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Abstract Let A denote the family of all analytic functions f(z) in the unit disk D = {z €
C : |2| < 1}, normalized by the conditions f(0) = 0 and f’(0) = 1. Let ¢ denote the set of
all functions f € A satisfying the condition

’(ﬁ%)%«a—l

Let €2 be the class of all f € A for which

<1 for z eD.

1
[2f'(z) = f(2)| < 5, 2 €D,
In this paper, the relations between the two classes are discussed. Furthermore, some new
results on the class ) are obtained.
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1 Introduction

Let A denote the family of all analytic functions f(z) in the unit disk D := {z € C: |z] < 1},
normalized by the conditions f(0) = 0 and f/(0) = 1. Denote by S the subset of A which consists
of univalent functions. Let S* and K denote the subclasses of S which are starlike and convex

in D, respectively, and let & denote the set of all f € A satisfying the condition

(ﬁ%)@%w—l
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<1 for z € D.
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It is well known that U is a subclass of S [1]. In recent years, many scholars have studied the
properties of the family U [2-6].
In a recent paper, Peng and Zhong [7] introduced the class Q which counsists of functions f

in A satisfying the condition

12f'(2) — £(2)] < % zeD. (1.1)

Also, the authors showed that (1.1) is equivalent with

£ ==+ 5% [ eoc (1.2

where ¢ is analytic in D and |p(z)| < 1, z € D. We note that in the same paper it is proved
that  C S§*.
In this paper we discuss the relations between U and . Also, we consider the other

properties of the class 2 and get some new results.

2 Relations Between U and 2

Theorem 2.1 The class €) is not a subset of the class U.

Proof Let us consider the function

z+a
v1(z) = 1+ as 0<a<l.

Then ¢; : D — D, and the appropriate function f; € Q given by (1.2) has the form

2 C+ 1 1—a?
¢ ad{:z+%22—73zlog(l+az).

1
hi(z) =24 32 , 1+ac

From above we have

1 1—a? 1—a® =z
(z) =1+ -2z ——1log(1 —
hiz) * 2 2a? og(1 +az) 2¢ 1+4+az’
and so,
2 2(2,2 _ 0 (1 — o2 _
() -] - [ebemectootiog) s
fi(2) I (2a%2 —a — (1 —a?)log(l —a))
when a — 1. It means that for the points in ID near to the point z = —1 and for a close to 1 we
have
2\ 2
—— ) fi(z2)=1| > 1.
‘(ﬁ(z)) 1)
This implies that f1 € U. g

Theorem 2.2 If f € Q , then f € U in the disc |z| < 4/ @ =0.78615--- .

Proof If f € Q, then we have the representation (1.2). If we put w(z) = foz »(¢)d¢, then
w(z)] < 2], |w'(2)] <1 and

1
fz)=z+ §zw(z) (2.1)
By using a result of Dieudonné ([8], pp.198-199), we have the next inequality
2 2
/ r —|w(z)|
_ < 2.2
2/ (2) — ()| < AT (22)
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where |z| = r and |w(z)| < r. It follows from (2.1) and (2.2) that

=7 (7) ‘1|

(2w'(2) = w(2)) = 2w?(2)
(1+ 1w(z2))?

3120 (2) —w(z)] + 3lw(z)?

(1 - 3lw(z))”

1
2

IN
N[

If ,
SR L) s
(1= 3lw(2)l)
then we have
2
z
flz) =1 < 1.
(7) 7@
But the inequality (2.3) is equivalent to
lw(2))? = 2(1 = rH)|w(z)| +2 - 3r? > 0. (2.4)

Noting that |w(2)| < |z| = r, if we put |w(2)| = ¢, with 0 < ¢ < r, and consider the function

F(t)y=t"—2(1—r*)t+2— 3",

then it is an elementary fact to show that the function F' is positive for 0 < r < rg = @,
that is, the inequality (2.4) holds when |z| < r9. And therefore, f is in U in the disc |z| < ro.
O

3 Estimation of Coefficients

Definition 3.1 ([8], p.151) The logarithmic coefficients ~,, of f in S is defined by
OIS
log "7 =23 5,27, 1.
0g — n:17 2" 2] <

Theorem 3.2 Let f € Q2 and let 71, 7v2,73 be its logarithmic coefficients. Then
(@) Iml<$
(b) |rel < g
© sl <.
All results are the best possible.
Proof We will use the representation (2.1). If we put w(z) = c¢12 + ca2% + - - -, then from
|w'(2)] = |c1 + 222 + 3c322 + -+ | < 1, we have
Alea]?
1+ e

ler] <1, [2e2] 1= e, [3es] <1 —er]? — (3.1)
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(see Prokhorov and Szinal [9]). By using (2.1) we have

log %’2) = log (1 + %w(z))

Do =

= log (1+—(c12—|—02z2+~~))

Lozt l L2 2y ! Lot 2a8) 284
=—-cz+=-|ca——-c] )=z — |3 —=cic —ci )z
21T T\ g 2\ 27 T 1 ’

which implies that

1 1 1 1 1 1
2m = Phes 29 = 3 (Cz - ZC§> ; 273 = B <CS —gact ch) : (32)
Combining (3.1) with (3.2), we have
1 1 1 1 1
= _|ei| < = < (2 —leg?) < =.
Il = glel < 7, el < g@leaf + glerl’) < 3
Similarly,
3 1
12|73 = |3c3 — 5c162 + ZC?
3 1
< Bles| + S leallea] + el
4|02|2 3 1
<1— el — o L3
Sl-lal =17 ol sleillea] + Zlel
= ¥(|eal, [eal),
where
492

3 1,
ey + D
1+$+2xy+4x ,(z,y) €

and D is defined by the conditions: 0 <2 <1, 0<y <1,y < %(1 — 2?). Tt is easy to check
that the function ¢ has only one critical point (0,0) belonging to the boundary of the domain
D and that 9(x,y) < 1 in the domain D. This implies that |y3| < % If we choose the function
@ in (1.2) to be 1, z, 22 respectively, then we obtain that all results in this theorem are sharp.

1/}($,y) :1—$2—

O

Theorem 3.3 If f(z) = z+ Y an2™ € Q and if the inverse function of f has an expansion
n=1

FHw) = w+ Ayw? + Azw® + Agw* + - - (3.3)

near w = 0, then

1 1
|4, < 3 |As| < 3 |A4| <

oo | Ut

All these results are the best possible.
Proof By using the identity f(f~!) = w and the representations for the functions f and

f~1, we can obtain the next relations

A2 = —a2,
Az = —a3 + 2a3, (3.4)
Ay = —ay4 + bagag — 5a§.

@ Springer



No.6  Z.G. Peng & M. Obradovié: NEW RESULTS FOR A CLASS OF UNIVALENT FUNCTIONS 1583

On the other hand, in view of (2.1), if we put w(z) = c12 + c22? + -+ -, where |w(2)| < |2],
|w'(2)| < 1, we have
1
_ e 12" 3.5
B=2+3 g (35)
Combining (3.4) with (3.5), we obtain
1
Az = —5c1,
1 1
Az = —5c2 + 50?, (3.6)
1
Ay = —503 + 201C2 gcl
From (3.6) it follows that [As| = F|c1| < 3. Also, by using (3.6) and (3.1), we have
1 1 1 1
Az < = P <=1 - <o <=
431 < Leal + lerf? < (1~ [er?) + L < 5+ Haal? < 2
Finally, from (3.6), we obtain that
1 5) ) 5 5
sl =5 |es = gaacat g <5y =7

L
2
by using the result of Prokhorov and Szinal (with p = —5 and v = 2 )[9]. If we consider the

function w = f(z) = z + 322, then we have that

1 1 5
Z:f_l(w):—1+\/1+2w:w—§w2+5w3_§w4+... ,
which means that our results are the best possible. 0

Theorem 3.4 Let feQandlety,, n=1, 2 3, -+, be its logarithmic coefficients. Then
(a) Z I |? < 1L12( ) where 1L12( ) = Z nlg (%)nJr1 is the best possible;

n=1
(b) 3 Pl < 33

n=1
() |’7n|—2n7 n=12---.
Proof (a)If f € Q, then from (2.1) we have
1
F2) = 24 Law(),
where |w(z) < |z| and |w’(2)| < 1. From here we have

M<l—l—lz,
z 2

which implies
1
logM < log (1 + —z) ,
z 2
or

Z2”ynz <Z n2" 2"

By using Rogosinsky’s result([8], p.192) we obtain

St £ 3 oo = 3. = L (z)

n=1
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From the last equality we have the statement (a) of the theorem. The function f(z) =z + 52
shows that our result is the best possible.

(b) By using the representation (2.1) and the facts for the function w, we have

1
log ) = log (1 + —w(z)) . (3.7)
z 2
From (3.7), after derivation, we get
! l /
(log ! (Z)) -2 &) (3.8)
z 1+ 5w(z)
Noting that |w(z)] <1 and |w’(z)] < 1, from (3.8) we have that
00 1
> oz < M <1. (3.9)
2 - Iw(e)]
The last relation (with |z| = r) gives
D dAnP |y, P <1 (3.10)

n=1
Letting r tend to 1 in (3.10), we have the statement (b) of the theorem.
(c) From (b) of this theorem we have n?|y,|* < 1, which implies |v,,| < 5=, n=1,2,---.
O

Remark 3.5 If we compare the result (c¢) of Theorem 3.4 with the results of of Theorem
3.2, we conclude that it is not the best possible. We conjecture that |7y, | < ﬁ forn=1,2,---.

But we don’t know how to prove it.

4 Robinson’s 1/2-Conjecture and 1/2 Theorem on the Class ()

Theorem 4.1 Robinson’s 1/2-conjecture is valid for the class , i.e., if f € Q, then the
function

F(2) = 5(f(2) + 21 (2) (1)

is univalent in the disc |z] < 1.

Proof If f € Q, then by (2.1) we have

f(2) = 2+ gal2),

where |w(z)] < |z] and |w’(2)] < 1 for z € D. From here we have that the function F defined
by (4.1) is equal to

where

Since w1(0) = 0 and

wil N
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it follows that |wi(2)| < |z| < & for [2| = r < §. Also, by the result of Dieudonné, we have

2 2 2
, R C)
_ < < —
i (2) —en () < T < < o

for |z| =r < 4. By using all these facts, we finally have

() 1’ ) ’ Lat(2) | | Swi(e) —wi(2) + dwa(2)
F(2) 1+ 3w (2) 1+ 3w (2)
e (z) 1) + Fln(z)]  §-5+%-3 _
- = Zn(2) R
for |z| = r < %, which implies that the function F is starlike in the disc |2| < 3. O

Theorem 4.2 If f € Q| then
If'(z) =1l <1, z€D.
Proof From the representation (2.1), we have

1
fz)=1+ 5 (Wz) + 2w'(2))
and it follows that

[f'(z) = 1] < %(Iw(Z)I + 12w (2)]) < 2] < 1.
O

Theorem 4.3 If f € 0, then the range of f contains the disk {w : [w| < }. The number
% is the best possible.

Proof 1If f € Q, then by the results in [7], we have f € S* and

£ 2 12l = el (42)

Let D, = {z € C: |z] <r} for 0 <r < 1. Since f is univalent on D, and the image of the
circle |z| = r under f is a Jordan curve T, f(D,) is a closed domain bounded by T',.. Noting
the inequality (4.2), f(D,) contains a closed disk {w : |w| < r — %} Since D = | Dy,

0<r<1
f@= U f0)>{w:|w <3}

0<r<1
If considering the function f(z) = z + $2% € Q, we know that the number 3 is the best

possible. O

5 Libera Integral Operator

Libera [10] introduced the integral operator

rn =2 [ o

where f € A. The Libera integral operator has been studied by several authors on different
classes [11-14]. In the paper [10] Libera proved that L(f) € K if f € K and proved that
L(f) e Cif f € C, where K and C are the class of convex functions and the class of close-to-
convex functions respectively. For the class 2 we have the same result.

Theorem 5.1 If f € Q, then L(f) € Q.
@ Springer
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Proof If f €, then

z 1
fz)y=2z+ %Z/o p(Q)d¢ =z + %/0 z%o(zt)dt,

where ¢ is analytic in D and |p(z)| <1, z € D.

1
/ 2/\2<p(z/\t)dt) dA

0

1
/ 2/\2<p(z/\t)d/\> dt

0

Il

N

+
|

w

(V]

S—

o

o~ N =

where w(z) = fol 2)02p(2A\)d\. Tt is clear that w(z) € A. Since

1 1 1
lw(2)| = ’/ 2)\2go(z)\)d)\’ g/ 2)\2|<p(z/\)|d)\§/ 20%d\ < 1,
0 0 0

we have L(f) € Q. O

6 Coefficient Multipliers

The Hadamard product, or convolution, of two power series
o0 o0
f(z)= Z anz" and g(z) = Z bpz"
n=0 n=0

convergent in D is the function A = f % g with power series
o0
h(z) = Z anbnz", 2| < 1.
n=0

It is clear that
1 2

h(sz) = — f(se)g(ze™)dt
2m Jo
for |z <1land 0 < s < 1.
Let HP(0 < p < 00) be the Hardy space consisting of the functions f € A which satisfies
the condition that My (r, f) remains bounded as r — 1, where

1
1

2 . »
mnd) = {5 [}’ 0<p<o

and

Mo (r, f) = max |f(re).

The closed unit ball of H* is denoted by B, that is,

B ={p(2): ¢(z) € A lp(z)| <1}.
@ Springer
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A complex sequence {\,} is said to be a coefficient multiplier of a family F of analytic
functions into a family G if > A\,a,2" belongs to G for each f(z) = > anz" € F. If we let
g(z) = > Ap2", then the sequence{\,} is a coefficient multiplier of F into G if and only if
g* f€g foreach f(z) € F.

Lemma 6.1 If fe H® g€ A and h = f x g, then

1 27 . .
he) = — [ fet)g(ze )t
2T 0
Proof
Lo —it Lo it it —it
h(sz) =5 [ f(e0)g(ze™)dt) = o~ [ [f(se”) = f(e")lg(ze™)dt
o 0 27T 0
Lo it it —it
< oo | 1f(se®) = fleP)llg(ze™)]dt
T Jo
1 27 " "
<< — se') — f(e'")|dt p max .
< {5 [t = r@iar ma o(0)
Since f € H>® C H!, it follows that([15], p.21)
2w
lirr% |f(se'®) — f(e')|dt = 0.
S§— 0
Therefore )
1 o -
‘h(sz) - — f(elt)g(ze_‘t)dt‘ —0
2 0
as s — 1. This prove that
1 27 . .
h(z) = — f(e)g(ze )at.
2T 0
|
Lemma 6.2 Suppose g € A. Then g * f € B for any f € B if and only if
: —ity _ ith it <1 6.1
min lg(ze) — ()]s < (61)

holds for each z € D.

Proof For any given z € D, g(z/¢)/¢ is analytic in the region {¢ : |¢| > |2|}. So it can

define a continuous linear functional on H*° as follows:

1 z. 1
o-(f) = — /|<|—1f@g(2)2d<'

T omi

According to Lemma 6.1, for each z € D

¢=(f) = (g% f)(2).
Thus, g x f € B for any f € B if and only if |¢.(f)] < 1 for all f € B and for each z € D, or

equivalently, if and only if

H(bz” = f sup |¢z(f)| <1

EH>,||fllc<1

Since([15], p.131)

o=l = sup  [é:(f)| = min ||g(ze”*)e™ — h(e")|1 = min [[g(ze™") — eh(e")||1,
FEH™,||flloo<1 heH! heH!
we complete the proof of the lemma. O
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Theorem 6.3 Suppose h € A. Then hxf € Q for all f € Q if and only if h(z) = z+22g(2),
where g € A and

: —it it it
min z — h <1
he}-ll Hg( e ) e (e )”1 =

holds for each z € D.

Proof [ € if and only if there exists a ¢ € B such that
1 4
£ =2+ 32 [ (0,
0

or equivalently,

Since for any h(z) = z + 2%g(z) € A

(hx f)(2) = (2 + 2°g(2)) = (z + %/01 z%(zt)dt) =2+ %/01 22(@ * g)(2t)dt,

it follows that h x f € Q for all f € Q if and only if ¢ x g € B for all ¢ € B. By Lemma 6.2, we

get the conclusion. O
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