano et al. (2016) presented method for analyzing uncertainty in the sustainable design of concrete structures.
2.1. Proposed fuzzy AHP procedure for trapezoidal
This method is based on requirement trees, value analysis
fuzzy numbers
and AHP.
Fuzzy AHP procedure is presented in Figure 2.
2. Fuzzy AHP method
Fuzzy AHP procedure starts with definition of overall
goal
and hierarchical structure which consists of
Saaty (1980) developed AHP method and based it on
criteria
and
sub criteria, if necessary, and alternatives.
crisp numbers. The method consists of decomposing the
problem on several levels, with the target at the highest level, criteria and subcriteria on which a decision is
made at the middle levels and the alternatives at the lowest level (Saaty 1990). Since criteria and alternatives have
different importance in process of decision making, for
them, quadratic positive pairwise comparison matrices
F =  fij  are formed. These matrices are based on
assessment of experts and the available data. Element fij
represents the ratio of weights wi and wj i.e. fij = wi / w j .
Pairwise comparison matrix is reciprocal and
fij = 1 / f ji , f ji > 0, fii = 1, i, j = 1, 2,...n.

(1)
Fig. 1. Membership functions for trapezoidal fuzzy numbers
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Fig. 2. Fuzzy AHP procedure

After that, pairwise comparison reciprocal fuzzy matrix
Cj
A1
A2
...... Am
~
C for the criteria C1, C2, …, Cn is formulated. Elements
( j)
of this matrix are assessed priority values presented by
a12
.... a1(mj ) 
A1  1


( j ) −1
( j)
trapezoidal fuzzy numbers cij = (cij ,l , cij ,m , cij ,n , cij ,u )
A




(
a
)
1
...
a
2
j
(
)
12
2 m , j 1, 2,..., n.
=
=
A
(i, j =1, 2, …, n) using appropriate
comparison scale. At


...  ....
....
.... .... 
the similar way pairwise comparison matrices for the al~ ( j)


j
j
(
)
(
)
−
−
1
1
A
m ( a
ternatives A related to the criteria Cj (j = 1, 2, …, n)
(a2 m )
.... 1 
 1m )
are formulated (Eqn (3)):
		
(3)
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In the next step the principal fuzzy eigenvalue
~
λmax = (λl , λm , λn , λu ) and the corresponding fuzzy ei-

~ = ( w , w , w , w ) are obtained by solving
genvectors w
l
m
n
u
the fuzzy eigenvalue problem:

~ ~ ~ ~
C⊗w
=λ⊗w

(4)

or
ci1 ⊗ w1 ⊕ ci 2 ⊗ w 2 ⊕ ... ⊕ cin ⊗ w n = λ ⊗ w i , i = 1, 2,..., n.
(5)
In this paper we present solution of this eigenvalue
problem based on the calculation of expected values of
the fuzzy trapezoidal numbers and their products.
Expected value for Eqn (5), according to (A2) is:
n

j =1

n

1
∑ [2(cij ,l + cij ,m ) w j ,l + (cij ,l + 2cij ,m ) w j ,m +
12 j =1
(2cij ,n + cij ,u ) w j ,n + (cij ,n + 2cij ,u ) w j ,u ],

EV (λ ⊗ w i ) =
1
(6)
[(2λl + λm ) wi ,l + (λl + 2λm ) wi ,m +
12
(2λn + λu ) wi ,n + (λn + 2λu ) wi ,u ] i, j =
1, 2,..., n.
Introducing Eqn (6) in Eqn (5) is obtained:

λl wl + λ m wm + λn wn + λu wu ,

Cn =
2Cn + Cu ,

Cu =
Cm + 2Cu .

λl =
2λl + λm , λm =
λ l +2λm ,
λn =
2λn + λu ,
wlT

λu =
λm + 2λu .
T
wm

= [ w1,l , w2,l ,..., wn,l ],

wnT = [ w1,n , w2,n ,..., wn,n ].

(7)

(8)

(9)

= [ w1,m , w2,m ,..., wn,m ],

wuT = [ w1,u , w2,u ,..., wn,u ].

		

(10)

In the Eqn (8) Cl, Cm, Cn and Cu are characteristic
crisp matrices given by the next expressions:
 1

c −1
Cl =  12,u
 ...
c −1
 1k ,u

c12,l
1
...
c2−k1,u

 1

c −1
Cn =  12,m
 ...
c −1
 1k ,m

c12,n

... c1k ,l 

... c2 k ,l 
,
... ...  		
...
1 

... c1k ,m 

... c2 k ,m 
,
...
... 
...
1 

1
...
c2−k1,n

... c1k ,n 

... c2k ,n 
,
... ... 
...
1 

1
...
c2−k1,m

... c1k ,u 

... c2 k ,u 
.
...
. 

...
1 

c12,u
1
.
c2−k1,l

(11)

Since all matrices, eigenvalues and eigenvectors
are positive, the system of linear Eqn (7) can be decomposed in four systems of crisp linear homogenous systems. In such a way, the fuzzy eigenvalue problem (4) is
exchanged with four crisp eigenvalue problems.
Cl wl = λl wl , Cm wm = λm wm ,
Cn wn = λn wn ,

where

Cl =
2Cl + Cm , Cm =
Cl + 2Cm ,

c12,m

 1
 −1
c12,l
Cu = 
.

−
c1k1,l


EV ∑ (cij ⊗ w j ) =

Cl wl + Cm wm + Cn wn +Cu wu =

 1

c −1
Cm =  12,n
 ...
c −1
 1k ,n

Cu wu = λu wu .

(12)

Solving these four eigenvalue problems, are obtained
eigenvectors wl , wm , wn and wu and auxiliary eigenvalues
λl , λm , λn and λu . After solving the system (9) principal
~
eigenvalues λmax = (λl , λm , λn , λu ) are determined.
~
Since fuzzy matrix C need to satisfy consistency
condition, before next step, consistency index CI and
consistency ratio CR are calculated according to Saaty
(1980):
CI = (λmax – n)/(n-1), CR=CI/RI.

(13)

where λmax is the maximum eigenvalue of crisp matrix
Cc = (Cm + Cn ) / 2 (Buckley 1985) and RI is random
~
consistency given by Saaty (1980). The fuzzy matrix C
is considered consistent if CR ≤ 0.10, otherwise fuzzy
~
matrix C should be changed by changing those elements
leading to inconsistency. Since consistency ratio CR
depends on λmax and λmax ≤ max
i

n

∑ Cij
j =1

(Saaty 1977), it

means that in the row of matrix Cc with maximum sum
of the elements values of the elements should be reduced.
In the next step, in order to satisfy the conditions
that for principal eigenvalues λl < λm < λn < λu corresponding eigenvectors wl , wm , wn , wu , which represent fuzzy weights, must satisfy next requirements
wl ≤ wm ≤ wn , ≤ wu . In this paper linear programming is
used to find requested weights that satisfy these conditions.
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For the trapezoidal fuzzy number, requested fuzzy
weights wl , wm , wn and wu may be expressed by the
known eigenvectors wl , wm , wn and wu :
wl = yl wl , wm = ym wm , wn = yn wn , wu = yu wu ,

(14)

where yl , y m , y n and yu are unknown variables.
Introducing vector

where

Pl = [ pl(1) pl(2) ... pl( n ) ], Pm = [ pm(1) pm(2) ... pm( n ) ],

Pn = [ pn(1) pn(2) ... pn( n ) ], Pu = [ pu(1) pu(2) ... pu( n ) ]. (20)

 w1,l 
 w1,m 
 w1,n 
 w1,u 
w 
w 
w 
w 
(15)
2,l 
2, m 
2, n 
2,u 
=
wl =
, wm  =
, wn =
, wu 
.
  
  
  
  
next constraints are valid wl ≤ wr , wm ≤ wr , wn ≥ wr ,








 wn,l 
 wn,m 
 wn,n 
 wn,u  		
wu ≥ wr .
These constraints can be written according to
		(21)
Eqn (14) as:
The fuzzy matrix of global priorities for the alterna~
y l wl ≤ wr , ym wm ≤ wr ,
tives A1 , A2 ,..., Am is G = [ g l g m g n g u ] .
~
Row i (I = 1, 2, …, m) of matrix G represents
− yn wn ≤ − wr ,
− yu wu ≤ − wr ,
weight of alternative Ai as trapezoidal fuzzy number
g~i = ( g i , l , g i , m , g i , n , g i , u ) .
yl wl − ym wm ≤ 0, yn wn − yu wu ≤ 0.
(16)
2.2. Ranking of alternatives
The fuzziness, which depends upon unknowns
Last step of AHP procedure is ranking of alternatives acyl , y m , y n and yu , should be minimized, so that the obcording to these fuzzy numbers. Fuzzy numbers can be
jective function of this problem is:
ranked according to many proposals. In this paper are
used: generalized mean and standard deviation (Lee, Li
z = min (− yl − ym + yn + yu ) .
(17)
1988), generalized coefficient of variation (Cheng 1998),
distance to the centroid point and the reduced mean.
Solving linear program (16) and (17) for the trapGeneralized mean g i ,e and standard deviation of the
ezoidal fuzzy numbers unknowns yl , y m , y n and yu are
trapezoidal
fuzzy number g~i = ( g i , l , g i , m , g i , n , g i , u ) are
obtained. Finally, according to Eqn (14), the requested
calculated according to the probability measure of this
weight vectors wl , wm , wn and wu are determined.
number as a fuzzy event, which was introduced by Zadeh
In the next step, by using previously explained pro(1968) (see Appendix 1). For the uniform distribution
cedure, fuzzy eigenvalue problems:
of probability of the trapezoidal fuzzy number general~ ( j ) ~ ( j ) ~( j ) ~ ( j )
ized expected value g i ,e , standard deviation σ i and co(18)
A ⊗ p = λ ⊗ p , j = 1,2,..., n
efficient of variation CVi are according to Cheng (1998):
( j)
are solved and fuzzy principal eigenvalues λmax
=
g i2,u + g i , n g i , u + g i2, n − g i2,l − g i , l g i , m − g i2, m
g
=
( j) ( j) ( j) ( j)
; (22)
i,e
(λl , λm , λn , λu ) , fuzzy eigenvectors p ( j ) =
3( g i , u − g i , l + g i , n − g i , m )
wr = ( w m + wn ) / 2 ,

( j)
( pl( j ) , pm
, pn( j ) , pu( j ) ) are determined.

Using proposed method based on linear programming, fuzzy priority vectors (weights) p ( j ) =
( pl( j ) , pm( j ) , pn( j ) , pu( j ) ) (j = 1, 2, .., n) are determined.
Global priorities vectors of the alternatives
Ai (i = 1,2,..., m) are calculated as:

 g1,l 
g 
 2,l  =
=
gl P=
g m Pm=
wm
l wl
  


 g m.l 

 g1,m 
g 
 2,m 
  


 g m.m 

 g1,n 
g 
 2,n  =
=
g n P=
gu P=
n wn
u wu
  


 g m.n 

 g1,u 
g 
 2,u 
  


 g m.u 

σi =
 gi.u ( gi2,u + gi ,u g i ,n + gi2,n ) + gi3,n − gi3,m − gi ,l ( gi2,l + gi ,l gi ,m + gi2,m )

6( gi ,u − gi ,l + gi ,n − gi ,m )

1/2

− ( giU,e ) 2 


		
=
CVi σ=
i / gi ,e , i 1, 2,..., m.
, (19)

;

(23)
(24)

The fuzzy number with higher generalized mean and
lower generalized standard deviation (spread) is better
ranked (Lee, Li 1988). Cheng (1998) has criticized this
method for ranking fuzzy numbers and concluded that the
generalized standard deviation and mean value cannot be
a sole basis for comparing two fuzzy numbers. He proposed to rank fuzzy numbers according to the generalized

Journal of Civil Engineering and Management, 2017, 23(8): 1123–1135

coefficient of variation CVi defined by Eqn (24). The
fuzzy number with smaller CVi is better ranked. But,
this is not always reliable method, especially in the cases
of fuzzy numbers with different generalized expected values when values of these coefficients are mutually very
close. In that case the fuzzy number with higher expected value g i ,e , calculated by expressions (30) should be
ranked higher.
In the same paper Cheng (1998) proposed ranking fuzzy numbers by distance from original point
O ( g i = 0, µ = 0) to the centroid point of a fuzzy number C=
( gi x=
yc ).
c,µ
For the trapezoidal number g i coordinates of the
centroid points are:
gi ,c = gi ,e ;

yc =

g i , u + 2( g i , n − g i , m ) − g i , l
.
3( g i , u − g i , l + g i , n − g i , m )

(25)

~
The ranking function R( A) is the distance from the
original point to the centroid point:

R( g~ ) = g i2,c + yc2 .

(26)

~
~
The fuzzy number A with bigger value R( A) is
higher ranked.
In this paper formula for ranking fuzzy numbers
with reduced generalized mean value of a fuzzy number
is proposed:
g er =
gi ,e − βσ i , i =
1, 2,..., m, β = 0.75 to 1.25,

(27)

where β is a coefficient of influence of the spread σ i on
the rank of the considered fuzzy number.

3. Case study
This section presents ranking and selection of best technical, technological and economic variant (alternative) of a
project realized by a company in Serbia. As illustration

Fig. 3. Hierarchy structure of the case study
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of application of fuzzy AHP methodology project of protection of a source and routes of pipelines for a factory
of mineral water is considered. According to the technical and technological requirements, given in the project
documentation, the experts from this company, have formulated the problem, proposed overall goal, nine criteria
C1, C2, ..., C9 for alternatives ranking and four alternatives A1, A2, A3, A4. Each alternative includes realization
of the projects, protection and maintenance of the system.
The criteria are: investments (C1), the cost of exploitation
(C2), safety in the operation of facilities (C3), duration of
construction (C4), the influence of environment on future facilities (C5), the impact of the planned facilities on
the environment (C6), the influence of sociological factors on the planned facilities (C7), the impact of sociopolitical community on the planned facilities (C8), visual
and aesthetic effects (C9). Hierarchy structure is shown
in Figure 3.
Works on the project of protection of a source and
routes of pipelines for a factory of mineral water are divided into two groups: compulsory works, foreseen in
all alternatives and additional works, foreseen for alternatives 3 and 4. Alternative 1 implies an increase in the
legal minimum of safety in the functioning of the facility,
the great impact of future facilities on the source, pipeline
and the environment, as well as the insignificant influence
of socially political factors and communities on the projected facilities. In the case of alternative 2, the legal minimum of safety in the functioning of the facility is also
required, but also the increased impact of future facilities
on the source, pipeline and the environment, as well as
the average impact of the social political community on
the projected facilities. Alternatives 3 and 4 foresee additional work as they require medium (alternative 3) or
high (alternative 4) degree of safety in the functioning
of the facility. Alternatives 3 and 4 have the medium or
minimal impact of future facilities on the source, pipeline
and the environment, as well as the increased or highest
impact of socially political factors and community on the
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designed facilities. According to the value of investments,
the alternatives are sorted A1, A2, A3, A4, with the least investment in alternative 1 and the highest in alternative 4.
Alternatives 3 and 4 provide the highest level of system security and require higher quality of performance
and installation of equipment compared to alternatives
1 and 2. Therefore, the investment value for alternatives
3 and 4 is higher than for alternatives 1 and 2. Costs
of maintaining a future system for alternatives 3 and 4
are also lower. These are the basic reasons why experts
ranked alternatives 3 and 4 better than alternatives 1 and 2.
The decision-making team, i.e. the team for the estimating values of criteria functions for alternatives, consisted of five experts who participated in design of the
project. The head of the team was a project manager. On
the basis of technical documentation, plans for project
realization and the other relevant data, they determined,
by a consensus, the values of the mentioned criteria functions for the given alternatives and preliminarily assessed
the weight of the criteria as crisp numbers. Based on these
data, the authors of the paper formulated the appropriate
fuzzy comparison matrices by calculating the ratios of
value that are have being compared. According to these
obtained ratios, pairwise comparison matrices of criteria
and alternatives are defined using Table 1, as follows:

 1 1 −1 3 −1
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For the fuzzy input matrix of criteria C , according to Eqn (11), are formed crisp matrices Cl, Cm,
Cn and Cu. After applying proposed procedure are
found principal eigenvalues of the problem (4)
λmax = (6.630, 7.393,10.727,12.840) and corresponding eigenvectors that presents fuzzy weights for criteria
~
w = ( wl , wm , wn , wu ) (Table 2).
Table 2. Fuzzy weights for criteria
Criteria i

wl

wm

wn

wu

C1

0.078

0.083

0.099

0.101

C2

0.083

0.087

0.105

0.108

C3

0.237

0.248

0.248

0.248

C4

0.253

0.262

0.262

0.265

C5

0.089

0.092

0.111

0.115

C6

0.340

0.034

0.037

0.038

C7

0.043

0.044

0.052

0.055

C8

0.053

0.053

0.065

0.069

C9

0.046

0.046

0.055

0.058

At the third level, for the input pairwise comparison matrices of the alternatives A ( j ) related to the
criteria Cj (j = 1, 2, 3, …, 9) are calculated principal

~( j )

( j)

( j)

( j)

( j)

eigenvalues λmax = (λl , λm , λn , λu ) (presented
in Table 3) and corresponding local priority (weight)
( j) ( j) ( j) ( j)
( j)
vectors p = ( pl , pm , pn , pu ) .

Table 3. Eigenvalues for comparison matrices A( j )
A ( j )

wl

wm

wn

wu

A (1)

2.887

3.258

4.839

5.939

A (2)

3.147

3.462

4.695

5.292

A (3)

2.947

3.218

4.751

5.755

A (4)

3.008

3.359

4.758

5.595

A (5)

3.151

3.428

4.591

5.258

A (6)

3.151

3.428

4.591

5.258

A (7)

3.313

3.525

4.472

4.954

A (8)

3.151

3.428

4.591

5.258

A (9)

3.248

3.458

4.507

5.030

1131

Journal of Civil Engineering and Management, 2017, 23(8): 1123–1135

Priority fuzzy matrices Pl , Pm , Pn and Pu , that contain local priority vectors according to Eqn (20) are:
0.379
 0.238
Pl = 
 0.168

 0.133

0.191 0.127 0.149 0.075 0.075 0.448 0.372 0.085 
0.221 0.148 0.222 0.199 0.199 0.338 0.287 0.109 
;
0.296 0.224 0.268 0.287 0.287 0.082 0.199 0.322 

0.256 0.416 0.312 0.372 0.372 0.094 0.075 0.438 

0.413
0.255
Pm = 
0.168

0.136

0.205 0.130 0.149 0.075 0.075 0.457 0.386 0.087 
0.232 0.148 0.226 0.208 0.208 0.354 0.298 0.109 ;
0.296 0.240 0.275 0.298 0.298 0.083 0.208 0.340

0.262 0.417 0.312 0.386 0.386 0.094 0.075 0.449

0.413
0.280
Pn = 
0.183

0.138

0.205 0.139 0.176 0.075 0.075 0.457 0.409 0.089
0.233 0.157 0.226 0.235 0.235 0.365 0.302 0.119
;
0.301 0.278 0.291 0.302 0.302 0.087 0.235 0.354

0.265 0.447 0.330 0.409 0.409 0.099 0.075 0.449

0.413
0.286
Pu = 
0.192

0.140

0.205
0.238
0.323
0.277

0.141
0.163
0.285
0.447

0.184
0.226
0.297
0.343

All considered fuzzy matrices are consistent, since
their consistency ratio is CR < 0.10.
Vectors of global priorities of alternatives gl, gm,
gn and gu according to the Eqn (28) are shown in Table 4. The components of these vectors for each alternative Ai determine trapezoidal–shaped fuzzy numbers
g~i = ( g i, l , g i, m , g~i, n , g i, u ) (i = 1, 2, 3, 4). For these
fuzzy numbers are calculated the generalized fuzzy
means (expected values) ge,i, generalized standard deviations σ i and coefficients of variations Vi for alternatives
Ai (i = 1, 2, 3, 4) using the Eqns (22), (23), (24) and distance to the centroid point and reduced expected value by

0.076
0.238
0.302
0.415

0.076
0.238
0.302
0.415

0.468
0.365
0.087
0.102

0.415
0.302
0.238
0.076

0.090
0.123
.
0.354

0.458

Eqns (26) and (27) respectively. Ranking of alternatives
was performed based on obtained values and the results
are shown in the Tables 5, 6 and 7. The global priorities of alternatives obtained using proposed method are
graphically presented in Figure 4.

Table 4. Global priorities of alternatives as trapezoidal fuzzy
numbers
Alternative i

gi,l

gi,m

gi,n

gi,u

Alternative 1
Alternative 2
Alternative 3
Alternative 4

0.1650
0.1872
0.2224
0.2830

0.1773
0.2001
0.2393
0.3044

0.2097
0.2308
0.2793
0.3343

0.2186
0.2394
0.2915
0.3467

Fig. 4. Global priorities of alternatives presented as
trapezoidal fuzzy numbers

Table 5. Ranking of alternatives according to g e,i and CVi for the uniform distribution
Rank
i

According to mean
value g e,i

Mean value
g e,i

According to
CVi

Coefficient of var.
CVi (%)

Standard deviat.

1
2
3
4

Alternative 4
Alternative 3
Alternative 2
Alternative 1

0.3168
0.2580
0.2143
0.1926

Alternative 4
Alternative 2
Alternative 3
Alternative 1

4.5523
5.7789
6.3189
6.6391

0.0144
0.0124
0.0163
0.0128

σi
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Table 6. Ranking of alternatives according to reduced
expected values g er for uniform distribution, β = 1
Alternative
Ai

Reduced expect. value

1

Alternative 4

0.3024

2

Alternative 3

0.2417

3

Alternative 2

0.2019

4

Alternative 1

0.1798

Rank
i

g er ,i

Table 7. Ranking of alternatives according to the distance
R( g~i ) of the original point to the centroid point
Rank
i

Alternative
Ai

Component Component
g c ,i
yc , i

Distance
R ( g i )

1

Alternative 4

0.3168

0.5012

0.5929

2

Alternative 3

0.2580

0.5008

0.5633

3

Alternative 2

0.2143

0.5008

0.5447

4

Alternative 1

0.1926

0.5007

0.5365

Presented problem could have been modelled using
a more complex hierarchy structure that contains three
levels: criteria, subcriteria and alternatives. The four main
criteria would be: economical, technical-technological,
environmental and socially political. Economic criteria would be divided into investments and the cost of
exploitation. Technical-technological would be broken
into safety in the operation of facilities and duration of
construction. Environmental would be divided into the
influence of environment on future facilities, the impact
of the planned facilities on the environment and visual
and aesthetic effects. Socially political could contain the
influence of sociological factors on the planned facilities and the impact of socio-political community on the
planned facilities. All alternatives would be connected
with all subcriteria. Proposed procedure could be applied
on this more complex hierarchy structure.

4. Discussion
According to the obtained results, it may be concluded
that for all used ranking rules the alternative A4 has an
advantage over the other alternatives, and alternatives are
ranked in the sequence A4 > A3 > A2 > A1. When alternatives are ranked according to the coefficient of variation
the sequence is A4 > A2 > A3 > A1. The resulting difference in the ranking of alternatives according to coefficient of variation reflects the fact that the ranking by this
coefficient is not always reliable. Therefore, in this paper

is proposed more reliable ranking by corrected expected
value that contains the standard deviation. Ranking of alternatives according by proposed formula is also A4 > A3
> A2 > A1.
Alternative A4 is significantly better ranked than the
other alternatives, so the alternative A4 has been accepted
by the investor for the realization.
To confirm results obtained by proposed method
this problem was also solved by using next procedures:
Csutora and Buckley (2001) fuzzy AHP procedure, AHP
method with defuzzified crisp values of the input fuzzy
numbers and AHP with crisp numbers. Defuzzification
of input fuzzy numbers was performed in two ways, by
using following formulas:

a = (al + am + an + au ) / 4;

(28)

a = (al + 2am + 2an + au ) / 6,

(29)

where a is defuzzified crisp number.
Obtained global priorities of alternatives according
to these four procedures are presented in Table 8.
From Table 8 may be concluded that values of global priorities for ranking alternatives that are obtained by
proposed procedure are close to the values calculated by
applying other mentioned procedures. Also, ranks of the
alternatives are the same. This proves the correctness and
accuracy of the proposed procedure.
The similar result of ranking of alternatives for this
problem is also obtained by the fuzzy TOPSIS method in
the paper (Prascevic Z., Prascevic N. 2013) and obtained
the same ranking sequence of alternatives.
Based on presented study following can be emphasized:
1. In comparison with other MCDM methods proposed
method has several advantages. Decision making
during project realization is connected with many
qualitative and quantitative factors. Quantitative factors such as cost, profit, risk, time of project realization and so on, cannot be accurately estimated in
advance for many reasons. On the other hand, there
are qualitative factors, such as social, environmental,
functional, technical and technological, that can be
expressed only by linguistic values. Therefore, in the
process of decision making in construction management it is more appropriate to apply methods based
on the theory of fuzzy sets and fuzzy logics than
methods based on crisp numbers.
2. Fuzzy AHP method is very applicable, since it resembles human reasoning. The method is based on

Table 8. Global priorities according to proposed procedure and other procedures
Rank
i

Alternative
Ai

Proposed
method

Csutora and
Buckley

Defuzzification
(first way)

Defuzzification
(second way)

AHP with crisp
numbers

1
2
3
4

Alternative 4
Alternative 3
Alternative 2
Alternative 1

0.3168
0.2580
0.2143
0.1926

0.3147
0.2572
0.2134
0.1919

0.3214
0.2637
0.2181
0.1969

0.3219
0.2634
0.2181
0.1966

0.3117
0.2597
0.2240
0.2046
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assessment of comparisons between different factors. In many situations, it is easier for experts to
evaluate comparisons between factors then to determinate their values particularly.
3. Trapezoidal fuzzy numbers are more general than
triangular one. Application of trapezoidal fuzzy
numbers enables to express factors and their comparisons in more realistic way. Unlike crisp numbers, where values of factors are evaluated by singular value, in case of trapezoidal fuzzy AHP values
are expressed by the range of values which extends
the range of comparison matrices.
4. Unlike to proposed methods by some other authors,
who at the beginning of the procedure defuzzify
fuzzy numbers and get results as crisp numbers, the
method proposed in this paper does not include defuzzification at the beginning, so the obtained global
priorities are also fuzzy numbers which better reflects reality.

Conclusions
The methods of multiple criteria decision making
(MCDM) play a key role in construction project management (CPM) and construction industry (CI). One of them
is the Analytic hierarchy process (AHP). The main advantage of this method is that factors included in the comparison matrices of the criteria and alternatives have not
been presented by exact numerical values. It is enough to
correctly assess their values of comparisons. This is very
useful in the first phases of the project, during preparation of feasibility studies, when many important data are
not exactly known yet. Since, in the practice, these comparisons values are imprecise and usually are assessed by
the experts on the basis of their experience and inexact
data, it is recommended to express comparison values by
the fuzzy numbers and solve the problem by the fuzzy
AHP. This procedure enables to obtain ranking of alternatives reasonable correct, especially when the data are
imprecise.
Main contribution of this paper is proposal of the
new method for fuzzy AHP, that is based on eigenvalue
and eigenvector approach which is different from proposals of the other authors. The method is simple and very
suitable for development of a corresponding computer
program and gives results of requested accuracy, which is
confirmed by comparisons with results of some other proposals. The proposed method is developed for trapezoidal
fuzzy numbers, but can be also used for triangular ones.
The main differences and advantages of this proposal in comparison with other ones are following. First,
solution of fuzzy eigenvalue problem is based on determination of expected values of fuzzy numbers and their
products. Fuzzy eigenvalue problem with trapezoidal
fuzzy numbers is transformed into four auxiliary crisp
eigenvalue problems. Using a standard computer subroutine characteristic fuzzy eigenvalues and eigenvectors that
correspond to the considered fuzzy eigenvalue problem
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are obtained. Second, characteristic fuzzy priority vectors
(weights) for the alternatives and criteria are determined
by linear programming. Third, ranking of alternatives, expressed by the trapezoidal fuzzy numbers, was made by
formula proposed by the authors. This formula is based
on ranking fuzzy numbers by reduced generalized fuzzy
mean, since ranking by the coefficient of variation is not
always reliable, as it is shown in the case study.
For application of this method of MCDM in practice, it is necessary to form a capable team made up of
experts of appropriate specialization, define the goals,
methodology and hierarchical model. The experts need
corresponding documentation and data base for good assessments of the input data. The validity of the obtained
results for decision making depends on the quality of the
expert assessments and chosen model.
The proposed method can be applied for different
areas of construction project management to solve large
scale decision making problems using personal computers. Practical contributions of this method are based on its
simplicity, clarity, accuracy and applicability in decision
making. The method and the computer program, developed by the authors, have been used for decision making
in realization of several construction projects, such as:
choice of the optimal railway route, optimal choice of
structural system of industrial halls, choice of the optimal
gas line crossing over the river Danube etc.
In our further research in this field we will deal with:
1. Fuzzy AHP with other membership functions (“bell”,
“S”, “Pi”, “Gauss”) of fuzzy numbers.
2. Problems of group decision making in construction
industry (establishing of expert team from different
specialities, data collecting and processing).
3. Fuzzy analytical network process (FANP).
4. Integration of fuzzy AHP with other method of
MCDM.
These accomplishments will be applied to the problems in the construction project management and industry.
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Appendix
~
Element f ji of fuzzy comparison matrix F for the
The trapezoidal fuzzy number a~ is usually described
trapezoidal fuzzy numbers is:
by four characteristic real numbers al, am, an and au
~
a = (al , am , an , au ) 0 ≤ al ≤ am ≤ an ≤ a u .
 (1, 1, 1, 1), f > 0,
fij ( fij ,l , fij ,m , fij=
, n , fij ,u ), fii
ij ,l
A membership function of the trapezoidal =
fuzzy
~
number a is:
i, j = 1, 2,..., k ,

 x − al
 a − a for al ≤ x ≤ am ,
l
 m
1 for xm ≤ x ≤ xn ,
µ a~ ( x) = 
 a u − x for a ≤ x ≤ a ,
n
u
 au − an

0 otherwise.

while reciprocal elements f ji is:
-1
=
f ji f=
i, j 1, 2,..., n.
( fij-1,u , fij-1,n , fij-1,m , fij-1,l ), =
ij

If for the trapezoidal fuzzy number is an = a m ,
it becomes the triangular one, which might be
written a~ = (al , am , a m , au ) or a = (al , am , au ),
0 < al ≤ am ≤ a u .
Fuzzy number a~ at level α, or α-cut, may be presented in the=
form a (α ) [aL (α ) , aR (α )], 0 < α ≤ 1,
where for the trapezoidal fuzzy number;

aL (α ) = al + (am − al )α ;
a R (α ) = au − (au − an )α .
−1

(A1)

Reciprocal fuzzy number a~ −1 to a~ is for al> 0,
−1

−1

a (α ) = [aL (α ) , aR (α )].
These reciprocal fuzzy numbers a~ −1 (α ), (0 < α ≤ 1)
are not exactly trapezoidal ones, and they are called trapezoidal – shaped fuzzy numbers (Buckley 1985). Due to
simplicity of the analysis and calculations, these reciprocal fuzzy numbers are approximated by trapezoidal ones
and represented by the characteristic values (Buckley
1985; Buckley et al. 2001; van Laarhoven, Pedrycz 1983)

=
a −1 (=
al , am , an , au ) −1 (au−1 , an−1 , am−1 , al−1 ),

a l > 0.

As Buckley et al. (1985) emphasize, the fuzzy
~
positive reciprocal matrix F usually is not perfectly, but only reasonable consistent, for which is valid
fik ⊗ fkj ≈ fij , i, j , k =
1, 2,..., n where the sign ⊗ denotes the fuzzy product.
The expected value of a fuzzy number ~p is (Dubois,
Prade 1987):
1

=
EV ( p ) 0.5∫ [ pL (α ) + pR (α )]dα .
0

Substituting p L (α) and p R (α) by expressions (A1)
after integration for trapezoidal fuzzy number obtains:
EV ( p ) = ( pl + pm + pn + pu ) / 4.
According to (A1) for two positive fuzzy numbers

~
p and q~ is:

p (α ) ⊗ q (α ) =
[ pL (α )qL (α ) , pR (α )qR (α )],

The expected value of the product of two trapezoidal fuzzy numbers can be obtained by expressing
p L (α) and p R (α) in the form Eqn (4) by pl, pm, pn, pu
and qd (α) and q g (α) by ql, qm,, qn, qu , where pl > 0,
ql > 0:
EV ( p ⊗
=
q )

1
[(2 pl + pm )ql + ( pl + 2 pm )qm +
12
(A2)
(2 pn + pu )qn + ( pn + 2 pu )qu ].
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